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Abstract

This study considers a Cournot duopoly market in which a clean firm can transfer
its less polluting technology to a dirty firm through a fixed-fee licensing contract. We
analyze the impacts of emissions taxes on the incentives of firms to transfer technology as
well as on the total pollution level, and examine the properties of the optimal emissions
tax policy. We first show that higher emissions taxes weaken incentives for technology
transfer and that this can lead to a perverse increase in the level of total pollution. We
then compare the optimal emissions tax when technology licensing is possible with that
when licensing is infeasible and show that the relationship between the optimal tax rate
and the degree of the initial technology gap between firms when licensing is possible can
be the opposite of that when licensing is infeasible.
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1 Introduction

To mitigate against environmental degradation, an important concern for policy makers is

the diffusion of environmentally friendly technology. Although there are several channels

through which environmental technology can be distributed, one of the most important is the

transfer of technology among firms through licensing contracts. In fact, private firms often

strategically license their superior technologies to both domestic and foreign rivals. For ex-

ample, the famous Japanese automobile manufacturer Toyota Motor Corporation entered a

licensing agreement with another automobile manufacturer, Mazda Motor Corporation, thus

transferring its superior environmental technology. This also occurs in the chemical indus-

try, where some leading firms in the polyethylene market, such as British Petroleum (BP)

Chemicals and Dow Chemical, have licensed their less polluting technology to other firms.

In this study, we analyze the effects of emissions taxes and the properties of the optimal

tax rate in the presence of environmental technology transfer between firms through fixed-fee

licensing. We consider a Cournot duopoly model in which one firm has a cleaner technology

and emits less pollution in its production process than another firm. Before the competition

stage, the clean firm can transfer its superior technology to the dirty firm via a licensing

contract. If technology transfer is successful, the dirty firm obtains a clean technology in

exchange for a fixed licensing fee.

In this setting, we first analyze the effects of an emissions tax on the incentives of firms to

transfer technology as well as on the level of total pollution. We show that a higher emissions

tax makes the transfer of technology less likely and can lead to a perverse increase in the total

pollution level. We then explore the properties of the optimal emissions tax when licensing

is possible by comparing it with the case when licensing is infeasible. We find that the

possibility of licensing can reverse the relationship between the optimal emissions tax rate

and the extent of the initial technology gap between firms: as a dirty technology becomes

more polluting, the optimal emissions tax is (weakly) decreasing when licensing is possible,

while it is increasing when licensing is infeasible.

Although a few recent studies investigate environmental technology transfer via licens-

ing contracts, most of them consider international technology transfers between domestic and
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foreign firms (Iida and Takeuchi 2009, 2011; Qiu and Yu 2009; Asano and Matsushima forth-

coming).1 In contrast, the present study explores technology transfers between two domestic

firms, which may also be an important policy concern. In our setting, since an emissions tax

set by the government is levied on both the licenser and licensee firms, the effects and prop-

erties of the optimal tax policy differ from those of the studies mentioned above, in which a

tax set by the government of one country is only levied on either the licenser or licensee firm

that is located in that country.

The most similar study to ours is Chang et al. (2009), which focuses on the licensing of

less polluting technologies between two domestic firms and compares two licensing methods,

fixed-fee and royalty licensing. Although their analysis is similar to ours, they mainly focus

on the case of royalty licensing. The present study complements their work by providing

a more detailed analysis of fixed-fee licensing. We provide a full characterization of the

optimal emissions tax in the case of fixed-fee licensing by considering not only an interior

solution but also a corner solution, which is not included in their study. We also compare

the optimal tax rates when technology licensing is and is not possible and clarify the novel

properties of the optimal emissions tax in the presence of technology licensing, neither of

which is mentioned in the work of Chang et al.

Our study is also related to the literature on optimal emissions taxes under oligopolistic

competition (see Requate (2006) for a survey). In particular, Simpson (1995) analyzes the

optimal emissions tax in an asymmetric duopoly setting, in which the environmental tech-

nologies of both firms are exogenously fixed. In contrast to his study, we assume that the

dirty firm can obtain cleaner technology through a licensing contract and show that the pos-

sibility of technology transfer can alter the properties of the optimal emissions tax set by the

government.

The remainder of this study is organized as follows. Section 2 sets up the model and

derives firm equilibrium outputs and profits. Section 3 considers the conditions under which

technology transfer occurs. Section 4 examines the relationship between the emissions tax

rate and the level of total pollution. Section 5 derives a socially optimal emissions tax rate

1The licensing of cost-reducing innovations has been extensively analyzed in the industrial organization
literature (Gallini and Winter 1985; Katz and Shapiro 1985; Kamien and Tauman 1986; Marjit 1990; Wang
1998, 2002).
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and discusses its properties. Section 6 provides concluding remarks. The proofs of some

results are provided in the Appendix.

2 The model

We consider a market consisting of two heterogeneous firms, one clean (firm 1) and one dirty

(firm 2), that produce a homogeneous product. Firm 1 emitse1 units of pollution per unit of

output, whereas firm 2 emits a higher level of pollution, i.e.,e2 > e1, per unit of output. For

simplicity, the production costs of both firms are assumed to be zero. The inverse demand

function is given byP = 1− (x1 + x2), whereP denotes the market price,xi denotes the output

level of firm i ∈ {1,2}.
We employ a three-stage game. In Stage 1, the government sets a (uniform) emissions

tax to maximize social welfare. In Stage 2, firm 1, which has a clean technology, decides

whether to license its superior technology to firm 2. If technology transfer occurs, both firms

1 and 2 have a clean technology. Otherwise, firm 2’s technology remains dirty. In Stage 3,

both firms compete `a la Cournot given the technology inherited from Stage 2.

We solve the game backwards. First, we derive the Cournot equilibrium in Stage 3 when

the technology transfer has occurred in Stage 2. In this case, since both firms have a clean

technology, firmi’s profit (gross of licensing fee) in Stage 3 is given by:

Πi = (1− x1 − x2)xi − te1xi , i = 1,2,

where t denotes an emissions tax imposed per unit of emissions. Assuming a symmetric

equilibrium, the equilibrium output and profit are, respectively,

xT
i =

1− e1t
3

, πT
i =

(1− e1t)2

9
, i = 1,2. (1)

Next, we derive the Cournot equilibrium when firm 1’s clean technology has not been

transferred to firm 2 in Stage 2. In this case, the profit of firmi in Stage 3 is given by:

Πi = (1− x1 − x2)xi − tei xi , i = 1,2.

Note that since firm 2’s technology remains dirty, firm 2 emitse2 units of pollution per unit
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of output. Then, the equilibrium output and profit are, respectively,

xN
1 =

1− (2e1 − e2)t
3

, xN
2 =

1− (2e2 − e1)t
3

; (2)

πN
1 =

(1− (2e1 − e2)t)2

9
, πN

2 =
(1− (2e2 − e1)t)2

9
. (3)

When the emissions tax rate is too high (t ≥ t̄(e1,e2) ≡ 1/(2e2 − e1)), firm 2 exits the market

and firm 1 becomes a monopoly. In this case, the firms’ equilibrium output and profit are,

respectively,

xM
1 =

1− e1t
2

, xM
2 = 0; πM

1 =
(1− e1t)2

4
, πM

2 = 0. (4)

3 Licensing and technology transfer

In this section, we analyze the licensing stage. This study focuses on a fixed-fee licensing

contract and assumes that firm 1 (licenser) has all the bargaining power. At this stage, firm

1 first offers firm 2 a fixed licensing feeF, which is independent of firm 2’s output, in a

take-it-or-leave-it manner. If firm 2 accepts this offer, then firm 1 chargesF and licenses its

clean technology to firm 2. If firm 2 rejects the offer, licensing does not occur and firm 2’s

technology remains dirty.

First, if 0 ≤ t < t̄(e1,e2), since firm 2’s equilibrium profit without licensing isπN
2 , the

maximum licensing fee firm 1 can charge isF = πT
2 − πN

2 . Then, if licensing occurs, firm 1’s

total profit is

πT
1 + F = πT

1 + (πT
2 − πN

2 ) =
(1− e1t)2

9
+

4(1− e2t)(e2 − e1)t
9

. (5)

From (3) and (5), we have thatπT
1 + F > πN

1 if and only if 0 ≤ t ≤ t̂(e1,e2) ≡ 2/(5e2 − 3e1).

Therefore, firm 1 licenses its technology if 0≤ t ≤ t̂(e1,e2) but does not if̂t(e1,e2) < t <

t̄(e1,e2).

Second, ift ≥ t̄(e1,e2), when technology licensing does not occur, firm 2 exits the market

and its equilibrium profit isπM
2 = 0. Then, the maximum licensing fee firm 1 can charge is

F = πT
2 − πM

2 , and firm 1’s total profit under licensing becomes

πT
1 + F = πT

1 + (πT
2 − πM

2 ) =
2(1− e1t)2

9
. (6)
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Comparing (4) and (6), we always obtainπT
1 +F < πM

1 . Therefore, fort ≥ t̄(e1,e2), firm 1 does

not have an incentive to license its clean technology and consequently becomes a monopoly.

To summarize these results, we have the following proposition.

Proposition 1. Firm 1 licenses its clean technology if and only if0 ≤ t ≤ t̂(e1,e2).

[Figure 1 about here.]

The reason that licensing does not occur under a high emissions tax is as follows. Note

that technology licensing occurs if and only if the joint profit of the two firms with licensing,

πT
1 + πT

2 , is higher than that without licensing,πN
1 + πN

2 (or πM
1 + πM

2 ). When the tax rate is

high and there is no licensing, firm 2’s market share is very small (or zero) and firm 1 has

an almost (or complete) monopoly. In this case, the joint profit of the two firms is close (or

equal) to the monopoly profit of firm 1. In contrast, when licensing occurs, the joint profit

becomes smaller than that without licensing because firm 2 obtains a clean technology and

the market becomes more competitive. Therefore, under a high emissions tax, firm 1’s clean

technology is not licensed.2 In Figure 1, the shaded area indicates the pair (t,e2) such that

technology transfer takes place.

4 The level of pollution

In this section, we focus on the level of aggregate pollution, denoted byE, and examine the

relationship between the pollution level and emissions tax rate. First, if 0≤ t ≤ t̂(e1,e2),

licensing occurs and both firms have a clean technology. Therefore, by using (1), the level of

pollution in this case,ET(t), becomes

ET(t) = e1(x
T
1 + xT

2 ) =
2e1(1− e1t)

3
. (7)

2As shown in Chang et al. (2009), if we assume a per-unit output royalty instead of a fixed licensing fee,
since firm 1 (licenser) can manipulate the output of firm 2 (licensee) through a per-unit royalty rate, the former
can extract all the incremental profit of the latter while maintaining the latter’s output at the same level as it
would be without licensing. Therefore, for any emissions tax rate, technology licensing via royalty licensing
always occurs in equilibrium, and firm 1 always prefers royalty licensing to fixed-fee licensing. However, there
are situations in which it is difficult for firm 1 to use royalty licensing. For example, once firm 2 has the licensed
technology, it may be able to imitate the technology and produce output with the imitation, thereby avoiding
per-unit charges. In this case, firm 1 is restricted to fixed-fee licensing, which is independent of firm 2’s output
(Katz and Shapiro 1985).
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Next, if t̂(e1,e2) < t < t̄(e1,e2), the technology is not transferred but firm 2 is active in the

market. Since firm 2’s technology remains dirty and the outputs are given by (2), the level of

pollution in this case,EN(t), is given by

EN(t) = e1xN
1 + e2xN

2 =
(e1 + e2) − 2(e2

1 − e1e2 + e2
2)t

3
. (8)

Finally, if t ≥ t̄(e1,e2), firm 2 exits the market and firm 1 becomes a monopoly. By using (4),

the level of pollution in this case,EM(t), is given by

EM(t) = e1xM
1 =

e1(1− e1t)
2

.

From these equations, it is easy to see that a higher emissions taxt decreases the level of

aggregate pollution in each case. However, since an emissions tax abovet̂(e1,e2) undermines

the incentive for technology to be transferred between firms, as shown in Proposition 1, a

higher emissions tax can have a perverse effect on aggregate pollution. More precisely, we

obtain the following result.

Proposition 2. Whene2 > 3e1, the level of pollution jumps tot = t̂(e1,e2) and the relationship

between the emissions tax and the level of pollution is non-monotonic.

[Figure 2 about here.]

Figure 2 illustrates the relationship between the emissions tax and the pollution level when

(e1,e2) = (1,5). The failure of technology licensing caused by a higher emissions tax has two

opposing effects on total emissions. Although it reduces the total output of both firms, it

increases firm 2’s pollution level per unit of output. When the initial technology gap between

firms is sufficiently large (e2 > 3e1), even a relatively low emissions tax prevents technology

licensing. At such a low tax rate, the former effect is smaller and dominated by the latter.

Therefore, an increase in the emissions tax abovet̂(e1,e2) results in a perverse increase in

total emissions.

A similar result is also obtained by Roy Chowdhury (2008), but his result is driven by

the endogeneity of the market structure. In his study, under a high emissions tax, firms opt

for Cournot competition, whereas under a low tax rate, firms prefer to form joint ventures.
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Therefore, an increase in the emissions tax can trigger a regime switch from joint ventures to

Cournot competition, which makes the market more competitive and can cause the pollution

level to increase.

5 The optimal emissions tax

In this section, we derive the socially optimal emissions tax rate and explore its properties. In

particular, we focus on the relationship between the optimal emissions tax rate and the extent

of the initial technology gap between two firms. In the analysis below, we therefore consider

e1 to be fixed and interprete2 ∈ (e1,∞) as the extent of the initial technology gap between

two firms.3

In Stage 1, the government sets an emissions tax that maximizes social welfareW, which

consists of the consumer surplusCS, the producer surplusPS, tax revenuesT, and the envi-

ronmental damageD caused by total pollution:

W = CS + PS + T − D.

This study assumes thatD = d · E, whered is the constant marginal damage from total

emissions. In addition, because of linear demand, we haveCS = (x1 + x2)2/2. Below, we

first derive the locally optimal tax rate in each of the following three cases: 0≤ t ≤ t̂(e2),

t̂(e2) < t < t̄(e2), andt ≥ t̄(e2). Then, by comparing the maximum level of welfare in each

case, we derive the globally optimal emissions tax rate.

First, for 0≤ t ≤ t̂(e2), in which technology transfer takes place, the government chooses

t to solve the following welfare maximization problem:

max
t≤t̂(e2)

WT(t) ≡ 1
2

(
xT

1 + xT
2

)2
+

(
πT

1 + πT
2

)
+ tET − dET .

Assuming an interior solution, we obtain the optimal tax rate and the corresponding level of

social welfare as follows:

tT =
3e1d − 1

2e1
, WT(tT) =

(1− e1d)2

2
. (9)

3We therefore excludee1 from the arguments of the functions in this section.
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We assume that 0< tT < 1/e1, or, equivalently, that 1/(3d) < e1 < 1/d. This implies that at

this interior solution, it is optimal for the government to levy a positive emissions tax (rather

than provide a subsidy) such that the equilibrium outputs of both firms, given by (1) with

t = tT , are positive. Since (9) is valid as long astT ≤ t̂(e2), the optimal tax whentT > t̂(e2) is

given byt̂(e2).

Second, in the case oft ≥ t̄(e2), firm 2 exits the market and firm 1 becomes a monopoly.

In this case, the government solves the following problem:

max
t≥t̄(e2)

WM(t) ≡ 1
2

(
xM

1

)2
+ πM

1 + tEM − dEM.

Assuming an interior solution, the optimal tax and the corresponding welfare level are, re-

spectively,

tM =
2e1d − 1

e1
, WM(tM) =

(1− e1d)2

2
. (10)

We assume that 0< tM < 1/e1, or, equivalently, that 1/(2d) < e1 < 1/d, which implies that at

this interior solution, it is optimal for the government to impose a positive emissions tax such

that firm 1’s equilibrium output, given by (4) witht = tM, is positive. Since this assumption

also guarantees that 0< tT < 1/e1, we assume that 1/(2d) < e1 < 1/d in the following

analysis. Note that (10) is valid as long astM ≥ t̄(e2). Therefore, whentM < t̄(e2), the optimal

emissions tax becomes̄t(e2).

Finally, for t̂(e2) < t < t̄(e2), technology transfer does not occur but firm 2 is still active in

the market. Then, the government’s problem is as follows:

max
t̂(e2)<t≤t̄(e2)

WN(t,e2) ≡ 1
2

(
xN

1 + xN
2

)2
+

(
πN

1 + πN
2

)
+ tEN − dEN. (11)

Assuming an interior solution, the optimal tax and the corresponding welfare level are, re-

spectively,

tN(e2) =
6d(e2

1 + e2
2 − e1e2) − (e1 + e2)

(e1 + e2)2
, (12)

WN(tN(e2),e2) =
(e1 + e2)2 − 2d(e1 + e2)(e2

1 + e2
2) + 4d2(e2

1 − e1e2 + e2
2)

2

2(e1 + e2)2
. (13)

Since (12) and (13) are valid as long ast̂(e2) < tN(e2) < t̄(e2), the maximum level of welfare

could be attained at a corner solution,t̂(e2) + ε or t̄(e2) − ε, whereε > 0 is an infinitesimally

small number.
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Now, by comparing the maximized welfare levels in the three cases above, we derive the

(globally) optimal emissions tax rate for a givene2. First, we have the following lemma.

Lemma 1. Suppose that1/(2d) < e1 < 1/d. Then, the following inequality holds for any

e2 > e1:

max
t̂(e2)<t<t̄(e2)

WN(t,e2) ≤ max{ max
0≤t≤t̂(e2)

WT(t), max
t≥t̄(e2)

WM(t)}. (14)

Lemma 1 implies that from the government’s perspective, it can never be socially optimal

to set an emissions tax rate that allows firm 2 to be active without technology licensing. In

other words, social welfare is maximized under either a duopoly that includes technology

transfer or a monopoly by firm 1. Therefore, in order to derive the socially optimal tax rate,

we only have to compare the levels of welfare under these two conditions. Then, we obtain

the optimal emissions tax under the possibility of technology licensing as follows.

Proposition 3. Suppose that1/(2d) < e1 < 1/d. Then, when technology licensing is possible,

the optimal emissions tax,t∗(e2), and the resultant licensing decision are given by:

t∗(e2) =



tT if e1 < e2 ≤ ê, licensing occurs,
t̂(e2) if ê< e2 ≤ ẽ, licensing occurs,
t̄(e2) if ẽ< e2 ≤ ē, no licensing,
tM if ē< e2, no licensing,

(15)

whereê, ẽ, and ē are defined, respectively, such thattT = t̂(ê), WT(t̂(ẽ)) = WM(t̄(ẽ)), and

tM = t̄(ē).

[Figure 3 about here.]

In Figure 3, the bold line represents the relationship between the optimal emissions tax

rate and the initial technology gap between firms, which is measured by firm 2’s initial tech-

nology level,e2. When the environmental technology gap is sufficiently small such that

e2 ∈ (e1, ê], since technology licensing occurs even under a relatively high emissions tax,

the government can induce licensing to occur between firms while settingtT , which is the

unconstrained optimal tax rate under licensing. However, as the technology gap widens, the

government cannot implement this outcome because for a largere2, licensing no longer oc-

curs undertT . Then, fore2 ∈ (ê, ẽ], it is optimal for the government to set a lower tax rate,
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t̂(e2), to induce technology licensing. If the technology gap becomes even wider (e2 > ẽ), the

government prefers to give up the possibility of technology transfer and drive firm 2 out of

the market. Fore2 ∈ (ẽ, ē], since firm 2’s technology is not extremely dirty, the government

must set a sufficiently high emissions tax,̄t(e2), in order to induce firm 2 to exit the market.

However, when firm 2 is sufficiently dirty such thate2 > ē, the government can drive firm 2

out of the market by settingtM, which is the unconstrained optimal tax rate under a monopoly

by firm 1.

Then, we compare the optimal tax rates between when technology licensing is possible

and when it is infeasible. When technology licensing is not possible, firm 2’s technology

always remains dirty. In this case, the optimal emissions tax rate is given by the next lemma.

Lemma 2. Suppose that1/(2d) < e1 < 1/d. Then, when technology licensing is infeasible,

the optimal emissions tax,t∗∗(e2), is given by:

t∗∗(e2) =


tN(e2) if e1 < e2 ≤ e′,
t̄(e2) if e′ < e2 ≤ ē,
tM if ē< e2,

(16)

wheree′ is defined such thattN(e′) = t̄(e′).

In Figure 3, the dashed line illustrates the optimal emissions tax given by (16) in the

absence of the possibility of technology licensing.4 If firm 2’s initial technology is not very

dirty (e2 ≤ e′), the optimal policy is to settN(e2) and allow both firms to operate in the market.

However, if firm 2’s technology is sufficiently dirty (e2 > e′), it is socially desirable to drive

firm 2 out of the market.

Now, from Proposition 3 and Lemma 2, we obtain the following proposition.

Proposition 4. Suppose that1/(2d) < e1 < 1/d. Then, the relationship between the optimal

emissions tax rate and the degree of the initial technology gap between firms when technology

licensing is possible can be the opposite of that when licensing is infeasible. More precisely,

while t∗∗(e2) is increasing ine2 ∈ (e1,e′], t∗(e2) is (weakly) decreasing ine2 ∈ (e1, ẽ].

Proposition 4 implies that the possibility of technology licensing can alter the properties

of the optimal emissions tax. When licensing is infeasible, as firm 2’s initial technology be-

comes dirtier, it is socially optimal for the government to set a higher emissions tax and shift
4Depending on the values ofe1 andd, êcan be larger thane′. Figure 3 illustrates the case of ˆe< e′.
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market share from the dirty firm (firm 2) to the clean one (firm 1). Therefore, as long as both

firms produce positive outputs fore2 ∈ (e1,e′], the optimal emissions taxt∗∗(e2) is increasing

in e2. In contrast, when technology licensing is possible, the government must choose the

emissions tax rate while considering its effect on the possibility of licensing between firms.

In particular, fore2 ∈ (ê, ẽ], since licensing no longer occurs undertT , it is socially optimal

for the government to set a lower emissions tax in order to induce the licensing of technology

between firms. Therefore, while the optimal emissions taxt∗(e2) is constant fore2 ∈ (e1, ê],

it is decreasing fore2 ∈ (ê, ẽ].5

6 Concluding remarks

This study examines the impacts of an emissions tax and the properties of the optimal tax

rate in the presence of environmental technology transfers between firms through fixed-fee

licensing contracts. We show that a higher emissions tax makes technology licensing between

firms less likely and can result in a perverse increase in the level of aggregate pollution. We

also show that the relationship between the optimal emissions tax rate and the degree of the

initial technology gap between firms when licensing is possible can be the opposite of that

when licensing is infeasible.

These results clarify that when less-polluting technologies can be transferred between

firms via fixed-fee licensing, there can be a trade-off between a strict environmental policy

and the wide diffusion of superior environmental technologies, which significantly affects the

properties of the optimal emissions tax. Our results imply that in order to design appropriate

environmental policies, governments should pay attention to whether superior environmental

technologies can be diffused in the market in question and through which channels. Other-

wise, government policies could have adverse impacts on both the environment and social

welfare.
5If we considere2 to be fixed and interprete1 ∈ (1/(2d),min{e2,1/d}) as the extent of the initial technology

gap, the relationship between the optimal emissions tax and the degree of the initial technology gap becomes a
bit more complicated. However, we can also obtain a result similar to Proposition 4 in that case. If technology
licensing is possible, since∂tT/∂e1 > 0 and∂t̂/∂e1 > 0, the optimal emissions tax when both firms are active
is decreasing ase1 becomes smaller. In contrast, from (12), we can confirm that∂tN/∂e1 < 0 holds for a
sufficiently smalle1. Therefore, if licensing is infeasible, the optimal emissions tax when both firms are active
can be increasing ase1 becomes smaller.
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Appendix

Proof of Proposition 2

The aggregate pollution level increases discontinuously att = t̂(e1,e2) if and only if

ET(t̂(e1,e2)) < lim
t→t̂(e1,e2)

EN(t). (17)

From (7), (8), and̂t(e1,e2) = 2/(5e2 − 3e1), we have

ET(t̂(e1,e2)) =
10e1(e2 − e1)
3(5e2 − 3e1)

; lim
t→t̂(e1,e2)

EN(t) =
(e2 − e1)(7e1 + e2)

3(5e2 − 3e1)
. (18)

By substituting (18) into (17) and rearranging it, we obtaine2 > 3e1. �

Proof of Lemma 1

To begin the proof, we first introduce the following two lemmas:

Lemma 3. Suppose that1/(2d) < e1 < 1/d. Then, we have

max
0≤t≤t̂(e2)

WT(t) Q max
t≥t̄(e2)

WM(t) if and only if e2 R ẽ. (19)

Lemma 4. Suppose that1/(2d) < e1 < 1/d. Then,tN(e2) andWN(tN(e2),e2) have the follow-

ing properties:

(a) tN(e2) is increasing ine2 and lime2→e1 tN(e2) = tT .

(b) lime2→e1 WN(tN(e2),e2) = WT(tT).

(c) There existse ∈ (e1,∞) such thatWN(tN(e2),e2) is decreasing ine2 ∈ (e1,e] and in-

creasing ine2 ∈ (e,∞).

Proof of Lemma 3

Sincet̂(e2) is decreasing ine2 ∈ (e1,∞) and 0< t̂(e2) < 1/e1, there exists

ê =
e1(9e1d + 1)
5(3e1d − 1)

, (20)

12



which satisfiestT = t̂(ê). Similarly, sincet̄(e2) is decreasing ine2 ∈ (e1,∞) and 0< t̄(e2) <

1/e1, there exists

ē =
de2

1

2de1 − 1
, (21)

which satisfiestM = t̄(ē). Note that from (20) and (21), we have

ē− ê =
e1(1− de1)(1 + 3de1)
5(2de1 − 1)(3de1 − 1)

> 0.

Then, max0≤t≤t̂(e2) WT(t) and maxt≥t̄(e2) WM(t) can respectively be written as follows:

max
0≤t≤t̂(e2)

WT(t) =

{
WT(tT) if e2 ≤ ê,
WT(t̂(e2)) if e2 > ê,

(22)

max
t≥t̄(e2)

WM(t) =

{
WM(t̄(e2)) if e2 ≤ ē,
WM(tM) if e2 > ē.

(23)

[Figure 4 about here.]

The two bold lines in Figure 4 illustrate (22) and (23). Fore2 ∈ (ê, ē], since t̂(e2) is

decreasing ine2 andt̂(e2) < tT, WT(t̂(e2)) is decreasing ine2. In contrast, fore2 ∈ (ê, ē], since

t̄(e2) is decreasing ine2 and t̄(e2) ≥ tM, WM(t̄(e2)) is increasing ine2. In addition, we have

WT(tT) = WM(tM) = (1−e1d)2/2. Then, there exists ˜e ∈ (ê, ē) such thatWT(t̂(ẽ)) = WM(t̄(ẽ)).

More precisely,

ẽ =
e1

60de1 − 25

(√
9d2e2

1 − 6de1 + 61+ 33de1 − 6
)
. (24)

Therefore, as can also be seen from Figure 4, we obtain (19). �

Proof of Lemma 4

(a) By differentiatingtN(e2) by e2, we have

∂tN(e2)
∂e2

=
(e1 + e2) + 18de1(e2 − e1)

(e1 + e2)3
> 0. (25)

In addition, from (12), it is easy to see that lime2→e1 tN(e2) = tT .

(b) From the right-hand side of (11), it is easy to see that lime2→e1 WN(t,e2) = WT(t). Then,

together with lime2→e1 tN(e2) = tT , we have lime2→e1 WN(tN(e2),e2) = WT(tT).

13



(c) Using the envelope theorem, we have

dWN(tN(e2),e2)
de2

=
∂WN

∂e2
= − (e1 + e2)(tN)2 + (1− 6d(2e2 − e1))tN + 3d

9
, (26)

d2WN(tN(e2),e2)

de2
2

=
∂2WN

∂t∂e2

∂tN

∂e2
+
∂2WN

∂e2
2

, (27)

where

∂2WN

∂t∂e2
=

18e1d(e2 − e1) + (e1 + e2)
9(e1 + e2)

> 0,

∂2WN

∂e2
2

=
tN[6d(e2

1 + 5e1e2 + e2
2) + (e1 + e2)]

9(e1 + e2)2
> 0.

(28)

From (26) and our assumption that 1/(2d) < e1 < 1/d, we have

lim
e2→e1

dWN(tN(e2),e2)
de2

=
d
2

(e1d − 1) < 0,

lim
e2→∞

dWN(tN(e2),e2)
de2

= ∞ > 0.
(29)

In addition, (25), (27), and (28) lead to

d2WN(tN(e2),e2)

de2
2

> 0. (30)

Therefore, from (29) and (30), there existse ∈ (e1,∞) such thatWN(tN(e2),e2) is de-

creasing ine2 ∈ (e1,e] and increasing ine2 ∈ (e,∞). �

From Lemma 4(a) and the fact thatt̄(e2) is decreasing ine2 and 0< t̄(e2) < 1/e1, it is easy

to see that there existse′ ∈ (e1,∞) such thattN(e′) = t̄(e′). In the following proof, we deal

with the two cases separately, depending on whethere2 is larger or smaller thane′.

(a) Fore1 < e2 ≤ e′

In order to prove (14), since maxt̂(e2)<t<t̄(e2) WN(t,e2) ≤ WN(tN(e2),e2) holds, it is suffi-

cient to show that we haveWN(tN(e2),e2) < max0≤t≤t̂(e2) WT(t) for e2 ∈ (e1,e′]. First,

we prove the following lemma:6

Lemma 5. Suppose that1/(2d) < e1 < 1/d. Then, we havee< e′ < ẽ.

6TheMathematicafile for the proof of this lemma is available from the author upon request.
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Proof of Lemma 5

First, we show thate′ < ẽ. By solvingtN(e2) = t̄(e2) with respect toe2, we obtain

e′ =
e1

12k

(
1 + 6k + A +

1 + 24k− 36k2

A

)
, (31)

where A =
(
108k2 + 36k + 1 + 6k

√
3
√

432k4 − 864k3 + 648k2 − 8k− 1
)1/3

and k =

e1d. Note that our assumption implies 1/2 < k < 1. Then, from (24) and (31), we

can confirm thate′ < ẽholds fork ∈ (1/2,1).

We then show thate< e′. By substitutinge2 = e′ into (26), we havedWN(tN(e′),e′)/de2.

We can confirm that this is positive fore1 ∈ (1/(2d),1/d). Therefore, from Lemma 4(c),

we havee< e′. �

From Lemmas 4 and 5,WN(tN(e2),e2) for e2 ∈ (e1,e′] can be depicted as the dashed

line in Figure 4. Note that sinceWN(t̄(e2),e2) = WM(t̄(e2)) holds by the definition of

t̄(e2), we haveWN(tN(e′),e′) = WN(t̄(e′),e′) = WM(t̄(e′)). Therefore, from Figure 4, it

can be seen thatWN(tN(e2),e2) < max0≤t≤t̂(e2) WT(t) for e2 ∈ (e1,e′].

(b) Fore2 > e′

In this case, sincetN(e2) > t̄(e2) holds, we have

max
t̂(e2)<t<t̄(e2)

WN(t,e2) = WN(t̄(e2) − ε, e2) < WM(t̄(e2)) ≤ max
t≥t̄(e2)

WM(t), (32)

where the last inequality follows from (23) andWM(t̄(e2)) ≤WM(tM) for all e2.

This completes the proof of Lemma 1. �

Proof of Proposition 3

This result follows from Lemmas 1 and 3. �
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Proof of Lemma 2

When licensing is infeasible, we must compare max0≤t<t̄(e2) WN(t,e2) and maxt≥t̄(e2) WM(t). In

the case ofe2 > e′, (32) implies that the maximum welfare level is attained under a monopoly

by firm 1. Then, from (23), the optimal emissions tax is given byt̄(e2) for e′ < e2 ≤ ē andtM

for e2 > ē.

Next, we consider the case ofe2 ≤ e′. In this case, sincetN(e2) ≤ t̄(e2) holds, we have

max0≤t<t̄(e2) WN(t,e2) = WN(tN(e2),e2). On the other hand, sincee2 ≤ e′ < ē holds, we have

maxt≥t̄(e2) WM(t) = WM(t̄(e2)). Then, we have

max
0≤t<t̄(e2)

WN(t,e2) = WN(tN(e2),e2) ≥WN(t̄(e2),e2) = WM(t̄(e2)) = max
t≥t̄(e2)

WM(t).

Therefore, fore2 ≤ e′, the optimal emissions tax is given bytN(e2). �
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