Discussion Papers In Economics
And Business

Pricing a Bermudan Swayption with a Short
Rate L attice Method

Yasuhiro TAMBA

Discussion Paper 05-03

Graduate School of Economics and
Osaka School of International Public Policy (OSIPP)
Osaka University, Toyonaka, Osaka 560-0043, JAPAN



Pricing a Bermudan Swaption with a Short
Rate L attice Method

Yasuhiro TAMBA

Discussion Paper 05-03

March 2005

Graduate School of Economics and
Osaka School of International Public Policy (OSIPP)
Osaka University, Toyonaka, Osaka 560-0043, JAPAN



Pricing a Bermudan Swaption with a Short
Rate Lattice Method *

Yasuhiro TAMBA T

Abstract

This paper presents the tree construction approach to pricing a Bermudan swap-
tion. The Bermudan swaption is an option, which at each date in a schedule of
exercise dates gives the holder the right to enter an interest swap, provided that this
right has not been exercised at any previous time in the schedule. Assuming a com-
mon diffusion short rate dynamics, the Hull-White model, we propose a dynamic
programming approach for their risk neutral evaluation. This framework is suited to
a calibration from an observed initial yield curve and market price data of discount
bonds and European swaptions.
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1 Introduction

As various types of financial instruments have been developed, more flexible instruments
are needed for hedging their risk. Exotic interest rate derivatives are flexible financial
instruments which satisfy such demand. One of the most traded exotic interest rate
derivatives is a Bermudan swaption. The Bermudan swaption is an option, which at each
date in a schedule of exercise dates gives the holder the right to enter an interest swap,
provided that this right has not been exercised at any previous time in the schedule. In
this paper we deal with the Bermudan swaption with a constant length of payoff periods
after the exercise. Because of its usefulness as hedges for callable bonds, the Bermudan
swaption is probably the most liquid interest rate instrument with a built-in early exercise
feature.

There are many papers for pricing the Bermudan swaption because of it’s popularity
in the market. But pricing the instruments with the early exercise features is more com-
plicate than other plain type instruments. The pricing method used in most papers is a
Monte Carlo simulation because of its simplicity and applicability for a multifactor model
and long maturity instruments. In spite of its usefulness, the Monte Carlo simulation has
some weaknesses to be applied for pricing exotic derivatives. The most important draw-
back is that the Monte Carlo simulation has difficulty in dealing with derivatives that
contain early exercise features, like an American option and the Bermudan option. So we
need some improvement of the Monte Carlo method for pricing the above early exercise
derivatives. Longstaff and Schwartz (1998) developed the least square method to overcome
the weakness of the Monte Carlo simulation for pricing American option. Andersen (1999)
used the Monte Carlo simulation for pricing the Bermudan swaption, and derived a lower
bound on the Bermudan swaption prices considering less advantage exercise strategies.
Broadie and Glasserman (1997a, 1997b) developed the stochastic mesh method. Carr and
Yang (1997) developed a method based on the stratification technique.

Another choice of the pricing method is the dynamic programming approach. Pedersen
and Sidenius (1998) uses an optimality equation of the dynamic programming approach to
price a chooser flexible cap, another exotic interest rate derivative. This method is rather
appropriate for pricing exotic derivatives because we can solve the problem by a backward
induction setting up a recombining tree. In Ito, Ohnishi and Tamba (2004) we extend the
method to price the chooser flexible cap focusing on it’s calibration method so that the
derived price reflects real market data. To price Bermudan options, many banks use one-
or two-factor short rate model, in which the dynamic programming approach is used. But
we have seen no paper discussing theoretically appropriate calibration method.

In this paper we focus on the pricing problem of the Bermudan swaption based on
the observed market prices of rather simple interest rate derivatives such as an European
swaption. We use the same method as Ito, Ohnishi and Tamba (2004), in which we extend
the pricing method in some points compared with Pedersen and Sidenius (1998). Because
the Bermudan swaption has different features compared to the chooser flexible cap such
as an exercisable number, payoff number and exercise decision—making of the option, we
need to consider another procedure of the pricing calculation. One of the main features
of this paper is that deriving the theoretical prices of bond and European swaptions we
use these prices for a calibration. Another feature is that we use the short rate for the
tree construction instead of the LIBOR. This point has advantage in that the short rate
model like Hull-White has some convinced features matching the interest rate movement
in the real world such as a mean reversion property. We also show numerical examples,
comparative statics and derive a non early exercise property of the Bermudan swaption.



The paper is organized as follows. In Section 2, we introduce the various notations
about interest rate. In Section 3, we derive the theoretical no-arbitrage price of the dis-
count bond and the European swaption in the Hull-White model. In Section 4, we discuss
the pricing method of the Bermudan swaption with the optimality equations. We also
show a calibration method of model parameters. In Section 5, we describe a construction
of a trinomial tree for the Bermudan swaption pricing. We also show a numerical exam-
ple and discuss comparative statics. In Section 6 we derive theoretical conditions under
which the option holder does not exercise the Bermudan swaption. Section 7 concludes
the paper.

2 Notations of Interest Rates

2.1 Notations of Interest Rates

In this subsection we explain notations of various interest rates. Let D(¢,7) 0 <t < T <
T* be the time ¢ price of the discount bond (or zero—coupon bond) with maturity 7', in
brief T-bond, which pays 1-unit of money at the maturity 7" (where D(T,T) = 1 for any
TeT. For0<t<S<T<TH

~WnD(,T)—InD(tS)
T-S

R(t;S,T) :== (1)

is the (continuous compounding based) forward rate prevailing at time ¢ which covers time
interval (S,T]. For 0 <t < T <T*,

Y(t,T) = R(t;t,T) = — In D(t,T) (2)

T—t
is the (continuous compounding based) spot rate prevailing at current time ¢ or yield which

covers time interval (¢,T]. The map T — Y (¢,T) is called the yield curve at time ¢. For
0<t<T<T"

0
f(t,T) = }}{I%R(t;T, U)= —a—TlnD(t,T) (3)

is the (instantaneous) forward rate prevailing at current time ¢ with the maturity time 7.
The map T — f(t,T) is called the forward rate curve at time ¢. For ¢ € T*,

r(t) := f(t,t) =limY(¢t,T) = — 3% InD(t,T) (4)

Tt

T=t

is the short rate at time ¢t. For 0 <t <T <T™,

B, T) = exp {/tTr(s)ds} (5)

is the risk—free bank account at time 7" with unit investment capital at time ¢t (where
B(t,t) =1).
For N € Z,, let

0<To<Ti< - <Ti<Tig1 < - <Tny1<Tn<T" (6)



be the sequence of setting times and payment times of floating interest rates, that is, for
i=0,---,N —1, the floating interest rate which covers time interval (T}, T; 1], is set at
time 7; and paid at time 7;,;. For convenience, we let

Tiv1—T; =0 (=constant € R, ,), i=0,--- N —1. (7)
For i = 0,--- ;N — 1, we define the simple (or simple compounding based) interest rate
which covers time interval (T}, T;11] by
1 1
Lp(T})i==< ————1,. 8
o) = {5 1) )

This amount is set at time 7}, paid at time 7,1, and is conventionally called as a spot
LIBOR (London Inter-Bank Offer Rate). For i =0,--- ,N —1

’

is the simple (or simple compounding based) interest rate prevailing at time ¢ (€ [0, 7;])
which covers time interval (T}, T;11], and is called as a forward LIBOR.

An interest rate swap is a contract where two parties agree to exchange a set of floating
interest rate, LIBOR, payments for a set of fixed interest rate payments. In the market,
swaps are not quoted as prices for different fixed rates K, but only the fixed rate K is
quoted for each swap such that the present value of the swap is equal to zero. This rate,
called the par swap rate S(t) at t, with the payments from 7; to T, is calculated as

D(t,Ty) — D(t,T,)
ZZ:l 6D(t7 Tk)

S(t) = (10)

2.2 European Swaption

An European swaption gives the holder the right to enter at time Ty into a swap with
fixed rate K. The value of the European swaption at T with n payments from Ty to
TN+n 18

N-+n

3(S(Tw) — K)* > D(Tn, Ty). (11)
3 No—Arbitrage Prices of the Discount Bond and the
European Swaption and Calibration

3.1 No—Arbitrage Prices of Discount Bonds in Hull-White Model

We consider a continuous trading economy with a finite time horizon given by T* := [0, T™]
(T* € Ry4). The uncertainty is modelled by a filtered probability space (Q2, F,P;F). In
this notation, €2 denotes a sample space with elements w € 0; F denotes a o-algebra on
Q) ; and P denotes a probability measure on (€2, F). The uncertainty is resolved over T*
according to a 1-dimensional Brownian (motion) filtration F := (F(¢) : t € T*) satisfying
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the usual conditions. W := (W (t) : t € T*) denotes a 1-dimensional standard (P;[F)-
Brownian motion. Consistent with the no-arbitrage and complete market paradigm, we
assume the existence of the risk neutral equivalent martingale measure P* with a bank
account as a numéraire in this economy.

The Hull-White model, Hull and White (1990), is one of the most popular short rate
models with the Affine Term Structure (ATS) feature in practice because it has desirable
characters of the interest rate such a mean reversion property. It can also be fitted with
an observable initial term structure. The Hull-White model assumes that, under the risk
neutral probability measure P*, the short rate process r = (r(t) : t € T*) satisfies the
following special form of SDE with the ATS property:

dr(t) = {a(t) — Br(t)}dt + cdW*(t), te T, (12)
that is,

mo(t) = a(t), mi(t) = —p; (13)

%ayzg- s1(t) = 0. (14)

Under the Hull-White model, the time ¢ price of T—bond can be explicitly derived as
follows:

D(t,T; () = exp{—a(t,T) — b(t, T)r(t)}, 0<t<T <T" (15)

where

wj):—gl{mjwm+la@wjmg (16)
1 — e BT

e T) = (17)

Then, the initial forward rate can be derived explicitly as:

FO.Tr(0) = ral0.T) +r(0)5

o’ —BT 2 g 0
— _2_ﬁ2<e AT _ 1) +/O afs )G_Tb(s T)ds
+ﬂ)£ﬂ0ﬂ 0<T<T" (18)

b(0,7)

3.2 No—Arbitrage Price of the European swaption in the Hull—
White Model

To calculate the price of the Bermudan swaption in the Hull-White model, we need to
decide the values of the model parameters. The parameters are decided as observable
simple derivatives (the European swaption) in the market fit theoretical prices derived by
the model. So, for the calibration we need to derive theoretical prices of the European
swaption based on the Hull-White model.

Using the same calculation in Ito, Ohnishi and Tamba (2004), we can obtain that
Ly, (t)(:= Lz,(t) + 1) follows the SDE

dLz(t)
ZTi (t)

= h(t, T}, Tipy ) odWhi(t), 0<t<T, (19)



where W71 (t) is the Brownian Motion under the forward neutral probability PTi+1. See
Appendix for the derivation. By utilizing the swap neutral evaluation method, we know
that the fair (no—arbitrage) price of the European swaption at time ¢ (€ [0,7;]), ESr,(t),
is given by the expectation under the forward swap probability measure P, under which
the swap rate follows log-normal martingale (See Filipovi¢ (2002)):

ESn(t) =6 i D(t, Ty ES|(S(T) K)*’}"(t)}, 0<t<T, (20)

k=i+1

Using the same calculation as the Black—Scholes Formula and the approximation of
the Black-like swaption volatility by Rebonato (1998), we obtain

i+n

BSp(t) =8 S Dt TOISO)®(dr, (1) — K&(da,(t) — vr, (1)), (21)

k=i+1

where dr, (t), ®(d) and vr,(t) are defined as follows:
log(S(t)/K) | vr,(t)

dr.(t) = :
d(d) = _—271'/ e~y
+n T
wi(0)wi(0) Ly, (0) Ly, (0)pwa [
V’Z%Z(t) = Z 5(01)2 — / O-Qh(87TkaTk+1)h(3a1—}77—‘l+1)d8;
kl=i+1 0
l 1
w(t) = z+1;[ji+1 1+6LTJ.71(? - z‘+7lz)(t’Tl) ;
k=i+1 L11lj=i+1 1+5LT O] k=i+1 D(ta Tk)

dWhidaw™h = aWh W), = p; ;dt.
(22)

3.3 Calibration

Unknown parameters «f(+), (3, o could be estimated as follows. In the Hull-White model by
solving the theoretical value formula of the forward rate (18) with respect to the function
a(-) and substituting the observed forward rate curve at current time 0, fux(0,7"), we
have

e (T) ;T [ Foie(0,T) + 2“52 (e PT — 1)2}
—f [fmkt(o T)+ 252< e 7 —1) } , 0T <T" (23)

This function includes unknown parameters § and o. Accordingly, the remaining unknown
parameters # and o could be determined, for example, by the minimizers of the following
criterion function:

C(B,0) = wlZ|D(t7Ti)mkt_D<t7Ti)mdl|2

+ws ) |EST (i — BST (t)mall”, (24)



where D(t,T;) ke, FST,(t)mie: the observed prices of the i—th discount bond and the
European swaption, respectively; D(t,T;)ma, EST,(t)mai: the theoretical prices of the i—
th discount bond and the European swaption, respectively; wy, wy (€ Ry) (wy + wy =
1): weighting coefficients. We can take weighting coefficients in other ways like taking
summation after we put weighting coefficients on each difference between the market
data and the theoretical price of each i-th instrument. We can also use other financial
instruments for this calibration.

4 Pricing the Bermudan swaption

4.1 Pricing the Bermudan swaption under the Risk Neutral Prob-
ability P*

Let W(T;,7(T;)),i =0,--- , N —1 be the fair (no—arbitrage) price of the Bermudan swap-
tion at time 7;. The optimal equation can be derived by using the Bellman Principle. We
can use the short rate as the state variable instead of the swap rate because the swap rate
is the increasing function in the short rate and these are one to one relation as we see
below in equation (31). From (10) with the Hull-White model swap rate, explicitly shown
as the function of ¢ and r(t), is represented as

D(t, To; 7(t)) — D(t, T,; (1))

SrO) = e D T (1)
_ exp{—al(t,Ty) — b(t, To)r(t)} — exp{—al(t,T,) — b(t,T,,)r(t)}
Yoy dexp{—a(t, Ty) — b(t, Ty;)r(t)}
_ go(t,r(t) — galt, (1))
=T e 29)
where
ftr(t) = > exp{—a(t, Te) — b(t, Ti)r(t)};
= Y alt,r(t) (26)
gr(t,r(t)) = exp{—al(t,Ty) — b(t, T})r(t)}, k=0,1,--- n. (27)
Then we have
T = = U T o) (29)
67 (0) = —blE T (r(0), (29)
ar—(t)S(ta r() = sy U0 To)go(t, () + b(t, Tp)ga(t, 7(8))} 304y gr(t, (1))

+{go<t,r<t>>—gn<t,r<t>>}zzzlb@,irwgk(t,m))]
= st Lot P(O) {0t T) Sy gult, (1)) + Yoy bt, Ti)gu (b, 7(1))}
gt (D) T) Yy gult (D) = S5, bt Tgu(t. ()} (30)

6




From (17) we know b(t,Ty,) < b(t,Tpy1) k=0,1,--- ,n—1. As the result we could prove
——=S(t) >0, (31)

which means that the swap rate is the increasing function in the short rate and these are
one to one relation between them.

Next we derive the optimality equation under the risk neutral probability measure P*
with a bank account as a numéraire.
Optimality Equation:

(i) For i = N — 1 (Terminal Condition):

—_

n—

W(S(Tn-1)) = 0[S(Tn-1) — Kl ) D(Tn-1,Tn+k) (32)

0

B
Il

(ii) Fori=N—2,--- 0:

W(S(T;) = max{E*[a[S(Ti) _K23+Ti7%il)D<ﬂ+l’Tk)’S(Ti)},
gl

(33)

4.2 Pricing the Bermudan swaption under the Forward Neutral
Probability P~

We can also derive the optimality equation under the forward neutral probability P~ with
a Tw—bond as a numéraire.
Optimality Equation:

(i) For i = N — 1 (Terminal Condition):

n—1

W(S(Ty-1)) = 0[S(Tx-1) = K]+ Y D(Tn-1, Twvix)

k=0

(ii) Fori=N—2,---,0:
W(S(T) = max{o[S(T) - K], Y DT, ),

k=i+1

DT, Ty) E™ [%)S(m} }

(35)



4.3 Pricing the Bermudan swaption under Varying Forward Neu-
tral Probabilities P7(1 <i < N)

In this subsection we write the optimality equation under forward neutral probabilities
P%i varying at each period with a T;-bond as a numéraire. This optimality equation is
different from the both optimality equations of Subsection 4.1 and 4.2 that have the fixed
probability measures at all periods.

Optimality Equation:

(i) For i = N — 1 (Terminal Condition):

n—1

W(S(Ty-1)) = 0[S(Tx-1) = K]+ Y D(Tn-1, Twvix)

k=0

(ii) Fori=N—2,---,0:
W(S@) = max{s[S(T) ~ K]. Y D(L.T),
DT T E™ 1 [W(S(T1)) | S(T)] |
(37)

5 Construction of the Trinomial Tree of the Bermu-
dan Swaption Price, Numerical Example and Com-
parative Statics

5.1 Backward Induction of the Bermudan Swaption Price

Using a trinomial tree of the short rate r(¢) that follows the Hull-White model, we con-
struct the trinomial tree of the short rate and the Bermudan swaption price in the discrete
time setting under the risk neutral probability P*. We can also construct the trees under
the forward neutral probabilities P7~ and P?i in the same way. We construct the short
rate trinomial tree based on Hull-White (1994). For the simplicity of the calculation, we
set At = 0 = T;41 — T; as constant for all ¢. (7,7) represents a node at ¢t = iAt and
r = jAr. We define D(i,i + 1,j) as the (i + 1)At-bond price at (i,7), L(i,4,j) as the
spot LIBOR at T; with the payment time (i + 1)At, L(i,i + k, j) as the forward LIBOR
from T to Tiyx1 at T, and 7;; as the short rate value at the node (4,7). Under the



Hull-White model from (16) and (17) we have

g2 [Tin1 Tit1
ot i) = =% [ s T Pds+ [ et T
T T
g2 [Tt Tit1
o —?/ {b(s, Tyy1)}ds + ai/ b(s, Tiy1)ds
T; T;
o? 2 1 3
= ——((To, - T, 2 BT -Ty) _ = —2B(Tip1-Ti) _ _)
23 (Ta =T+ 5° 23° 23
1
+ai§<ﬁ<Ti+l _ Tz) + e PTi1=Ti) _ 1)
= a(i,i+1), (38)
1 — e BTit1—-Ti)

e

Then the bond price D(i,i+1, j), the spot LIBOR L(3, 4, j), the forward LIBOR L(i, i+k, j)
and the swap rate S(T;) are represented respectively as

D(i,i+1,7) = e~ @i+t , (40)
1 1
L(iii)— -1+~ . 41
(4, ) 5 T SDGi+ 1) (41)
S 1 D(ii+k.j)
L ko j) = —= : 42
(4 b0 = =5+ 5pG T ) )
n—1
S(Ti) ~ > wisks1(0) LG, i+ k, ), (43)
k=0
where
D(0,1,j)
w;(0) = (44)

P o D(0,i+ kA4 1,5)

See Brigo and Mercurio (2000) for the above approximation of the swap rate. The bank
account B(T;,T;y1) with r(T;) transiting from a node (7,7) to a node (i + 1,5’) can be
approximated utilizing the trapezoidal rule as

Tit1

B(T}, i) = eXp{/

T;

r(s)ds} = exp{w5}.

(45)

We define py(i,5), pm (4, 7), pa(i, 7) as the transition probabilities from the node (i, j)
to up, same, and down states at ¢t = (i + 1)At respectively, W (i,j) as the Bermudan
swaption price at the node (i,j), and W(i+ 1,5+ 1),W(i+ 1,75),W(i+ 1,7 — 1) as the
Bermudan swaption prices at each state, j + 1, j, and j — 1, at time (i + 1)At with
above corresponding transition probabilities from (i, ), and B (i,7), Bw(i,7), Ba(i,7) as
the bank account values at each state, j + 1, j, and j — 1, at time (i + 1)At¢ with above
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corresponding transition probabilities from (7, 7). The Bermudan swaption price at (i, j) ,
W (i,7), can be derived as

o e D41k, + 1)
Wiig) = max{a(S(T:) - K)* (pulh, ) ==

ZJ;T;+1D(i+1=k ]) ; 2+Z+1D(i+1,k,j—1)
By PO
W(i+1,j+1) Wi(i+1,j) Wii+1,j-—1)

Boli.f) +pm(l7j)—B /) + pali, j) Bali. ) }

+pm (i, J)

Puli, J)
(46)

By the backward induction from the terminal condition, we can calculate the current
Bermudan swaption price at (0,0).

5.2 Numerical Example and Comparative Statics

Following Hull and White (1994), we construct the trinomial tree of the short rate and the
swap rate and calculate the Bermudan swaption price. We discuss how each parameter
and an initial condition affect the price of the Bermudan swaption. The Table 1 shows
the Bermudan swaption price calculated with only one parameter changed where other
parameters and initial conditions are fixed on the bench mark values, 3=0.3, R : increasing
0.0025 in each period starting from 0.1, ¢ = 0.01, N =16, T =4, 6 = 0.25 and K = 0.8.
We set the time interval § = 0.25 for both of the short rate and the spot LIBOR in this
example. But we can set different time intervals for each rate. For example, we can set
the shorter time interval for the short rate tree than the spot LIBOR. We use MATLAB
for the calculation.

The result shows that as n(number of payoff periods) is bigger, the Bermudan swaption
price is bigger. This is because the total amount of the payoff gets bigger. The Bermudan
swaption price is smaller as (F(parameter of HW model) is bigger. The value of /3 affects
the level and speed of the mean reversion of the short rate. The larger [ is, the smaller
mean reversion level is. This keeps the values of the short rate and swap rate small, and
causes the small Bermudan swaption price. The Bermudan swaption price is larger as
o(parameter of HW model) is bigger. The reason is the same as the result of the simple
Black-Scholes formula. As o is bigger, the value of the instruments, with which we can
hedge the floating interest rate risk, is highly evaluated by buyers of the option. The
Bermudan swaption price is smaller as K (exercise rate) is bigger. This result is caused by
the payoff function, §(S(7;) — K),. As the value of K increases, the payment gets smaller.
The Bermudan swaption price is larger as T'(option maturity) is bigger. Because we can
replicate the Bermudan swaption with the short maturity by the longer one, the longer one
is at least more expensive than the shorter one. Finally, we examine six patterns of the
initial yield curve such as increasing curves and decreasing curves at different yield levels.
Among the six initial yield curve examples, the price of the case of R3(the increasing, 0.01
at each period, curve starting from 0.1) is most expensive, and the prices of R2 case is
cheapest in this example. But the prices with other parameter set cases do not necessarily
result in the same pattern. Although the increasing initial yield curves cause the bigger
values of the swap rate than the decreasing one, the bigger values cause not only the
bigger values of payments but also the bigger values of the discount bonds, which are

10



Table 1. Comparative Statics®

Price Change of the Price

n=4 0.5375 n bigger = price bigger
- n=2 | 0.0072

=03 0.5375 ( bigger = price smaller
- pg=06 | 0o

o=0.01 0.5375 | o bigger = price bigger
=05 | 18732

K =038 0.5375 K bigger = price smaller
- K=01 | 0.7996
T=4,N=16,6 =0.25 0.5375 | T(orN) bigger = price bigger
T—1N-46-02 | 0.1964

RO: gently increasing from 0.1 0.5375 R3 = price biggest

R1: flat at 0.1 0.5322 R2 = price smallest
R2: decreasing from 0.14 | 04777
R3: increasing from 0.06 | 0.5916
R4: decreasing from 0.1 | 0.5135
R5: incressing from 0.1 | 05404

# The Table 1 shows the Bermudan swaption prices calculated with only one parameter
changed where other parameters and initial conditions are fixed on the bench mark
values, n (payment number)= 4, § (parameter of HW model)= 0.3, o (parameter of
HW model)= 0.01, K (exercise rate)= 0.8, T' (option maturity)= 4, N (number of time
periods)= 16, § (time interval)= 0.25, and R (initial yield curve): increasing 0.0025 in
each period starting from 0.1. The column of ”Price” shows the Bermudan swaption
price with each parameter. The column of "Change of the Price” shows the change
of the Bermudan swaption price when each corresponding parameter is changed. R0
is the gently increasing, 0.005 at each period, initial yield curve from 0.1. R1 is the
flat curve at 0.1. R2 is the decreasing, 0.01 at each period, curve from 0.14. R3 is the
increasing, 0.01 at each period, curve from 0.06. R4 is the decreasing, 0.01 at each
period, curve from 0.1. R5 is the increasing, 0.01 at each period, curve from 0.1.
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the discount values used on the backward calculation. As we calculate the values of the
Bermudan swaption backwardly, the Bermudan swaption values are discounted more in the
case of the increasing case than the decreasing case. As the result, the price differences
between the increasing and decreasing cases get smaller and smaller on the backward
calculation. As the result in some cases, we see that the option price with the decreasing
yield curve may be more expensive than the increasing case.

6 Conditions for Non Early Exercise of the Bermudan
Swaption

In this section we derive theoretical conditions under which the option holder does not
exercise the Bermudan swaption at T; for ¢ =0,--- | N — 2.

Proposition 6.1. The holder of the Bermudan swaption does not exercise the Bermudan
swaption at t = Tx_o under the conditions

n—1
1
S(T, 0)L T l=1,2; 47
(Tn-2) < 15 0Ln 2T a) %U)N—&-k 0)Lnir-1(Tn-2), (47)
+1 1 n—1
T 0)L T [ =3,4,- . 4
ST <H1—I—5LN+5 3(Tn—2) gwl\r% 0) Lot (Tiv—2), 5 (48)

Proposition 6.2. The holder of the Bermudan swaption does not exercise the option at
t =T, under the conditions

S(Th) < 1 +5Lz+l sz+k+2 Live1(T3), 1 =1,2; (49)
141
(T3) < g i 5Lz+s N sz+k+2 Liyk1(Ti), 1 = 3,4, (50)
Proof. See Appendix. n

7 Conclusion

In this paper we propose the pricing method of the Bermudan swaption. We have mainly
four contributions in this paper. Firstly, we utilize the dynamic programming approach
with the short rate model, in particular the Hull-White model. Secondly, deriving the
theoretical prices of bond and the European swaption, we use the theoretical prices for
the calibration. Thirdly, we show the numerical examples and discuss comparative statics.
Fourthly, we derive the conditions for non early exercise of the Bermudan swaption.

The future plan of the research is to price the Bermudan swaption after the calibration
thorough real market data. Furthermore we should verify if prices derived by the model
suit the Bermudan swaption prices of the real market. One factor model like this paper
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has only one driving Brownian motion and it implies perfect correlation of all forward
rates with different maturity dates. Furthermore, by working with the one factor short
rate as the model primitive, it is difficult to allow for a precise fit to processes of quoted
instruments (bond and European swaption) because of low degrees of freedom. We can
extend the one factor model of this paper to a multi factor model.

A The derivation of the stochastic process of Ly (t)

We assume that the short rate r(¢) follows the Hull-White model (12). From the results
(15), (16) and (17) the forward LIBOR L, (t) can be represented as

D(t,T;) — D(t,Ti+1)

Ly (t) :=
0= D )
1 1
= —=+sexp{ = alt, ) + alt, Top) = bt T2) + b(t, Tiwr) (@), (51)
Defining
1
9t T Tr) = sexp{ —alt,T) +a(t Ty |: (52)
h(tﬂvﬂ-‘rl) = _b(taﬂ) + b(t,j—;+1), (53)
— 1
we can represent L, (t) as
Ly (t) = g(t, ﬂ’ﬂ+1>eh(thi,Ti+l)T(t)' (55)

From the Itd’s Lemma Lz, (t) follows the SDE

dLz,(t) {M + h(t, Ti, Tipr )er(t) + h(t, Ty, Ty ) (a(t) — Br(t))

le(t) g<t7ﬂaﬂ+1)
1
+5h(t T ﬂ+l)202}dt Rt Ty, T )odW™ (1), (56)

where g(t,T;, T;11); and h(t, T;, T;11) are partial differentials of g(¢, T;, T;11) and h(t, T;, Ti11)
with respect to t. g(t,T;, Tiy1); and h(t,T;, T;1 1), can be calculated as

2

o
9t T Ton)e = | {000 D) + bt Toia) | — al®)| bt Ty Toa) g (1, T, T (57)
h<tanaﬂ+l>t = h(taﬂvT’lJrl)ﬁ (58)
Hence, we obtain
dLp(t) _ [h(t’Ti’ﬂ“)UQ{b(t T,) +b(t, T, )}+1h(t T, T, )202]dt
ZTl(t) 9 s L4 s Li41 92 y iy Latl

h(t, Ty, Tyay )odW (1)
o 1 .
- h(t,Ti,TiH)a[{E(b(t,Ti) + b(t,?’m)) + §h(t,Ti,Ti+1)a}dt +dW (t)}

= h(tT, T )o{ob(t, Typy)dt + dW* (1)}, (59)
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Changing the probability measure by
AWt (1) = ob(t, Ty, )dt + dW*(t), (60)
we obtain that Ly, (¢) follows the SDE

Lr,(t
d;LTz( ) _ h(t7ﬂ;ﬂ+1)UdWTi+l (t)7 0<t<T;, (61)
LTi(t)

where W7i+1(t) is the Brownian Motion under the forward neutral probability P71,

B Proof of the Proposition 1

Proof. We derive theoretical conditions under which the option holder does not exercise
the Bermudan swaption at Ty_s. The value of the Bermudan swaption at the terminal
period, Tn_1, is

n—1
W(S(Tx-1)) = 0[S(Tx-1) = K]+ Y D(Ty-1, Tivsr)
o (62)
The optimality equation at Ty_o is
n—1
W(S(TN_Q)) == maX{5[S TN 2 + ZD TN—27TN+k—1),
k=0
D(Ty_a, Ty)E™ [D((T—N(T: Tl]i; IS(TJH)] }
n—1

= max{5[S(TN_2) - K]y ZD(TN—z,TN+k—1)>

[5[S(TN—1) - gg;}vz_%%g(TN_l’ T ) ‘S(TN—Z):| } (63)

The condition under which the option holder does not exercises the Bermudan swaption
at TN,Q is

D(Twn_o, Ty)E™

i
L

O[S(Tn—2) — K|+ ) D(Tn—2, Tntk-1)

0

B
Il

O[S(Ty_1) — K]+ D(TN 1, Tnak)
- I ’ (Tn—2)| ¢- 4
< D(Ty 5, Tw)E™ | D STv2)]}. (64)
Using an approximation,
n—1
S(Tv-1) = > wyk(0)Lyshr(Ty-1), (65)
k=0

14



where

D(t,T:)

we have the first term of the summation on the right hand side of (64), A, as
A = D(Ty_s, Tw) ET [5[S(TN ' ’S (T 2)]
~ D(Tn—2,Tn)E [ Z wN1£(0) Ly x—1(Tn-1) ‘S (Tn- 2)]
k=0
n—1
> 6D(Ty -2, Tw)[Y_ w4x(0) E™™ [LN+k—1(TN—1)‘S(TN—2)] - Kl (67)
k=0

We evaluate the expectation terms of the equation (67). The first term of the summation
is evaluated as

ETY [LN_l(TN_l)‘S(TN_g)] — Ly (Tn_2). (68)

Next we evaluate the second term of the summation, £V [LN(TN_l)‘S (T N_Q)]. We con-

sider the payoff Ly (Tx_1) given at Ty. We evaluate the payoff under each of the forward
neutral probability measure of P?N and P?~+1. We define P as the evaluated value at T _s
corresponding to the payoff.

P Ln(Tn_1)
- | 2L gy 69
D(Ty—2,Tv) [D(TN,TN) (T 2)] (69)
P Ly(Ty_y
= E™N e | ——— | 5(T 70
D(Tn—2,Tn+1) [D(TN,TN+1 ‘ N 2)] (70)
So we have
D(Tn—2,TN+1) Ln(Tn-1)
E™\Ly(Tn_1)|S(Tn_2)| = Einver| 202 1G(Ty_y)]. 71
[ () |S(Ty 2)} D(Tyn—2,Tv) [D(TN,TNH) (T 2” (71)
Utilizing the facts that
1
D(Ty, T . 72
( N N+1) 1+6LN(TN) ( )
and the function
f(z) == x(1+ dx) (73)

is convex in z, we evaluate the expectation term in the equation (71) as

LN(TN—l)

ETN+1 [
D(Ty,Tn1)

S(TN_Q)] — ETva [LN(TN_I){I + 5LN(TN)}‘S(TN_2)}
> Ly(Tn—2)(1 4 0Ln(TNn-2)). (74)
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Hence we have the relationship

ETN [LN(TN,l)

S(TN,Q)} > Ly(Tx—s). (75)

S(TN_Q)], in the

same way. We consider the payoff Ly 1(Tn_1) at Ty. We evaluate the payoff under each
of the forward neutral probability measure of P~ and PT~+1. We define () as the evaluated
value at Ty_5 corresponding to the payoff.

Next we evaluate the third term of the summation, E™~ [LN+1(T N-1)

Q o [Lng1(Tn-1)

D(Tx_o,Tx) [ D(Ty, Ty) S(Tn- 2)} (76)

Q T Lyii(Tn-1)
=[N — T S (T 77
D(Tn—2,Tn11) [D(TN7TN+1> (v 2)] (77)

So we have
ET~ [LNH(TNA) S(TN72)}

= St e BT s (v-a)] (78)

Assuming that the following Brownian motions are uncorrelated

dW =2 (1) dWv+1(t) = 0, (79)
where
dL t
ﬁllé)) = onn(HAW™2(t), teT* (80)
dLy(t
7 ;Vé)) — on(H)AWTNH(1), ¢ e T, (81)
we have the expectation term in (78) as
Lyy1(Tn-1)
Taar [ Lv1 (-1
E [D(TN,TNH) S(TN‘z)}
_ ETve [1 v 5LN(TN)‘S(TN_2)] ETva [LNH(TN_l)‘S(TN_g)]. (82)

We evaluate the term ETv+1 [LN+1(TN_1)‘S(TN_2)} in (82). We consider the payoff

Lyi1(Ty-1) at Ty1. We evaluate the payoff under each of the forward neutral prob-
ability measure of PT¥+1 and P?v+2. We define R as the evaluated value at Ty _s.

R T Lyt1(Tv-1) T

= FTvn S(Ty_ 83

D(Tx_2, T +1) LD(Tws1, Ty (Tv-2)| (83)
R T Lyi1(Tn-1) T

= FTn+2 S(Ty_ 84

D(Txn_3, T o) LD(Tn1, T o) (Tv—2)] (84)
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So we have

£ o)

D(Tn_2,Tn+2) Lyii(Th-1)
D(Tn-2,Tn+1) D(Tny1, Trn2)

ETN+2 [

S(Ty—2)|. (85)

In the same way as (74), we have the expectation term in (85) as

Lyii(Tn-1)
D(Tny1,Tny2)

Hence we evaluate the third term of the summation as

ETN+2

]s (Tw_ 2)} > Ly a(Tw—2)(1 + 6Lx i1 (T—s)). (86)

E™ | Ly (T )| S(Tw-2)] = Ly (T ). (87)
In the same way we have the relations
ETN LN+]€_1(TN_1>‘S<TN_2):| Z LN+k_1(TN_2)k} = 1, 2, e, N — 1. (88)
Then A has the following relation.
n—1
A>6D(Tn2, TN)[Z Wy £ (0) Ly r—1(Tv—2) — K]y (89)
k=0

Comparing the first term of the left side on the equation (64) and the right side of equation
(89), we have

n—1

D(Tn_2,Ty)

[S(Tn—2) — K]; < D(Ty 2. Ty 1) sz\uk 0)Lnir—1(Tn-2) — K. (90)
RHSof(90) > [ 5LN11(TN 3 ij\m_/g (0)Lnsr-1(Tn—2) — K]+ (91)
k=0

Hence one of the sufficient conditions for non early exercise of the Bermudan swaption at
t = Ty_5 derived from the comparison of the first terms is

n—1

szwk 0)Lntk-1(Tn-2). (92)

1
S(Ty_o) <
(Tv—2) < 14+ 0Ln_1(Tn_2)

We have the second term of the summation on the right hand side of (64), B, as

B = Dty 1y 7 [P A ‘K“»smv-w
zéD(TN_Q,TN)ETN[H(SLi(TN y ZwN+k 0)Ly-r-1(Tn-1) )S (T 2)}
> 5D(TN_2,TN)[2 w4 (0) | fig’z;((TN ))]S(TN )|~ Kl (93)

k=0
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We evaluate the expectation terms of the equation (93). Under the following assumption
that all Brownian motions are uncorrelated each other

AW ) dWhi(t) =0, i# 7, (94)
we have
ETN [ Lnyr-1(Tn-1) S(T )]
1+ 0Ly(Ty )7 V2
e eyt L) ] A S (55)

Because the function

o) = (96)
is convex in x for x > 0, we have
B [1 + 5L]\1,(TN_1) S(TN”)} =17 5L]1(TN_2)' (97)
Utilizing (97) and (88) we derive the relation
ETN[l +5L1(T ) S(TN—2)}ETN [LN+I€—1<TN—1)‘S(TN—2)]
NI N=1
> § iis%i%?y (98)
Hence B has the following relation.
B2 DTy 0, o) o) 2 s (99)

— 14+ 0Ln(Tn_2)
Comparing the second terms of the left side on the equation (64) and the right side of
equation (99), we have

-1

TN 27TN LN<H€71<TN72)
STy o) — K|l < —————~ — K|.. 100
[ ( N 2) ]+ TN 2>TN z% 1+5LN(TN—2) ]"r ( )

Hence one of the sufficient conditions for non early exercise of the Bermudan swaption at
t = Ty_o derived from the comparison of the second terms is

n—1

1 52 wrs(O)Lvsia(T-) (101)

S(Tiv—2) < 1+ 0Ly (Ty_s)
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We have the third term of the summation on the right hand side of (64), C, as

D(Tn-1,TN+2)0[S(TNn-1) —
D(Tn-1,Ty)
1
(0 5 (Tn )1+ 5w (T 1)

€ = DTy T) 7| Bl Jsry)]

;ué[XTN,%TN)ETN[

n—1

[Z wWN £ (0) L1 (Tv-1) — K]+‘S(TN—2)}

n—1

> §D(Ty—2, Tw)[Y  w+k(0)

k=0

TN Lyir—1(Tn-1)
E |:<1+5LN(TN_1))<]'+5LN+1(TN_1))‘S(TN2)i| _K]+ (102)

In the same way we evaluate the expectation terms of the equation (102) under the as-
sumption all Brownian motions are uncorrelated each other.

T Lnis-1(Tn-1)
E h1+ﬁmaw4»a+mmﬂaw4»buh”ﬂ
Lyye-1(Tn-2)

> 103
= 4 0L (Ty2)) (1 + 0L (T 2) (103)
Hence C' has the following relation.
n—1
Lnyr1(Tn—2)
C>6D(Tn_o,T w 0 - K 104
= ( N-2 N)[kzzo NJrk( )(1+5LN(TN72>)(1+6LN+1(TN72>) ]Jr ( )

Comparing the third terms of the left side on the equation (64) and the right side of
equation (104), we have

D(TN—Qa TN)
D(TN—27 TN+1)

n-l Lye-1(Tn-2)
2 0O S T (1 oL (T )

[S(Tn—2) — K]1 <

~ K, (105)

D(Tn—2,Tn)
D(Tn-2,TN+1)
Bermudan swaption at t = Tyy_o derived from the comparison of the third terms is

Because > 1 one of the sufficient conditions for non early exercise of the

4 n—1

1
< .
S(Tx_9) < g T+ 0L a(Tvo) %wN%(O)LN%—l(TN—z) (106)

In the same way we can derive that the sufficient conditions to satisfy this proposition are
summarized as

n—1
1
S(Twn— 0)L 1(Ty_9),l=1,2; 107
( N 2) < 1+5LN+1—2(TN—2) ;UJNM( ) N4k 1( N 2)7 ) 25 ( )
+1 1 n—1
S(Tn-2) < 31;[3 T+ 0l s §WN+I<:(O)LN+I€—1(TN—2),Z =3,4,---,n. (108

]
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C Proof of the Proposition 2

Proof. At t = Tyn_5 from the result of Proposition 1 we prove that we do not exercise
the option under the conditions (107) and (108). At ¢t = T;,1 we suppose that we do not
exercise the option under the conditions

S(T; i i Tiv1),l=1,2; 109
(Tis1) < 1+ 5Lz+l+1 ) Zw +5+3(0) Liyrra(Tig1) (109)
I+1
S(Tit1) < i ; 1)l =3,4,-- ,n, 110
(Ti41) H 11 5Lz+s ) Zw +1+3(0) Lia2(Tivn), (110)
that is
1 W(S(T;
W(S(Ti+1)) = D(Tisr, Tig) BT+ &}S Tint }
D(E+27 1+3
n—1
> O[S(Tiy1) — Ky ZD(TiHa Tithya)- (111)
k=0
At ¢t = T; we would like to show that under the conditions
S(T) < 1+5Lz+l sz+k+2 Livea(T3), 1 =1,2; (112)
I+1
) < H T 5Lz+s N sz+k+2 Liyk1(T3), 1 = 3,4, -+ ,n, (113)
we do not exercise the option by the mductlon, that is
n—1
o[S(Ti) — K]+ Z D(Ti, Tiyrr1)
k=0
T W(S(Tis
< D(T,, T, ) ET+ [—‘s } 114

From the hypothesis, (111), substituting RHS of (111) for the RHS of (114) we obtain

0[S(Tis1) — K] Yoy D(Tii, Tiim
RHSOf(114) > D(E7E+2)ETZ~+2|: [ ( +1> _D]J(FT%T?+2§ +1; Lit +2) S(Tvl)]
n—1
= D(T;, Ty10) T+ {5[2 Wit k12(0) Livp1(Tipr) — K]y
S o D(Tir, Tivmso)
m= 11
T Ty [S@)] (115)

Comparing the first terms of RHS of (115) and LHS of (114), we obtain one of the non
early exercise conditions as

S(T;) — K4 <
ggﬁ:—%]ﬂ% [Z Witk+2(0) Ligkr (Tir) — K]+‘S(T¢)]. (116)

k=0
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Utilizing the following relation

RHSof(116) > . +5Lz+1 sz+k+2 itz Li+k+1(7—‘i+1)‘s(ﬂ>} - K],

> [ Z Wiy k42(0) Liyry1 (15) — K4, (117)

1+ 5L1+1
(116) is satisfied under the condition (112). Comparing the second terms of RHS of (115)

and LHS of (114), we obtain one of the non early exercise conditions as

. 'D 7 9 ’L
[S(T;) — K] < BT+ e +2) sz+k+2 Lii1(Tia) — ‘S } (118)

Z+17 Z+2

Utilizing the following relation

1 ,
RHS0f(118) > [{og7—r +1)ZwMH(O)ETM Lit+1(Tisa) S(Ti)} ~ K]y
(] 7 k‘ 0
n—1
1
= [1+5Lz+2( ZH)%U)MH( ) +k+1( ) ]+ ( )

(118) is satisfied under the condition (112). Comparing the [-th(l > 3) terms of RHS of
(115) and LHS of (114), we obtain the one of the non early exercise conditions as

[S(T3) — K]+ <

D(Ti, Tiva) gy, [D(Tia Tz+l+1)
2 g l+2[ i Wiskr9(0) Lisrrs (T, ’S ] 120
D(T3, Tipy) D(Tis1, Tisa) ,; ere2 Ok Tis) 120
Utilizing the following relation
-3 +1 1
RHSof(120) > 14 6L;sura(T; ET"“’[
f( ) ;!il(:]( + +2( )) [g 1 +5Li+s+2(7—%+1)
Z Wit k12(0) Litpi1(Tigr) — K]y
k=0
+1
> i i T;) — K4, 121
a [H 1+5LH5+2 Zw+k+2 Livkn1(T3) — K] (121)

(121) is satisfied under the condition (113). Then we prove that the holder of the Bermudan
swaption does not exercise the option at t = T; under the conditions

S(T;) < 1+5L7,+z sz+k+2 Lk (Th), 1 =1,2; (122)

I+1
S(Ty) < 1;[3 : +5L,+S . sz+k+2 Livper(T)), 1 = 3.4, - (123)
O
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