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This study introduces quasi-geometric discounting into a simple growth model of common cap-
ital accumulation that takes consumption externalities into account. We examine how present
bias dfects economic growth and welfare, and we consider two equilibrium concepts: the non-
cooperative Nash equilibrium (NNE) and the cooperative equilibrium (CE). We show that the
growth rate in the NNE can be higher than that in the CE if individuals strongly admire the
consumption of others regardless of the magnitude of present bias. Contrary to the results in
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1 Introduction

The issue of the tragedy of the commons has been discussed by many researchers. Gordon (1954)
Is the first to consider this issue in an economics context and shows an example of the tragedy
of the commons, whereas Hardin (1968) is the seminal study on this topic. Levhari and Mirman
(1980) construct a dynamic game model of resource extraction and examine how the strategic
interactions of individuals féect the accumulation of the common resource. A similar issue is
investigated using the framework of a capital accumulation game. Examples of this dynamic capital
accumulation game include Benhabib and Radner (1992), Tornell and Velasco (1992), Dockner and
Sorger (1996), and Dockner and Nishimura (2005).

In these studies, individuals derive utility only from their own consumption. However, em-
pirical studies show that individuals’ welfare levels are strondfgced not only by their own
consumption levels but also by the consumption levels of other individudltis phenomenon
is calledconsumption externalitiedn addition, many studies theoretically examine this issue us-
ing growth models. Examples include Liu and Turnovsky (2005), Ljungqvist and Uhlig (2000),
Turnovsky and Monteiro (2007), and Mino (2008).

Long and Wang (2009) and Hori and Shibata (2010) integrate the above two strands of research.
Long and Wang (2009) show that consumption externalities worsen the overconsumption problem
in the case of a common resource. Hori and Shibata (2010) compare the growth rate in a no-
commitment case (a feedback Nash equilibrium) with that in a commitment case (an open-loop
Nash equilibrium). Contrary to the usual arguments, they show that the former growth rate can be
higher than the latter growth rate when individuals admire the consumption of others.

In the present study, we shed new light on the dynamic capital accumulation game using a
development in behavioral economics. Most previous studies employ time-consistent preference
models. However, many laboratory and field studies on inter-temporal decision making (see, for

example, Frederick et al. (2002) and DellaVigna (2009)) support the hypothesis that discounting

1 See, for example, Easterlin (1995), Kagel et al. (1996), Clark and Oswald (1996), Zizzo and Oswald (2001), and
Alpizar et al. (2005).



IS not exponential but rather is hyperbolic, which means that the discounting between two future
periods becomes steeper as time passes. Thus, we examine how the existence of prefiectbias a
economic growth and welfare. Such present-biased preferences are initially developed by Strotz
(1956) and Phelps and Pollak (1968) and are reintroduced by Laibson (1997).

To incorporate present bias, we introduce individuals with quasi-geometric discounting into
a capital accumulation game. We consider two equilibrium concepts, the non-cooperative Nash
equilibrium (NNE) and the cooperative equilibrium (CE), and we examine the characteristics of
the two equilibria. To solve the model, we must consider individuals as a sequence of autonomous
decision-makers, as in the above studies. Thus, we treat the decision of each decision maker (self)
as the outcome of an intrapersonal game. Therefore, in the non-cooperative setting, there exist
two games: a game amondiérent individuals and a game amongfelient selves. Interestingly,
there remains a game amondtdrent selves even in the cooperative setting. We show that these
relationships bring forth interesting welfare consequences.

We obtain the following results from our model. First, we show that there exist both the unique
NNE and the unique CE. Second, we show that the growth rate in the NNE can be higher than
that in the CE if preferences exhibit strong admiration to others’ consumption. Finally and more
importantly, we obtain paradoxical welfare results. We numerically show that, contrary to the time-
consistent case (geometric discounting case), selves in the initial period obtain a higher welfare
level under the NNE than under the CE. However, in the later periods, selves obtain a higher
welfare level in the CE than in the NNE depending on tHéedence between the speeds of capital
accumulation in the NNE case and the CE case.

The relationship between the present study and the studies by Hori and Shibata (2010) and
Long and Wang (2009) can be stated as follows. Hori and Shibata’s (2010) focus t$evardies
in the characteristics of the feedback equilibrium and those of the open-loop equilibrium. Both
equilibria are considered in the case of a non-cooperative relationship, and the authors do not

consider cooperative situations. Long and Wang (2009) consider the cooperative outcome as well

2 Krusell et al. (2002) compare the market equilibrium to the planning equilibrium in a representative-agent model.
Surprisingly, they show that the welfare level of the market equilibrium is higher than that of the planning equilibrium.
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as the non-cooperative outcome. However, unlike in the present study, if individuals succeed in
cooperating, then the resource can be preserved, and individuals can attain higher welfare levels.
In addition, neither Hori and Shibata (2010) nor Long and Wang (2009) consider individuals with
hyperbolic discounting.

The studies most related to the present study are Nowak (2006, 2009). Based on Levhari and
Mirman’s (1980) model, Nowak incorporates individuals who have time-inconsistent preferences.
In particular, Nowak (2009) considers the cooperative relationship amdiegedtit individuals with
hyperbolic discounting in a general setting of Levhari and Mirman’s (1980) model. He derives the
non-cooperative and cooperative outcomes and investigateff¢iotseof time-inconsistent prefer-
ences on the equilibria. However, he does not consider consumption externalities. Additionally, he
does not conduct a welfare comparison between the NNE and the CE.

The remainder of the paper is organized as follows. Section 2 sets up the dynamic game model
with quasi-geometric discounting and consumption externalities. Section 3 characterizes the NNE
and the CE and examines thfeet of present bias on the two equilibria. Section 4 discusses the

welfare properties, and our conclusions are summarized in Section 5.

2 Model

In the following, we consider a dynamic game model of common capital accumulation with con-
sumption externalities, and we introduce quasi-geometric discounting into the model. Time is

discrete and is denoted Ibye [0, o).

2.1 Individuals

In this economy, there exidl individuals who live infinitely and who all have the same time
preferences. We assume that at time 0, individisgbreference is given by the following utility

function:

Uio=Uio+,BZ5tUit, i=21---,N, (1)
=1
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whereu;; denotes the instantaneous utility of individuad periodt > 0. Theng € (0,1) represents

the long-run discount factor, angl € (0,1] represents the present bias. Whee: 1, individuals

have time-consistent and geometric preferences, and the discount factor is &lwaysontrast,
when 0< B < 1, individuals face a problem of time inconsistency; the discount factor between
time 1 and time 2 i$ at time 0, but it changes t86 at time 1. Such preferences are called quasi-
geometric preferencésWhy does the problem of time inconsistency arise in this quasi-geometric
discounting model? At timé > 1, individuals want to change their consumption schedules that
they set at timé — 1. Specifically, they want to shift more consumption into the present because at
timet — 1, they thought that the discount factor between tiraad timet + 1 wasg, but at timet,

the discount factor between tinh@nd timet + 1 is B6(< 6).4

The instantaneous utility; is specified as
SR T S
Ut = —— (G - (E-) ™) 7, i=1- N, )
n-1

wherec_j; = ﬁ 2= Cit-a < 1,n > 0, andn # 1. g is the consumption of individualin period

t, andc_j; is the average level of consumption of the other individuals in pdri&éch individual’s
consumption fiects the utility levels of the other individuals. The parametegpresents the inter-
temporal elasticity of substitution. The parameigepresents the attitude toward the consumption
of other individuals and the magnitude of this exterrfégée. According to Dupor and Liu (2003),

we can define the consumption externalities as follows.

Definition 1 We define the consumption externality attitude (1) as jealodsy/6c_;j < O (a > 0)
and as admiration ibu;/dC_; > 0 (@ < 0) and (2) as “keeping up with the Joneses” (KUJ) if
d%u; /G dT_i > 0 (a(1-n) > 0) and as “running away from the Joneses” (RAJYHU; /dGIT_; <
0(a(l-7n)<0).

KUJ (RAJ) represents the case in which the marginal utility of an individual’'s consumption

3 See Krusell et al. (2002).
4 Note that if individuals could commit to their future decisions, the problem of time inconsistency would not matter
because they could not deviate from their future consumption schedule.
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increases (decreases) as the average level of others’ consumption increases. KUJ (RAJ) means that

an individual wants (does not want) to consume in the same way as others do.

2.2 Capital Accumulation

In this economy, there exists physical capital that every individual can access. Therefore, we can
define this capital as common capital, such as forests or fish. Each individual produces final goods
by using this common capital and consumes some of these final goods. The final goods that are
not consumed become capital in the next period. The production function is supposed td\ke the

technology, and the transition of the physical capital is

N
Kip1 = Ak — Z Cit, 3)
i-1

wherek is the capital stock anéd(> 0) denotes a constant productivity parameter.

3 Equilibrium

We derive a non-cooperative Nash equilibrium (NNE) and a cooperative equilibrium (CE), respec-
tively. In the following, we assume that current individuals cannot commit to the decisions of future
individuals. Moreover, we assume that the individuals know that their preferences will change and

make the current decision taking this into account; that is, they are sophisticated.

3.1 Non-cooperative Nash Equilibrium

A current individual maximizes the following objective function taking into account the strategies
hJ’.‘(k) (j #1) of the other individuals. These strategies include the strategies of the future selves of

the other individuals. The individual also takes her own future individual deciiofg as given.



The problem of the current individuals given by the following:

VBN (k) AT (K)) = rrg»lX[n (- (AL (00) ™) 7 + BV (K) | (@)

subject to

K =Ak-g —Zhj“(k).

j#i
K’ represents capital in the next peridd.; (k) = (K}, andh'; (k) = N1 D hi(k). We
denote the solution of this problem ES(k). The value function"(k) satisfies the following

relationship:
NE

n _ . n n [ 1 n neLr
V) = o7 N (k)-lm;hj (k)J + U (K), (5)
where
_ N
K = Ak - Z h? (k).
j=1

We can define an NNE as follows.

Definition 2 A set of strategiesh{‘*(k)}i‘j' constitutes a non-cooperative Nash equilibrium if and
only if (1) each individual’'s strategy satisfi&ﬁ(k) = h™(k) and (2) for every possible state,
the following is satisfied: §(h™ (k),H j(k)) > V2(h1(k),H"; (k) for all i where H'; (k) =
(i (k) b

The equilibrium can be solved by using a similar technique to dynamic programming. The

first-order condition of the above problem (4) becomes
_1 = _a(1-1 o
(G)77 - (2 (k)07 = Bav™(K'). (6)
We use the following guesses for the value function of individual

V"(k) = E" + Ry kY, (7)



where

v =1-a)1-1/n).

E" andF" are the cofficients to be determined. We assume that 1. Note that when & n < 1

(n > 1),y <0(0< ¢ <1). Thus, we can rewrite (6) as follows:
()71 - (Al (k)"0 = poFN (k)

We further assume a symmetric equilibrium and linear strategies, that(is) = 0"k, V\"(k) =

Vh(k), E" = E", andF" = F". Thus, we can finally obtain
("K) 7 - (k)" E0) = BSFM[(A = o "N)K]¥ L,

This result leads to .
0 _(BOFN)TIA
oN =

- Al (8)
1+ (BSFM) 71N
By substituting the guess for the linear strategy and (7) into (5), we obtain
U -3
E"+ F"y k¥ = — [(O'nk)(ank)_“] "+ 6(E"+ Fy (A= oc"N)K]Y)
n—
= Ll (™) (k)!] + 6(E" + F 'y [(A- c"N)K]*).
)7 —
Comparing the ca#icients onk” leads to
= _’7‘/’1(0”)%” + 6F"(A—- o"N)Y.
)7 —
By substituting (8) into this expression, we obtain
1+(,85F”)w+lN]w - v )
= (B8)72(F)7 1 + 6. (9)
A J n-1

As for equation (9), we can obtain the following proposition:
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Proposition 1 There exists a unique non-cooperative Nash equilibriufyi, FA™Y > 6.

Proof See Appendix A.

3.2 Cooperative Equilibrium

We next consider the cooperative case. We assume that individuals maximize the total sum of their
utilities. The cooperative individuals take their own future decisibf&) as given. When the

individuals cooperate, they solve the following problem:

N
VS0 = max | ) (- (€)' + poVE(K)|. (10

subject to

k' = Ak—ZN:Cj.
=

We denote the solution of this problemflafs(k). The value functio’vV¢(k) satisfies the following

relationship:

—a\1-2

j#i

N
V) = 5 > [hf’(k) -

i=1

where

N
K= Ak= > he(k).
=1
We can define a CE as follows:

Definition 3 A set of strategie$h® (k) }iij‘ constitutes a cooperative equilibrium if and only if

their strategies satisfic(k) = he* (k).



As in the case of the NNE, we derive the CE by using a similar technique to dynamic programming.

The first-order condition of (10) becomes
1 [ N R | 1L —a(l—l)—l] _ sV (K
N [(q) CRYRE m;(cj) a(C-j) | =7 k). (12

We use the following guess for the value function:
VE(k) = EC + FSy~1k¥, (13)

whereE® andF°¢ are the cofficients to be determined. We further assume the symmetric equilib-
rium and linear strategies, that is,(k) = o°k. Based on these guesses, the first-order condition

(12) becomes
1 -2/ cpy-a(l-1) cpy1l-2, cpy-a(l-1)-1 c c -1
N (o°k) "7 (%K) 1 — a(o*K)" 7 (0°K) z = BOF[(A— o®N)K]¥ .

We can solve this equation for® as follows:

R = Y=
o€ = (=) iﬁ5F )7TA (14)

L+ (£4)71(B6F9)TIN

By substituting (13) into (11), we obtain
_1
EC+ Foy 1k = Ll [(o-ck)(crck)_‘”]l "4+ §(ES+ FO(A- oCN)K]Y).  (15)
n—
Comparing the cdécients onk” leads to

FC = ﬂl(acw + 6FS(A— o°N)Y.
—
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By substituting (14) into this expression and rearranging it, we obtain

Nyt gseeyrtin ] = .
1+ (=) " " (BSF) N} :(1E|a) n”iﬁl(,ga)%(Fc)w_—l+5. (16)

A

To satisfy the second-order condition of this problem, we impose the following assumption:

SRR

As for equation (16), we can obtain the following proposition:

Assumption 1

Proposition 2 Under Assumption 1, there exists a unique cooperative equilibriimjfl/A~" > ¢.

Proof See Appendix B.

3.3 Comparison of the Growth Rates

In this subsection, we first show that the relative magnitudes of the two equilibrium growth rates
are irrelevant t@3, the parameter that reflects present bias. Only the consumption externalities can
affect this relationship between the two growth rates.

From (3) and (8), the (gross) growth rate of the economy in which individuals behave non-

cooperatively is given by

A
G"= A- No™ = (17)

1+ (BSF™)7IN

On the other hand, from (3) and (14), the (gross) growth rate of the economy in which individuals

behave cooperatively is given by

G°= A- No® = A (18)

1

L+ (L)% (poFe) N

We can obtain the following proposition:
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Proposition 3 G =z G"ifand onlyif N2 1 - «.

Proof See Appendix C.
From Definition 1 andN > 1, N > 1 — « is satisfied if preferences exhibit jealousy toward the
consumption of other individuals. On the other hahd< 1 — « is satisfied if the preferences
exhibit strong admiration toward the consumption of other individuals. Proposition 3 indicates that
when preferences exhibit jealousy (strong admiration) toward others, the growth rate of the CE is
higher (lower) than that of the NNE. Since Proposition 3 does not include the condition of present
bias, 8, we can say that the relative magnitude of the two growth rates is irrelevant to the level of
present bias. Only consumption externaliti€get the growth rate comparison.

The intuition behind Proposition 3 can be explained as follows. In this model, all individuals
have the same level of present bias. THea of present bias on the game amonfgedent selves
does not dier across the non-cooperative and cooperative cases. We only need to consider the
effect of consumption externalities on the intra-temporal game in the non-cooperative case. In
the case of jealousy (& a < 1), an individual’s utility decreases when others increase their
consumption. The stronger jealousy individuals feel toward others, the more they want to consume.
This property tends to reduce the accumulation of aggregate capital. Thus, the non-cooperative
case leads to over-consumption relative to the cooperative case. On the other hand, in the case of
admiration ¢ < 0), the utility of individuals increases when others increase their consumption. As
individuals feel more admiration toward others, they tend to want to consume less. This property
tends to increase the accumulation of aggregate capital. Thus, the non-cooperative case leads to
under-consumption relative to the cooperative case.

For later use, we now state the following lemma regarding the growth rates.
Lemma 1 Both G° and G are increasing inG.

Proof See Appendix D.
Lemma 1 indicates that when the present bias of each individual is Igggergmaller), the two

growth rates are lower. This result implies that the rate of consumptinjs decreasing irB.
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Intuitively, because of the larger present bias, individuals prefer to consume now rather than later.

Thus, the common capital accumulation decreases, and the growth rates also decrease.

4 Welfare Analysis

In this section, we examine the welfare implications of the NNE and the CE in our dynamic game

model. We first define the welfare evaluation function. This function varies among selves in each
period because the preferences of individuals are time-inconsistent in this model. In other words,
individuals’ preferences areftierent in diferent periods. Then, we compare the NNE and the CE

in terms of the resulting welfare in later periods as well as in the initial period.

4.1 Welfare evaluation function

In this analysis, we define the following welfare evaluation function:

- - S(A-=Na ) | .
W'(kt):nL_l(a'kt)‘” 1+1ﬁ_§(A_ |\(|Ta)i)w Ji=nc (19)

The derivation ofW' (k) is given in Appendix E. Because the growth rates are constant at the
equilibria, we evaluate the welfare levels of the initial selves based on the following strategy and
dynamics of capitalc = o'k andk’ = (A — No')k. Moreover, we can show the relationship

between the welfare in periddand that in period O as follows:

W (ki) = [(A- No')I'W'(ko), i = n,c. (20)

The derivation of (20) is given in Appendix F. The welfare level in petiof' (k;), can be divided
into the following two parts\W (ko) (the welfare level of the initial self) and A — No')?] (the

path-dependentiect).
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4.2 \Welfare comparison: time-consistent case

Before comparing the welfare in the NNE with that in the CE whera B < 1, we investigate
the welfare comparison of the time-consistent case, that is, yghenl. We first consider the
welfare level of the initial self. In this time-consistent case, the CE coincides with the social
optimum. Therefore, when the initial levels of capital stock of the two equilibria are the same,
WE¢(ko) > W" (ko) for all kg. Second, we consider the path-dependéigce From (7), (17), (18),

and (19), this ffect can be rewritten as follows:
. . t
(A= N1 = [(@)E D] i = ne (21)

WhenN < (>) 1 - «a, the growth rate in the NNE is higher (lower) than that in the CE. This result
means meark{’ > (<) k. Since the path-dependerffext increases geometrically, thifect
dominates the welfare level of the initial self in the later period. Fora 1, > 0, and (21),
whenn > 1 (0 < n < 1), the relationship between the path-dependéeteand the growth rate
(G') is positive (negative). Thus, whéw < 1 — @ andy > L orwhenN > 1 — ¢ and O< 5 < 1,
the following inequality holds for diiciently larget: W" (k") > W¢(kf).

Intuitively, n is the parameter that represents the inter-temporal elasticity of substitution. When
0 < n < 1, that is, when the elasticity is low, individuals dislike the fluctuation of consumption
and prefer a lower growth rate. On the other hand, wjenl, that is, when the elasticity is high,
the degree to which individuals avoid the fluctuation of consumption decreases. Consequently,
individuals prefer a larger growth rate. Note that the relative magnitudes of the two growth rates
are derived from Proposition 3.

We summarize the preceding arguments as follows:

Lemma 2 Suppose that the initial capital stocks are the same in the NNE case and the CE case. In

the time-consistent case, we obtain the following results:

1. When N< 1 - and0 < n <1orwhen N> 1- « andn > 1, the welfare level in the CE

Is always higher than that in the NNE.
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2. When N< 1—-a andn > 1orwhen N> 1- « and0 < n < 1, the welfare level in the CE is
higher than that in the NNE for the initial self. For the later self, however, the welfare level

in the NNE is higher than that in the CE.

Lemma 2 states that when the initial levels of capital stock of the two equilibria are the same,
then, from the viewpoint of the initial self, the welfare level in the NNE can be higher than that
in the CE in later periods. This result is caused by the path-depenfieat dn other words, the
difference in common capital accumulation in the NNE and the CE causedt#ts eBecause
capital accumulates faster (slower) in the NNE whén< 1 — @ andnp > 1 (N > 1 - « and

0 < n < 1), the welfare level in the NNE is eventually higher than that in the CE. However, if
individuals again compare the welfare levels of the two equilibria at the time when the welfare
level in the NNE becomes higher than that in the CE, the welfare level in the CE is absolutely
higher at this point than that in the NNE. Thus, the following inequalities holds fiicsntly
larget:

WECkE) > W' (k") > WE(K).

4.3 Welfare comparison: time-inconsistent case

We next conduct a numerical welfare comparison for the time-inconsistent case. We must distin-
guish between the following four cases. The first case is that the growth rate in the NNE is higher
than that in the CE and is negative, thatisSN < 1 — « and O< n < 1. The second is that the
growth rate in the CE is higher than that in the NNE @nid positive, thatisN > 1—a andn > 1.

The third is that the growth rate in the NNE is higher than that in the CEJ/aisdoositive, that is,

N < 1- a andn > 1. The fourth is that the growth rate in the CE is higher than that in the NNE
andy is negative, that iSN > 1 — @ and O< n < 1. Thus, we must consider the following four

cases.
Case(@ N <l-aandO<n <1,
Case (b)N > 1 - aandn > 1,

15



Case (c)N<1l-aandn > 1,
Case (d)N>1-aandO<ny < 1.

It is difficult to compare these growth rates analytically, so we conduct numerical analyses. We
adopt the following parameterst = 2,5 = 0.9, andkg = 1. To satisfy Assumption 1 ant™¥ > ¢

(the condition for the existence of a unique equilibrium from Propositions 1 and 2), we set the
following: in Case (a) = -5, = 0.9, andA = 1.5; in Case (b)o = 0.3,7 = 1.1, andA = 2.1;

in Case (c)a = —3,n =1.03,andA = 1.5; and in Case (dyy = 0.2,n = 0.7, andA = 2.1.

Figures 7-10 represent the welfare levels of each self in the NNE and the CE for Cases (a)-(d),
respectively, from periotd= 0 tot = 10. Panels (a)-(c) of these figures show the welfare levels of
each self forg = 1, 8 = 0.7, andgB = 0.3, respectively. Table 1 shows the steady-state outcomes
(the rates of consumption and the (gross) growth rates) and the welfare levels of the initial self in
the NNE and the CE for Cases (a)-(d) fér= 1, 8 = 0.7, andg = 0.3. From Table 1 and these

figures, we obtain the following results.
Numerical Result 1 Wheng decreases,

1. the welfare level of the initial self in the NNE becomes higher than that in the CE in Cases

(a) and (c) (See Table 1 and panel (c) of Figure 7 and panels (b) and (c) of Figure 9),

2. the welfare level of the initial self in the CE becomes higher than that in the NNE in Cases

(b) and (d) (See Table 1 and panels (b) and (c) of Figures 8 and 10),

3. the welfare levels of the future selves in the CE become higher than those in the NNE in Cases

(a) and (b) (See panels (b) and (c) of Figures 7 and 8),

4. the welfare levels of the future selves in the NNE become higher than those in the CE in Cases

(c) and (d) (See panels (b) and (c) of Figures 9 and 10).

As discussed in sections 4.1 and 4.2, there are tWexis of changes i on the welfare levels of
selves in the NNE and the CE. The first is via the welfare level of the initial self, and the second is

via the path-dependenffect.
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We first investigate the welfare level of the initial self. This welfare level is higher in the NNE
than it is in the CE in Cases (a) and (c). The intuition behind this result is explained as follows.
In the initial period, only the welfare level of the initial self matters. loet € (0,1) denote
the rate of consumption that maximizeg(ky).> o* is the solution when current individuals
can commit to their future decisions and cooperate each other. On the otherdtarid,the
solution when they cannot commit to their future decisions. In Cases (a) arid £&c)l — « holds,
which means that preferences exhibit strong admiration toward others. When individuals cannot
commit to their future decisions, they take into account that they will not consume so much in the
future, and they consume more now to enforce less consumption by their future selves. Moreover,
as discussed in section 3.3, stronger admiration makes individuals consume less. Theféfore,
becomes dficiently higher thanr* when 8 decreases. On the other hand increases whep
decreases, based on (18) and Lemma 1. As a restilhecomes closer to* than too®*, that is,
the welfare level of the initial self in the NNE becomes higher than that in the CE.

The welfare level of the initial self in the CE is higher than that in the NNE in Cases (b) and
(d). The intuition behind this result is explained as follows. In Cases (b) and (d), that is, when
N > 1 - a, we must examine the following two cases: (i)Qx > 1 — N and (ii)) @ > 0. We first
consider case (i). This case implies that preferences exhibit weak admiration toward others. As in
Cases (a) and (c), we obtairt* > o*. From Proposition 3, (17), and (18), we obtatff* > o
whenN > 1 — . From Lemma 1, (17), and (18), whe¢hdecreases, boit™ ando°* increase.
Therefore, the inequalitieas™ > o > o* hold. In other words, the welfare level of the initial
self in the CE is higher than that in the NNE. We next consider case (ii). This case implies that
preferences exhibit jealousy toward others. Unlike in Cases (a) and (c), we oBtainc*. From
Proposition 3, (17), and (18), we obtaif’™ > ¢® whenN > 1 — «. Thereforeg™ > o* > .

From Lemma 1, (17), and (18), whehdecreases, bottr™ ando®* increase. When individuals

cannot commit to their future decisions, they take into account that they will consume more in the

5Wheny < 0, the uniqueness ef* is always guaranteed. When<Qy < 1, the stfficient condition for ensuring
the uniqueness af* is 8 > 2¢/1 + . The proof is given in Appendix G. The numerical examples in this subsection
satisfy this condition.
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future, and they consume less now to enforce more consumption by their future selves. Therefore,
when g decreasesr® ando™ increase less than* does. As a resultr® is closer too* than to
o™, that is, the welfare level of the initial self in the CE is higher than that in the NNE.

We next explain the intuition behind the results for the later periods. In the later periods, the
path-dependentkect dominates the welfare level of the initial self. The mechanism of this result is
similar to that in the time-consistent case because, from Proposit@d&es not &ect the relative
magnitudes of the growth rates in the NNE and the CE. Therefore, the welfare levels of the future
selves in the CE become higher than those in the NNE in Cases (a) and (b), Mat 5~ a and
O<np<lorN > 1-aandn > 1. The welfare levels of the future selves in the NNE become
higher than those in the CE in Cases (c) and (d), thaXlis; 1 — « andp > 1 orN > 1 - « and
O<n <1

Finally, we discuss the paradoxical cases: Figure 7 (c) and Figure 9 (c). Unlike in the time-
consistent cases, Figure 7 (a) and Figure 9 (a), the welfare level of the initial self in the NNE is
higher than that in the CE. Figure 7 (c) shows that the early selves of all individuals prefer the
NNE to the CE; on the contrary, the later selves of all individuals prefer the CE. However, the later
selves cannot enforce the initial selves to cooperate. Thus, iffisulli to construct a mechanism
to achieve cooperation. We next consider the case of Figure 9 (c). This case surprisingly shows
that both the early and later selves of all individuals prefer the NNE to the CE. In other words,

cooperation always deteriorates the welfare of all individuals.

5 Conclusion

In this study, we construct a dynamic game model with quasi-geometric discounting and consump-
tion externalities. We consider two equilibrium concepts: the NNE and the CE. We investigate
how the degree of present biaexts the economic growth rates and the welfare properties. We
find that the growth rate in the NNE can be higher than that in the CE if preferences exhibit strong

admiration toward others’ consumption regardless of the magnitude of present bias. Unlike in the
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time-consistent case, we show that in the time-inconsistent case the welfare level of the initial self
in the NNE can be higher than that in the CE. However, in later periods, the relationship between
the NNE and the CE can be reversed because of fiiereince between the NNE and the CE in

terms of the speed of common capital accumulation.

Appendices

A. Proof of Proposition 1

Let us definex" = (F”)w%l. We denote the left- (right-) hand side of (9) &&") (g(x")). Differ-

entiating f (x") with respect tak" leads to

W . v-1 1 <0 whenO<n <1,
f/(x") = N 1+ (BS6)7INX" (B6)?-IN

>0 whenp > 1.

We can show that liga _,., f’(x") = 0. Moreover, when & n < 1, limy._,, f(x") = 0. Differen-
tiating f’(x") with respect tok" results in
_ =2 >0 whenO<n <1,
oy = LD sy’ (go)rne

AV
<0 whenp > 1.

Moreover, the graph of (x") is an upward sloping straight line:
O = (o) > 0.
n-1

Note that when G n < 1, < 0. From these results, we can graphically examine the existence of
the NNE. Figure 1 show$(x") andg(x"). Depending on the magnitude pfthere are two cases:

(@) and (b). In panels (a) and (b) of Figure 1, there exists a unique XNE (F”*)%—1 > 0 if

A¥ > §. Using (8), we can obtain a unique™ of the NNE.
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B. Proof of Proposition 2

Let us definex® = (FC)%—l. We denote the left- (right-) hand side of (16) @&<®) (m(x°)).

Differentiatingg(x®) with respect ta® leads to

721 |<0 whenO<p <1,

1 y-1
N (ﬁé)‘/'_lNXC] (Lﬂé) N
l1-a

1-«a

q'(x%) = % 1+
>0 whenp > 1.

We can show that ligg ., @' (x") = 0. Moreover, when & n < 1, limy. . q(x") = 0. Differen-

tiating g’ (x¢) with respect tox® results in

_2_

N N )¢_1 \? >0 whenO<np <1,

1 y-2
oD (ﬂé)ﬂNxC] (—,86
l-«a l-a

AV

q"(x%) =

<0 wheny > 1.

Moreover, the graph ah(x®) is a straight line:

4
-1
m (x°) = (L) g8y > 0.
l1-a n-1
From these results, we can graphically examine the existence of the CE. Figure 2q¢k®wand
m(x©). Depending on the magnitude gf there are two cases: (a) and (b). In panels (a) and (b) of
Figure 2, there exists a unique CE; = (FC*)%—l > 0, if A¥ > §. Using (14), we can obtain a

unigues® of the CE.

C. Proof of Proposition 3

We first show that the two growth rates coincide wiei- 1 — . WhenN = 1 — «, equation (9)
is clearly equivalent to (16). ThuE," = F€. Therefore, the two growth rates coincide.

We next examine the case Nf# 1 — . From (9), (16), (17), and (18][(3”)'% = f(x™) and
(GC)‘% = ((x%). We examine how changes h affect f (x™) andq(x®). We must distinguish

the following two cases: & n < 1 andp > 1.
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()O0<n<1

We first examine hovN affectsG". By differentiatingf (x™) with respect ta\, we obtain

<0 whenx" > 0,

1 y-1
9f _ g [1+ BOTINS| o,
l

ON A A
J >0 whenx" < 0.

Moreover,N does not fiectg(x"). From Figure 3, an increase M moves the graph of (x")
downward, movex™ to x™, and decreaseb(x™) to f(x™). Therefore, an increase N de-
creaseiG”)‘%. When 0< 5 < 1,y takes a negative value. Thi@" increases.

We next examine how affectsG¢. By usingn”—_””1 =1 - a, we can rewrite (16) as follows:

1" 1

1 L 1

1+ 71 ()" (6F¢)7IN 71

() | =1+ﬁwi-1( . ) (6F%)7IN.
A J l-a

SN

1
Let us defind” = (%)”/‘1 (6F°)w%l N whenN # 1 - «. From the above equation, we can wiite

asI'(B,0,¥,A). Thus,, 6, ¢, andA affectI’. By substitutingl’(3,d,¥, A) into (18), we obtain

G°= A

- . . (C-1)
1+ ﬂmr(ﬁ’é?wa A)

Thus,N does not fectG°.

From these results, wheév > (<) 1 - «,
1

(G > (<) ("7,

which means thaB® > (<) G". Please note that whenfn < 1, ¢ takes a negative value.
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Qn>1

We first examine howN affectsG". From the same calculation, we can draw Figure 4, which
describes how an increase M affects the graphs of (x") andg(x"). Specifically, an increase
in N shifts the graph off (x") upward, does notféect the graph og(x"), movesx™ to x™,
and increase$ (x™) to f (x™). Therefore, an increase M increaseiG”)‘% and decreaseS"
because & ¢ < 1 holds whem > 1.

We next examine howN affectsG®. As in the case of & < 1, (C-1) holds. Therefore\
does not fectG°.

Thus, we can derive the result that when> (<) 1 - «,

(G < (>) (B,
which means thaB® > (<) G". Please note that when> 1,y takes a positive value.

D. Proof of Lemma 1

We show that a decrease fhreduces the growth rat€s andG°®. From (9) and (16), the partial

derivatives off (x"), g(x"), q(x¢), andm(x°®) with respect tg3 are as follows:

>0 whenO<n < 1andx" > 0,

of " 1+(ﬁ5)ﬁ_1 an]w'lﬁ%5ﬁNXn <0 whenO<np<2landx" <0,

g v-1 A A
oy J <0 whenp > 1andx" > 0,
>0 whenp > 1andx" <0,
>0 whenO<n < 1andx" > 0,
n <0 whenO<n < 1andx" <0,
98 _ ¥ mX oot ity !
o y-1n-1

<0 wheny > 1andx" > 0,

>0 wheny > 1andx" <0,
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>0 whenO<n < 1andx® >0,

1
-1

aq N XC [1+(%,86)”/ N x° 2_,/,( SN )M <0 whenO<n < 1andx® <0,

95~ A1) | A e

<0 whenp > 1 andx® > 0,

>0 whenp > 1 andx® <0,

>0 whenO<n <1andx® >0,

am _ yx® L( SN )% <0 when0O<n < 1andx® <0,

<0 whenp > 1 andx® > 0,

>0 wheny > 1andx® < 0.

When 0< n < 1, a decrease ig shifts the graphs of (x"), q(x®), g(x"), andm(x®) downward.
As in Figure 5, this shift moveg® (x™) to x* (x™) and decreases(x®*) (f (x™)) to q(x*)
(f(x™)). As in the case described in Appendix C. (1), this shift decreases the growth rates. On
the other hand, when > 1, decreases i move the graphs of (x"), q(x¢), g(x"), andm(x®)
upward. We need to examine the lengths of the horizontal shifts of these graphs in detail. The total
differentials off (x") = f(x™) andq(x®) = q(x**) result in

1 xi*

dXI|HiJi = —m?dﬁ, I =n,C.

The total diferentials ofg (x") = g(x™) andm(x®) = m(x**) result in

v X

dXI||l.Ji = —m?dﬁ, I =nNn,C.
Sincex* > 0,
1 x-* yooxF\ X : -
_ﬁf - (_HF) = F >0 o d)(llHiJi > d)(I||iJi.
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Therefore, we can draw Figure ij‘|Hl.Ji indicates the length betwedfy and J in Figure 6.
dx ;.5 indicates the length betwednand J in Figure 6.dx |y,5 > dX|;.5 indicates the length
betweenH; and J; is longer than that betwednand J;. Figure 6 shows that decreasesgimove
X& (x™) to x¢ (x™) and J; (Jn) to K¢ (Ky) and increasg(x®*) (f (x™)) to q(x®) (f (x™)). As

in the case described in Appendix C. (2), this shift decreases the growth rates.

E. Derivation of (19)
If each consumption is symmetric and constant over time, we can calculate the utility of the indi-
viduals in period as follows:
. . _l ad . . . —a _l
U= —L= (k- (k) ™) 7 + B ) 6 (o - (ki) ™)
n - o n-1
= ni_l (k) + Bo(0'keen) + B8 (0 Kev2)? + -]
- UL_l(a‘ k)" [1+ B6(A= No')” + B52(A- No) - ].
The third equality holds because kbf.1 = (A - NO'i)kj, ] =0,1,2---. We assume that &

§(A— No')¥ < 1 to guarantee the finiteness of the welfare level. We can rewrite the above utility

as follows:

BS(A— Nog')¥
1-6(A- Noi)¥

U= —(ok)” |1+
n-1

=W (k).

F. Derivation of (20)

From (19) anckj.1 = (A— No')kj, j = 0,1,2,- - -, we can calculate

BS(A— Ng')¥
1-6(A—- Noi)¥

Wi(k) = (A= N )Y 1 (oTke_q)? |1+
n-1
= (A= No')’W (k1)
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= (A= No" )W (ki_)

[(A= No)“T'W' (ko).

G. Proof of the uniqueness otr*

From (19), diferentiatingW (ko) with respect tar leads to

dW(ko) _ (1 - a)(ko)¥ (o)
do {1-6(A—-No)¥)2

[1+ (1= B)5(A- No)’{6(A=- No) - 2} - BSA(A- No)* 1] .

From (3), (17), and (18)3 = A— No. Let us defindL(G) = 1+ (1 - B)6(G)?{6(G)¥ - 2} and
R(G) = B6A(G)¥ L. DifferentiatingL (G) and R(G) with respect tdG results in

>0 when0O<G< 57%,
L'(G) = 2y(1 - B)5(G)Y Hs(G)” - 1)
1
<0 whenG>¢§ v,

R(G) = -BsA(1l-y)(G)¥ 2 < 0.

Since(l - @) > 0, ky > 0, ando > 0, we obtain

sign [dW(kO)] =sign [L(G) - R(G)].
do

Therefore, the uniqueness of is guaranteed if there is a uniq@that satisfied (G) = R(G)
and maximize®V(kp). We examine hovs affectsL (G) — R(G). We must distinguish between the
following two cases: & ¥ < 1 andy < 0.

DOo<y <1

We first examine the feasible interval 8f Sinces > 0 andG > 0, 0 < G < A must hold. From

Appendix E, we assume that9 6(G)¥ < 1, which means that & G < 57 Moreover, from
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Propositions 1 and ¥ > ¢ must hold for the existence of a unique equilibrium. This; 5‘%.
Therefore, the feasible interval Gfis0< G < A.

We next examine the flerencelL (G) — R(G). SinceL(0) = 1 and lims—0 R(G) = +c0, we
obtain limg_o L(G) — R(G) < 0. WhenG = A, we obtainL(A) — R(A) = (1 - B)[6(A)¥]? -
(2- B)5(A)Y¥ + 1. From Propositions 1 and 27% > ¢ must hold. Thus, 6 §(A)¥ < 1. Let us
defineQ = §(A)¥ andZ(Q) = (1 - B)Q%2 - (2- B)Q + 1. Z(Q) > 0 holds becausg(0) = 1 > 0,
Z(1) =0,andZ'(Q) = 2(1 - B)Q-(2-B) < OforallQ € (0,1) andB € (0,1). This result
implies thatL(A) — R(A) > 0. SinceL(G) andR(G) are decreasing i when 0< G < A, the
suficient condition for the existence & is L'(G) > R(G) for all G € (0,A). L'(G) — R(G)

results in

L'(G) - R(G) = [2(1 - A{5(G)” - LG + BA(L - #)]6(G)” 2
> [-2(1- BYG + BA(L - ¥)]6(G)"
> [-2(1- B)w A+ BA(L - )]6(G)” 2
= [B(L+y) - 201 A5(G)” 2.

Therefore, if8 > 2y//1 + ¢ holds,L’(G) — R(G) > 0 holds for allG € (0, A). This result shows
that the uniqueness of* is guaranteed when @ ¢ < 1. Note that if3 = 1, the uniqueness of*

Is always guaranteed.

2y <0

We first examine the feasible interval Gf Sinceos > 0 andG > 0, 0 < G < Amust hold. From
Appendix E, we assume that9 §(G)¥ < 1. Thus,G > 57 Moreover, from Propositions 1
and 2,A™¥ > ¢ must hold for the existence of a unique equilibrium. This property implies that
A> 670 Therefore, the feasible interval Gfis 5 <G <A

We next examind (G) — R(G). As in the case of G ¢ < 1, we obtainL(A) — R(A) > O.
SinceA™¥ > 5 means thaAs? > 1, L(6‘~%) - R((S_%) = B(1- A&%) < 0 holds. Moreover,
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whené‘t% < G < A, the graph ofL(G) is upward sloping and the graph B{G) is downward
sloping. Therefore, wheg < O ands™? < G < A, there always exists a uniqt(fethat satisfies

L(G) = R(G). Note that if3 = 1, the uniqueness of* is also always guaranteed.
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o™ o G" G° W"(ko) WE€(Ko)
Case(a) =1 0.0788 0.1514 1.3424 1.1973 -188.0450 -157.0297
p =07 01001 0.1772 1.2998 1.1456 -132.1301 -120.7618
=03 0.1590 0.2334 1.1820 1.0332 -68.6583 -76.2833
Case(b) =1 0.1805 0.0632 1.7389 1.9736 145.6083 153.2570
=07 0.2557 0.0904 1.5887 1.9192 99.6110 109.6206
p =03 05348 0.2101 1.0304 1.6798 39.6647 49.7834
Case(c) p=1 0.0232 0.0478 1.4537 1.4045 369.5920 378.3411
p =07 0.0335 0.0700 1.4330 1.3601 270.1360 270.0216
=03 0.0827 0.1790 1.3346 1.1420 129.2721 117.7159
Case(d) p=1 0.3810 0.2468 1.3381 1.6065 -17.5097 -16.0419
p =07 04314 0.2983 1.2373 1.5034 -14.2735 -12.4336
£ =03 05332 04219 1.0337 1.2562 -9.9101 -7.8069

Table 1. Steady-state outcomes and the welfare levels of the initial self in the NNE and the CE
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(@) Caseofxnp <1

gx

(b) Case ofy > 1

Figure 1: Determination of" = (F")ﬁ
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(@) Caseofxnp <1

(b) Case ofy > 1

Figure 2: Determination of® = (FC)%—1
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Figure 4. The fect of an increase iN on the growth rate in the NNE when> 1

n
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(a) Case of the CE

(b) Case of the NNE

Figure 5: The #&ect of a decrease iA on the growth rates when9n < 1
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(a) Case of the CE

n

> X

Figure 6: The #&ect of a decrease iA on the growth rates whep > 1
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