EXERCISES AND ANSWERS 1
Exercises and Answers to Chapter 1

The continuous type of random variab¥ehas the following density func-
tion:

a— X, if0 < X< a,
f(x) = .
0, otherwise.

Answer the following questions.

(1) Finda.
(2) Obtain mean and variance Xf
(3) WhenY = X2, derive the density function of.

[Answer]

(1) From the property of the density function, |{ f(X)dx = 1, we need to

have:
f f(x)dx = foa(a— xX)dx =

Thereforea = V2 is obtained, taking into accouat> O.

1
ax— =x?

a  q ,
2

0

(2) The definitions of mean and variance are given by)Ef fxf(x)dx and
V(X) = f(x—,u)zf(x)dx, whereu = E(X). Therefore, mean of is:
a

1 1 1
Zad - 3| = Za3
58 SXL 6a

E(X) = fxf(x)dx = foa x(a— x)dx =

- £2 «— a= V2is substituted.

3

Variance ofX is:
— _ 21: dx = 2f dx — 2 _ 2 20 dx — 2
V09 = [P i = [ 10adc-s = [ xadx—

a 2
- [far - 1] _Mz:1a4_,,z:1_(£2] 1
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(3) Let f(x) be the density function oK andF(x) be the distribution function
of X. And letg(y) be the density function of andG(y) be the distribution
function ofY. UsingY = X2, we obtain:

G(y) = P(Y <y) = P(X* <y) = P(= V¥ < X < v¥) = F(\¥) = F(= )
“F(vY) «— F(=vy)=0.

Moreover, from the relationship between the density and the distribution
functions, we obtain the following:

dG(y) _ dF(VY) _ dF(X) dvy

o) = dy dy ~ dx dy X= VY
—F()—\/-—f()mz (\/_)2\/37
=(V2- \/_)\/_ forO<y< 2.

The range ofis obtained as: @ x< V2=0<x<2=0<y< 2.

The continuous type of random variab{ehas the following density func-

tion:
1,2

1
f(x) = —e 2",
V2r
Answer the following questions.

(1) Compute mean and varianceXf
(2) WhenY = X?, compute mean and variance¥af
(3) WhenZ = €%, obtain mean and variance of

[Answer]
(1) The definitions of mean and variance areXE€ f xf(x)dx and V(X) =

f(x — 1)?f(X)dx, whereu = E(X). Therefore, mean oX is:

E(X) = fxf(x)dx = Iw x\/%e‘ixzdx = —\/%ﬂ [e‘?xz]io =0.
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_EX

= —xe ¥,
dx

In the third equality, we utilize:

Variance ofX is:
e 1 1.0
V(X :fx— 2fxdx:fxzfxdx— zzf X¥——e2¥dx — u?
(X) (X =) f(x) (X)dx — u = u

f —e 2dx — 12 = 1.

In the fourth equality, the following formula is used.

b b b
| rro9g09ax = [no9a]. - | hoog (e

whereg(x) = xandh’(x) = x\/_e‘iX are set.

And in the first term of the fourth equality, we use:

1 1.2
lim x—e2¥ = 0.
X—+00 1/27.[

In the second term of the fourth equality, we utilize the property that the
integration of the density function is equal to one.

(2) WhenY = X2, mean ofY is:
E(Y) =E(X®) =V(X) -5 =1

From (1), note that i) = 1 anduy = E(X) =0
Variance ofY is:

V(Y) = E(Y—ﬂy)2 — pm=EM¥)=1
= E(Y?) - 12 = E(X*) -1 = f x“\/%e‘%xzdx — 1

0 1 1,2
= X2 - X——e 2¥dx — 12
f \/271 g

=3B -1 — E(O) =1 py=1
=2
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In the sixth equality, the following formula on integration is utilized.

b b b
| rre9a09ex = [no9a]. - | hoog (e

whereg(x) = x2 andh’(x) = x%e‘%x2 are set.

In the first term of the sixth equality, we use:

X—+00

lim e ¥ =
o

ForZ = &%, mean ofZ is:

00

© 1 1,2 1 12
E(Z) = E(* :f gf——g 2* dx:f — e 20X gx
A=E = ) Vo

© 1 1 2,1 1 foo 1 1 2 1

_ —5(x-1)+5 A3 —5(x-1) A

= —e2 2dx = e2 —e2 dx = e2.
[m V27T —00 V27T

In the sixth equall'[y,—zﬂe‘%("‘l)2 is a normal distribution with mean one
and variance one, and accordingly its integration is equal to one.
Variance ofZ is:

V() =E@Z-p) «— wm=E@Q)=¢e

1 X2

~E@) -1E=E@) 4= [ eZX\%Te-z dx - 42

N N R PR
- 50649 2 _ L(x-2P2 2
= e 2 dx —us = f e 2 dx — u
[oo V27T ’ —00 V27T ‘

= ezf \/iz_ﬂe‘%(x‘z)zdx —ui=€e-e

: : 1 . .
The eighth equality comes from the facts t 2ﬂe‘%("‘z)2 is a normal dis-

tribution with mean two and variance one and that its integration is equal to
one.

The continuous type of random variabtehas the following density func-

tion:

1 .
F(x) = ze , if 0 < X,
0, otherwise.
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Answer the following questions.

(1) Compute mean and variancexXf

(2) Derive the moment generating functionXf

(3) Let Xy, X5, ---, X, be the random variables, which are mutually indepen-
dently distributed and have the density function shown above. Prove that
the density function of = X; + X, + - - - + X, IS given by the chi-square dis-
tribution with 2n degrees of freedom wheh= 2. Note that the chi-square
distribution withm degrees of freedom is given by:

! x2-lgz, if x>0,
f(x) =

271(7)
0, otherwise.

[Answer]
(1) Mean ofXis:

am:j&umm:f‘ﬁ€Mx
0o A

= [—xe‘i]o +j; e 1dx = [—/le‘i]o = A
In the third equality, the following formula is used:

b b b
| rro9a09ex = [n09am]. - [ ogg (e

1
whereg(x) = xandh’(x) = Ze‘i are set.
And we utilize:
limxei=0  lmei=0,

X—00 X—00
Variance ofX is:
V(X) = f(x—u)zf(x)dx: fxzf(x)dx—,u2 — u=EX) =21
= foo 2 Ietdx —p? = [—xze‘f]m + 2foo xe idx — p?
o A4 0 0
= [—xze‘f]oo + 21 foo x}e‘fdx—u2
0 0 A

=2_EX) - > — u=EX) =21
=20 - %= 2%
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In the third equality, we utilize:
b b b
| o9gaax = [nag]s - [ o9 9

X
€ 1.

SO

whereg(x) = x? andh’(x) =
In the sixth equality, the following formulas are used:

lim x%e™1 = 0, u=EX) = f xe 1dx.
0

X—00

The moment generating function Xfis:

¢(9)=E(eex)=feexf(x)dx:f ea’&e‘fdx:f l‘e—(%—ﬁ)xdx
0 A 0 A
VA (Tl oo L

—0)x

In the last equality, smce/i(— H)e‘(% is a density function, its integration

isone.1in f(x) is replaced by% - 6.

We want to show that the moment generating functio¥ & equivalent to
that of a chi-square distribution witm2legrees of freedom.

BecauseXy, Xy, - - -, X, are mutually independently distributed, the moment
generating function oX;, ¢;(6), is:

1
$i(0) = T2~ ¢(0),
which corresponds to the cage- 2 of (2).
For A = 2, the moment generating functiondf= X; + X + - - - + Xy, ¢y(6),
¥

¢y(0) = EE") = B %) = E(@)E@E™) - E(E™)

n 1 .n 1 a
= ¢1(6)$2(0) - 6n(0) = (9(9)) = (m) = (1_—29) :
Therefore, the moment generating functiorvab:

1 .\7
¢y(0) = (1_—29) :
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A chi-square distribution witlm degrees of freedom is given by:

1 m_l

x2 ez, forx>O0.

RURPEC)

The moment generation function of the above density funcitd), is:

1 m_l X

0,2(6) = EE) = fo s et
2

:foo ml x3-1g-3(1-20)x gy
0 271"(”5“)

© 1 Yy 7-1 1 1
= e d
fo 271(T) (1—29) 1-20"

(L) fm LY B N
“\1mw) 1=, 2@’ (172

In the fourth equality, usg = (1 — 20)x. In the sixth equality, since the
function in the integration corresponds to the chi-square distribution with
m degrees of freedom, the integration is one. Thy&) is equivalent to
¢,2(0) for m = 2n. That is,¢,(6) is the moment generating function of a chi
square distribution withr2degrees of freedom. Therefor~ y?(2n).

N3

The continuous type of random variab¥ehas the following density func-

tion:
1, if0 < x<1,
f(x) = .
0, otherwise.

Answer the following questions.

(1) Compute mean and varianceXf

(2) WhenY = -2logX, derive the moment generating functionYofNote that
the log represents the natural logarithm (iyes —2logx is equivalent to
X = e ).

(3) LetY; andY; be the random variables which have the density function ob-
tained in (2). Suppose that is independent of,. WhenZ = Y; + Y5,
compute the density function &

[Answer]
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(1) Mean ofXis:

1
E(X) = fxf(x)dx: folxdx: [%xz] = %
0

Variance ofX is:

V(X):f(x—,u)zf(x)dx:fxzf(x)dx—,u2 — ,u:E(X):}

2
L 1. 1 12 1
= 2 — 2 = —)(3 — 2 = — —| = = —
fo XX - p [3 L w=3-G) =
(2) ForY = -2logX, we obtain the moment generating functionygfs,(6).

8,(60) = E[€") = E@€¥"°9) = E(X ¥) = f X2 £ (x)dx

1 1
1 1
_ -20 4y — 1-20| _
_fo xdx [1—29)( L 1-26°

(3) LetY; andY; be the random variables which have the density function ob-

tained from (2). And, assume thét is independent of,. ForZ = Y; + Y5,
we want to have the density function of

The moment generating function 8f ¢,(0), is:

6:(6) = E@7) = EE") = E@MEE™) = (¢,(6))

4
2

- (1—129)2 - (1—129) ’

which is equivalent to the moment generating function of the chi square

distribution with 4 degrees of freedom. Therefafe; y?(4). Note that the
chi-square density function withhdegrees of freedom is given by:

— - x2le2,  forx> 0,
f(x) = § 220(2)
0, otherwise.

The moment generating functi@ité) is:

1\
$(0) = (1——26) :
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The continuous type of random variabtehas the following density func-

tion: L
—— xlegi,  if x>0,
f(x) = § 221(2)
0, otherwise.
Answer the following questiong.(a) is called the gamma function, defined as:

I'(a) = f X2 le*dx.
0
(1) What are mean and varianceX?

(2) Compute the moment generating functiorXof

[Answer]

(1) For mean:

E(X) = f xf(x)dx = f X 1n 273x2le 3dx
—00 0 I—‘(E)
23 T(%2) ™ 1 e n2_g
= n+2 n n+2 2 X2
2% T(3) Jo T(%%)

0 1 o X
=28 f 2 ExEletdx =n.
2Jo T(%)

e idx

Note thatl'(s+ 1) = sI(s), I'(1) = 1, andl“(%) = /7. Usingn’ = n+ 2,
from the property of the density function, we have:

0 e 1 n X
f f(x)dx = f ——277x? e 2dx = 1,
—o0 o I'(3)

which is utilized in the fifth equality.
For variance, from V) = E(X?) — u? we compute EX?) as follows:
E(X?) = f X2 (x)dx = f xzinz-%x%-le—%dx
- o I(3)

oo -

2
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_n M 00
_ 2;4 I 2 ) 14 2= x"z ~le 2 dx
_T 1"(5) (n+ )

(_n+2r_1)f F(n/)Z‘%an‘l e2dx =n(n+2),

wheren’ = n+ 4 is set. Therefore, \K) = n(n + 2) — n? = 2n is obtained.
(2) The moment generating function Xfis:

#(8) = E(e) —f egxf(x)dx—f e‘gx @ xg‘lexp(—g)dx

x2 1 exp(——(l 20)x) dx

g_l
f 251 1 29) IO(__3’)1 29y

= (=5 )g D()yzle pC-Zy)cy = (

1 .o
el

Usey = (1 - 20)x in the fifth equality. Note thafcg—y = (1-29)7 . Inthe

seventh equality, the integration corresponds to the chi-square distribution
with n degrees of freedom.

@ The continuous type of random variabkésndY are mutually independent
and assumed to ¢ ~ N(0,1) andY ~ N(0O,1). DefineU = X/Y. Answer the
following questions. WheiX ~ N(0, 1), the density function oX is represented
as:
1 1
f(X) @e .
(1) Derive the density function df.
(2) Prove that the first moment &f does not exist.

[Answer]
(1) The density ol is obtained as follows. The densitiesXfandY are:

(0= —=exp-5), —o0 <X <o,

Var

a(y) = \/% exp(—%yz), —00 <Y < oo
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SinceX is independent oY, the joint density oX andY is:
1

1
or exp(—éyz)

h06y) = 1090) = = expt- 32)

1 1
= on EXF(—E(XZ +Y?)).

. X . . .
Usingu = )—/ andv = vy, the transformation of the variables is performed.
For x = uvandy = v, we have the Jacobian:

ox 0X
J=|u ov :‘V ol
ay oy 0 1
ou ov
Using transformation of variables, the joint densitylbfandV, s(u,v) is
given by:
1

s(u,v) = h(uv, v)|J| = exp(—%vz(l + U?)V.

2r
The marginal density df) is:

p(u) = fs(u, v)dv = % Iw V] exp(—%vz(l + U?))dv

N — 2
= ﬂfo vexp( 2v2(1 + u?))dv
1 1

* 1
B ﬂ[_1+U2

0 a1+ W)’

exp(—%vz(l + U?))

which corresponds to Cauchy distribution.
(2) We prove that the first moment bfis infinity, i.e.,

E(U):fuf(u)du:[ u7r(1—-1HJ?)du

* 11 .
:fl E;dx —  x=1+U%is used.
= iIo xoo — dlogx _ 1
=299 L dx X
:OO‘

For—oo < U < o, the range ok = 1 + U? is give by 1< X < co.
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The continuous type of random variables has the following joint density

function:
X+Y, fO<x<landO<y<1,

f(X,Y)={

Answer the following questions.

0, otherwise.

(1) Compute the expectation &Y.
(2) Obtain the correlation cdigcient betweerX andY.
(3) What is the marginal density function ¥f?

[Answer]
(1) The expectation oXY is:

1 1 1 1
E(XY) = fo fo xy f(x, y)dxdy = fo fo XY(X + y)dxdy
1 1 1
= fo [%yxg+ %yzxz} dy = fo (%y+ %yz)dy
0
1 1
= [éyz + 6)’3

(2) We want to obtain the correlation dieient betweenX andY, which is

represented agi = Cov(X, Y)/VV(X)V(Y). Therefore, EX), E(Y), V(X),
V(Y) and Covk, Y) have to be computed.

E(X) is:
1 1 1 1
E(X):j; j; xf(x,y)dxdy:j; f; X(X + y)dxdy

i, 1 L] 1 1
- [ R+ tye| dy= f L
[ |57+ 30| o= [ G+
1 1,' 7
VY| T
In the case wherg andy are exchangeable, the functional formfgxk, y) is
unchanged. Therefore, ¥)is:

!
0 3

7

E(Y) = E(X) = 7.
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For V(X),
.

V) =E((X-pf) — w=EX)=g5

1 1
S EQ®) — 2 = f f X2 F(x, y)dxdy — 12
0 0

1 1 1
= f f X2(X + y)dxdy — py? = f
0 0 0

1, 1 4 X
ZX4+ éy)@]ody—ﬂ

1 1
= j; (% + éy)dy—u2 = %y+ %yz 0—u2
5 7y, 11
"5 () =1
For V(Y),
V(Y) = V(X) = £
144
For Cov(X,Y),
Cov(X. ) = E((X = (Y = 1)) = E(XY) = gty
1 77 1
T3 1212 144
where
7 7
px = E(X) = 1 W= E(Y) = 1
Thereforep is:
Cov(X.Y) -1/144 1

P=WONY) | VALaAyias) | 1L

X 1
2,

1
f00) = f F(x,y)dy = fo (X+y)dy:[xy+ Ly

y=0
forO< x< 1.

The discrete type of random varial¥ehas the following density function:

e—/l/lx
f( = =

Answer the following questions.

, x=0,12,---.
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(1) Provei f(x)=1
x=0

(2) Compute the moment generating functiornof
(3) From the moment generating function, obtain mean and variange of

[Answer]

(1) We can showZ f(x) =1as:

x=0
Z f(x) = Ze“—' = e‘”Z—I =elel=1
x=0 x=0 X x=0 X

Note thate* = Z "k because we havié¥(x) = e* for f(X) = €. As shown

in Appendix 1. 3 the formula of Taylor series expansion is:

(0= 1 1000 %)

k=0

The Taylor series expansion arouxie O is:

<1 =1 XK
f(x):ZEf(")(O)xk: Exk: ot

k=0 "~ k=0 =0

Here, replacex by 2 andk by x.
(2) The moment generating function Xfis:

#(0) = E€) = i &F(x) = i el 3 1 EN

~ x!
(&)

=e'exp@) Z exp eﬁ/l)— =e'texpEl) Z ‘”/l i

= exp(A) exp(e”/l) = exd/l(e" - 1)).

Note that’ = exp@1).
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(3) Based on the moment generating function, we obtain mean and variance of
X.
For mean, because o) = exg(A(¢’ - 1)), ¢'(6) = 1¢’ exA(¢’ - 1)) and
E(X) = ¢’(0), we obtain:

E(X) = ¢'(0) = A.

For variance, from VX) = E(X?) — (E(X))?, we obtain EX?). Note that
E(X?) = ¢”(0) andg”(0) = (1 + 1e")a€’ exq{A(¢” - 1)). Therefore,

V(X) = E(X?) - (E(X))” = ¢"(0) - (¢'(0))* = (L + DA — > = A.

E X1, X, -+, X, are mutually independently and normally distributed with
meanu and variancer?, where the density function is given by:

f(x) = _ 1 s
2r0?

Then, answer the following questions.

(1) Obtain the maximum likelihood estimators of mgaand variancer?.

(2) Check whether the maximum likelihood estimatordfis unbiased. If it is
not unbiased, obtain an unbiased estimatarof(Hint: use the maximum
likelihood estimator.)

(3) We want to test the null hypothesik : u = ug by the likelihood ratio test.
Obtain the test statistic and explain the testing procedure.

[Answer]

(1) The joint density is:

n

FOa X X, 0%) = | | F (%1, 0%)

i=1

=l

1 2
| o2 eXp(_zT-Z(X' — ) )

= (2ro?) ™" exp(—%z 205 —u)2] = 1,0?).



16

CHAPTER 1. ELEMENTS OF STATISTICS

Taking the logarithm, we have:
o _ N M odle?) - L Ny
logl(u. %) =~ log(2x) - 5 log(o”) 202;@ uy?

The derivatives of the log-likelihood function log:, o) with respect tqu
ando? are set to be zero.

alogl(,ua B Z(X' _=o

M:-—— 24Z<K "=

0o?2 2072

Solving the two equations, we have the solutiongfd?), denoted by

2.

Therefore, the maximum likelihood estimatorsioéndo?, (i, 52), are as
follows:

_ LY _
X, S"2= - D% =X
i=1

(2) Take the expectation to check whetlt? is unbiased.

E(S™?) = Z(X x) Z(X X)
—E(Z((Xi - 1) = (X=p)?)
i=1
ZE(D (06 - 17 = 206 — ) (X - ) + (K = )
i=1

= (D06 1)~ 20K~ ) Y (% — ) + n(X — )?)
i=1 i=1
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- ¢ Z(x ~ ) = 20K~ i + (X - )
= ZE() 0% — 4~ (X - 4Y)
i=1
1

—E(Zm k) - ~E(n(X - )

n

n

= DB - ) - E(% )

:%ZH:V(Xi)—V(Y): }202—%2

—0'2—1'0'2— u'0'27t0'
n n
Therefore,S**? is not unbiased. Based d8i*?, we obtain the unbiased
estimator ofo2. Multiplying n/(n — 1) on both sides of E¥*?) = o%(n -
1)/n, we obtain:

ES**Z_
—n 756G

Therefore, the unbiased estimatorodfis:
n 1 &
sk 2 — X — X 2 — 2.
n— 1S n-1 ;( = X)7=S

(3) The likelihood ratio is defined as:

maxl(,uo,o-z) (10,5
- maxl(y ) 1@o?d)

Since the number of restriction is one, we have:
~2loga — x?(1).

I(u, o?) is given by:

() = (2n0%) 7" exp[—zfiz A —u)Z].
i=1
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Taking the logarithm, lot(u, o?) is:
2y _ N M odlo?) - L Ny
logl(u. %) = ~ log(2n) - 5 log(0?) - 5 ;(x uy?

On the numerator, under the restriction= uo, logl(uo, 0?) is maximized
with respect tar? as follows:

dlogl(uo,c®d nl1 1 ¢ 5
902 :_E?JFFZ(Xi_“O) =0.
i1

This solution ofo? is o2, which is represented as:
o2 = }an(x- — Uo)?
n L i —HMo) -
Then,|(uo, o) is:
1 ¢ n
~2\ _ ~2\-n/2 - o 21 _ ~2\-n/2 -
(10,72 = (2757) exp( 37 D0~ o) ]— (2r7) ™ exp(-3).
On the denominator, from the question (1), we have:
1< 1
- = : 52 _ = )2
—nizl“x,, U—n;(x, -,

Therefore) (i, 572) is:

>

I@,&Z):(%&Z)-“/Zexp(— = i(n—ﬁ)2)=(2n&2)-"/2exp(—g).
i=1

202 ¢
The likelihood ratio is:
max| (o, o?)

) 0.7 (1) ™ exp(n/2) (5_2)_n/2
- maxl (u, o) (@, 6% (2n5?)"2expn/2)

o

5-2
As n goes to infinity, we obtain:
~2loga = n(loga? — log&?) ~ x?(1).

When-2log > x2(1), the null hypothesisly : © = uo is rejected by the
significance levely, wherey?(1) denotes the 108 « percent point of the
Chi-square distribution with one degree of freedom.
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Answer the following questions.

(1) The discrete type of random variab¥eis assumed to be Bernoulli. The
Bernoulli distribution is given by:

f(x) = p*(1-p*>, x=0,1

Let X1, X5, --- , X, be random variables drawn from the Bernoulli trials.
Compute the maximum likelihood estimator @f

(2) LetY be a random variable from a binomial distribution, denoted ¢y,
which is represented as:

fy) = CPL-p"™,  y=012---.n

Then, prove tha¥/n goes top asnis large.
(3) For the random variabMé in the question (2), Let us define:
Y-np

Vnpd-p)

Then,Z, goes to a standard normal distributionreis large.
(4) The continuous type of random variatdehas the following density func-

tion: 1
—— x¥lez,  if x>0,
f() =1 28T(3)

Zn

0, otherwise.

wherel'(a) denotes the Gamma function, i.e.,
I'(a) = f x@leXdx.
0

Then, show thaK/n approaches one when— oo,

[Answer]

(1) WhenX is a Bernoulli random variable, the probability function Xfis
given by:
f(x;p) = p*(L-p**, x=0,1



20

(2)

CHAPTER 1. ELEMENTS OF STATISTICS

The joint probability function oy, X5, - - - , X is:

n

f0u % % p) = [ [ foep) =] [pe@-p>
i=1

i=1

= p= (1~ p)" =" =1(p).
Take the logarithm of(p).
logl(p) = () %)log(p) + (- >_ x)log(1- p).
i i
The derivative of the log-likelihood function ld¢p) with respect tg is set

to be zero.

dlogl(p) _ Xix N-XiX _ XiX-np_

Solving the above equation, we have:

0.

Mean and variance of are:
E(Y) = np, V(Y) =np(1-p).

Therefore, we have:

E)=TEM=p V()= v =PTP

Chebyshev’s inequality indicates that for a random variabédg(x) > 0

we have: E(G(X)
PO > k) < =5 2,
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wherek > 0.
Here, wherg(X) = (X — E(X))? andk = €2 are set, we can rewrite as:

V(X)

9
€2

P(X-EX)| > ¢) <

wheree > 0.
. Y . .
ReplacingX by o we apply Chebyshev’s inequality.

V(3)

€2

PIL B2 9

Thatis, an — oo,

Y p(1-p)
P(|ﬁ_p|26)§T —

Therefore, we obtain:

E — p.

(3) LetXy, Xy, - -+, X, be Bernoulli random variables, whePéX; = x) = p*(1—
p)i*for x = 0,1. DefineY = Xy + X, + --- + X,,. BecauséY has a binomial
distribution, Y/n is taken as the sample mean froxg, X, ---, X, i.e.,
Y/n = (1/n) XL, X;. Therefore, using E{/n) = pand V(Y/n) = p(1- p)/n,
by the central limit theorem, as — oo, we have:

Y/n-p
———— — N(O,1).
VP - p)/n
Moreover,
7 = Y-np 3 Y/n—-p
" yhpl-p  pa-p/n
Therefore,
Z, — N(O,1).

(4) WhenX ~ y?(n), we have EX) = nand V(X) = 2n. Therefore, EX/n) = 1
and V(X/n) = 2/n.
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Apply Chebyshev’s inequality. Then, we have:
V(2)

€2

b

X X

P(l— -E(=)| =€) <

(15 -EC)ze) <

wheree > 0. Thatis, a®n — oo, we have:
X 2

P(|E—1|Z€)S@ — 0.

Therefore,

- — 1.
n

Considem random variable¥y, X,, ---, X,, which are mutually indepen-
dently and exponentially distributed. Note that the exponential distribution is
given by:

f(x) = 1e7 x> 0.

Then, answer the following questions.

(1) Let be the maximum likelihood estimator af Obtaina.
(2) Whennis large enough, obtain mean and variance.of

[Answer]

(1) SinceXy,---, X, are mutually independently and exponentially distributed,
the likelihood functiori(2) is written as:

n n

) =] [fe0) =] [ 16 = ane 12,
i=1 i=1

The log-likelihood function is:

logl(2) = nlog() — /lznl Xi.
i=1

We want thel which maximizes logd(1). Solving the following equation:

dlogl() n <
at a0

and replacingg by X;, the maximum likelihood estimator af denoted by
A, 1s:
n

1= =
i X
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(2) X1, Xz, - -+, Xn are mutually independent. Lé&(x;; ) be the density function
of X;. For the maximum likelihood estimator df i.e., A,, asn — oo, we
have the following property:

Vi, - 1) — N(0.0%(D)),

where
1

o?() = .

E[(dlogf(X;ﬂ)YW
di

Therefore, we obtain?(1). The expectation in-2(1,) is:

S\ 2 2
el (49T DN _ L ) (L 2x, %
da A 2 2
1 2 1
:ﬁ—iam+Eaﬁ=ﬁ,
where EK) and EK?) are:
_1 2y _ 2
E(X) = T E(X?) = Tz
Therefore, we have:

o?() = 1 = =A%
[(dlogf(x;/l)) l
Ell ————~
da
As nis large, 1, approximately has the following distribution:
- A2
An ~ N(/l, F).

Thus, as goes to infinity, mean and variance are giventandA?/n.

The n random variables(;, X,, ---, X, are mutually independently dis-
tributed with mearu and variancer?. Consider the following two estimators
of u:
— 1< - 1
X==> X X = =(X1 + Xp).
- Zl A 5 (% + X0)
Then, answer the following questions.
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(1) IsX unbiased? How abo¢?
(2) Which is more #iicient, X or X?
(3) Examine whetheX andX are consistent.

[Answer]
(1) We check whetheX andX are unbiased.

- 1< 1% 1 1
E(X) = E( ; X) = ﬁE(; X) = ; E(X) =~ ;ﬂ = M,
~ 1 1
EX) = 5(EC) + EQW) = 5 +p) = .
Thus, both are unbiased.
(2) We examine which is morefecient, X or X.

n n n n 2
V(X) = V(%le X) = év(; X) = n—lzzllvoq) = n—lzzllaz = ‘%
2

V(X) = %(V(Xl) FV(X) = %(0‘2 +o?) = %

Therefore, because of ¥J < V(X), X is more dficient thanX whenn > 2.
(3) We check ifX andX are consistent. Apply Chebyshev’s inequality. Kor

PR —ER) > o < Y.
€

wheree > 0. That is, whem — oo, we have:

— 0'2
P(X-ul>2e)<— — O
Ne

Therefore, we obtain: B
X — pu
Next, for X, we have:
- = V(X
PX -~ ER) 2 ) < 100,
wheree > 0. That is, whem — o, the following equation is obtained:

— 0—2
PIX-ul>€e)<=— — O
2€2

X is a consistent estimator pf but X is not consistent.



EXERCISES AND ANSWERS 25

The 9 random samples:

210 230 320 200 360 270 260 280 30
which are obtained from the normal populatibifu, c?). Then, answer the fol-
lowing questions.

(1) Obtain the unbiased estimatesucdndo2.
(2) Obtain both 90 and 95 percent confidence intervalg for

(3) Test the null hypothesidp : u = 24 and the alternative hypothesil :
u > 24 by the significance level 0.10. How about 0.05?

[Answer]

(1) The unbiased estimators @ando?, denoted byX andS?, are given by:

- 1 , 1 ¢ <
X_HZX,, s_m;(x,—xy

The unbiased estimates @aindo? are:

Y:—in, szzrll (X — ).

i=1 i=1

Therefore,

n

+(36—27Y + (27— 27F + (26— 27F + (28— 27 + (30— 27Y

1
= 5(36+ 16+25+49+81+0+1+1+9)=2725
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We obtain the confidence intervalsgof The following sample distribution
is utilized:

- K
~t(n-1).
NG (n-1)
Therefore, _
X—p
P <tyoln-1))=1-a,
(|S/\/ﬁ r2( )) a

wheret, »(n — 1) denotes the 108 «/2 percent point of the distribution,
which is obtained given probability andn — 1 degrees of freedom. There-
fore, we have:

_ S —
P(X - to2(n - DW <p<X+t,n-1)—)=1-c.

i)
\/n
ReplacingX andS? by X ands?, the 100« (1—a) percent confidence interval
of u is:

(T( - ta/z(n — 1)i,y( + ta/z(n — 1)i)

Vi Vi

SinceX = 27, & = 2725,n=9, t0.05(8) = 1.860 andt0.025(8) = 2.306, the
90 percent confidence interval gfis:

27.2 27.2
(27 - 1.860, /TS’ 27+ 1.8604 /T5) = (23.76,30.24),

and the 95 percent confidence interval.a$:

27.25 27.25
(27 - 2.306, /T, 27 + 2.306,4 /T) = (2299, 31.01).

We test the null hypothesidy : p = 24 and the alternative hypothesis
H, : u > 24 by the significance levels 0.10 and 0.05. The distributioX of
is:

X—p
S/+n

Therefore, under the null hypothesis : u = uo, we obtain

~t(n-1).

i—/vlo
NG

~t(n-1).
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Note thatu is replaced byu. For the alternative hypothesi$; : u > uo,
since we have:

P 0>t «(nN=1)
( S/ \/_ )
we reject the null hypothesidy ;. u = ug by the significance levet when
we have:
X —
LN t,(n—1).
s/ \/_

SubstituteX = 27, > = 27.25, uo = 24,n = 9, t910(8) = 1.397 and
to.0s(8) = 1.860 into the above formula. Then, we obtain:

X—po  27-24
s/Vyn  \27.25/9

Therefore, we reject the null hypothesils : © = 24 by the significance
level@ = 0.10. And we obtain:

=1724> to. 10(8) = 1397

X—po 2724
s/Yyn  27.25/9

Therefore, the null hypotheskdy : u = 24 is accepted by the significance
levela = 0.05.

=1724< to,o5(8) = 1.860

The 16 sampleX, X;, - - -, X1 are randomly drawn from the normal popu-
lation with mearu and known variance”? = 22. The sample average is given by
X = 36. Then, answer the following questions.

(1) Obtain the 95 percent confidence intervalgor

(2) Test the null hypothesidp : u = 35 and the alternative hypothesi :
u = 36.5 by the significance level 0.05.

(3) Compute the power of the test in the above question (2).
[Answer]

(1) We obtain the 95 percent confidence intervak ot he distribution ofX is:

X—p
o/vn

~ N(O, 1).
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Therefore,

X-u
P
( o/\n
wherez, , denotes the 10@6—; percent point, which is obtained given prob-
ability . Therefore,

< Za/z) =1-a,

£<,u<i+za/2£):l—a.

Vn Vn

ReplacingX by X, the 100(1- ) percent confidence interval gfis:

P(X —Zy2

(7( - Za/zinj( + Za/zi)-

VTR

SubstitutingX = 36, 02 = 22, n = 16 andzZygps = 1.960, the 100« (1 — a)
percent confidence interval pfis:
(36-1 960i 36+1 960i) = (35.02, 36.98)

We test the null hypothesidy : © = 35 and the alternative hypothesis
H: : u = 36.5 by the significance level 0.05. The distributionXofs:

X—u
o/vn
Under the null hypothesid, : 1 = uo,

~ N(O, 1).

X — fo
o/vn

For the alternative hypothedts, : u > ug, we obtain:

~ N(O, 1).

X_.Uo
P(0/\/5

>2)=a

If we have: 3
X — o
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(3)

the null hypothesidy : u = uo is rejected by the significance level
SubstitutingX = 36,02 = 22, n = 16 andz,os = 1.645, we obtain:

X—uo 36-35
o/vn  2/16
The null hypothesi#dy : u = 35 is rejected by the significance level=

0.05.

We compute the power of the test in the question (2). The power of the
test is the probability which rejects the null hypothesis under the alternative
hypothesis. That is, under the null hypothdsjs. u = uo, the region which
rejects the null hypothesis i¥ > uo + 2,0/ VN, because

2>127,=1645

X—,Uo
P(cr/\/ﬁ

We compute the probability which rejects the null hypothesis under the al-
ternative hypothesibl; : u = u;. That is, under the alternative hypothesis
Hy : u = g, the following probability is known as the power of the test:

P(Y > U + 2,0/ \/ﬁ)

Under the alternative hypothests : u = u;, we have:

~2)=a

Y—/ll
o/n

Therefore, we want to compute the following probability

~ N(0, 1).

X—Ml Ho — fa
P > +
(a/ vn o/+n
Substituting = 2,n = 16, uo = 35,u; = 36.5 andz, = 1.645, we obtain:

P(Y_'ul 35-365 1.645) = P(X 11, 1359

> + 1.
o/vn  2/4/16 o/+n
_1_ Y—.Ul
-1 P(O_/ ﬁ>1'355)

=1-0.0877=0.9123
Note tha‘Zo.0885 =135 andZO.ogeg = 1.36.



30 CHAPTER 1. ELEMENTS OF STATISTICS

X1, Xo, - -+, Xn @are assumed to be mutually independent and be distributed
as a Poisson process, where the Poisson distribution is given by:

Xa—A

P(X = X) = f(x;/l):/l:j . Xx=0,1,2,---.

Then, answer the following questions.

(1) Obtain the maximum likelihood estimator fwhich is denoted by.
(2) Prove thatfl is an unbiased estimator.

(3) Prove thatl is an dficient estimator.

(4) Prove thatfl is an consistent estimator.

[Answer]

(1) We obtain the maximum likelihood estimator.hfdenoted byl. The Pois-
son distribution is:

X
P(X=x) = f(x2) = /lf, x=0,1,2,---

The likelihood function is:
n /12{‘ lxie—n/l

I(A)=l—[f(xiiﬂ)=ﬂﬂx>i§ﬂ B H_-.”:m! '

i=1 i=1

The log-likelihood function is:
n n
logl(A) = Iog(/l)z % — N — Iog(n %!).
i=1 i=1
The derivative of the log-likelihood function with respectids:

alogl(/l) _ }Z

Solving the above equation, the maximum likelihood estimatsr

n

~ 1 —
A== X=X
n
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(2) We prove thail is an unbiased estimator of
~ 1% 1% 1%
EQ) = E(- X) =— ECX) = - A=A
@ (n; ) nzlj (%) nzl]

(3) We prove thatl is an dficient estimator oft, where we show that the equal-
ity holds in the Cramer-Rao inequality. First, we obtaim\/gs:

V(;l):V(%Z;Xi): %;V(Xi): %Z;/l: %

The Cramer-Rao lower bound is given by:

1 1
e l(a log f(X; z))zl e (a(x log — A — log X!) )Zl
EX dA
_ 1 _ A2
nE (5 - 1)2] NELX -7
\a
I S|
“nv(X) ndn
Therefore, L
V(1) = .
@ [(6 log f(X; 2) )zl
ne|| ———=
X

That is, VQ) is equal to the lower bound of the Cramer-Rao inequality.
Therefore is efficient.

(4) We show thafl is a consistent estimator af Note as follows:

EQ) =4, V@)= %
In Chebyshev’s inequality:
V(Q)

P(1-EQ)| > €) <

_9
62
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E(1) and V(1) are substituted. Then, we have:
P> =1 > €) < A o
Ne2 ’

which implies thatl is consistent.

X1, X3, -++, Xn are mutually independently distributed as normal random
variables. Note that the normal density is:

e_ Z%(X_/J)Z

f(X) =

1
V2no?2
Then, answer the following questions.

(1) Prove that the sample meXn= (1/n) 3, X; is normally distributed with
meanu and variancer?/n.

(2) Define:
X-u
Z= :
o/4/n

Show thatZ is normally distributed with mean zero and variance one.

(3) Consider the sample unbiased variance:
1 n
22 = (% - X2
§= 0T 2%

The distribution of § — 1)S?/o? is known as a Chi-square distribution with
n — 1 degrees of freedom. Obtain mean and varianc8%fNote that a
Chi-square distribution witim degrees of freedom is:

m;x%‘le‘f, if x>0,
f(x) =1 22I(5)
0, otherwise.

(4) Prove thaB? is an consistent estimator of.

[Answer]
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(1) The distribution of the sample meat = (1/n) X", X; is derived using
the moment generating function. Note that or~ N(u, 0?) the moment
generating functiow(0) is:

(o] 00 1
00 =€) = [ = [ e Eewrax
—e —co0 202
:foo —1 ze_iz(x_ﬂ)z"'gxdx
-0 V2o
— f 1 e—ﬁz(XZ—Z(,u+0'29)X+y2) dx
—oo V2702
- V2ro

2
— eue+%(7292 e—za_%(x—(,tﬁa-z())) dx = exp(ye n %0_292).

I |
Ioo V27T0'2
In the integration aboveN(u + 026, o?) is utilized. Therefore, we have:

$i(0) = exp(u6 + %0292).

Now, consider the moment generating functiorkgtienoted bypx(6):
n n n
V2 1sn [ [ 9
<(0) = Xy = 7 Zis %) = nX) = X)) = (=
¢x(0) = EE€™) = E( ) E(|i:1|e ) |i=1| E(e™) |i:1| ¢i(2)

= ﬁ exp(,ug + %az(g)z) = exp(,ue + %029—:) = exp(,ue + %%262),
i=1

which is equivalent to the moment generating function of the normal distri-
bution with mearu: and variancer?/n.

(2) We derive the distribution &, which is shown as:

X—u
Z= :
o/vn
From the question (1), the moment generating functioX oflenoted by
$x(6), is:

_ 12
#x(6) = EE) = exp(ud + 5 —6?).
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The moment generating function 8f denoted byp,(6):

8.6) = E€) = E(exp>—L))

o/n
- exp(_eﬁ)a(exp(af #9)

= ex{-0 /“ I)M 0 {)

102, 0 1

= expG6?),

0'/\/_) 0'/\/_ 2n(a-/\/_)) p(2 )
which is the moment generating functiond¢0, 1).

(3) First, as preliminaries, we derive mean and variance of the chi-square dis-
tribution with m degrees of freedom. The chi-square distribution vaith
degrees of freedom is:

1

mxg_le_g, if x> 0.
2 jL
2

f(x) =

Therefore, the moment generating functigg(d) is:

0:0) =B = [ "

= f ) — ! x? 1e 2(-2)xgy
0 ZEF(m

2dx

__1e_

1 %_1 l . 1 m_l _l-y _m
= dx=(1-260)z2.
(=% 1—29j; 2@’ © (-2

In the fourth equality, usg = (1 — 20)x. The first and second derivatives of
the moment generating function is:

$.0) =m(1-20)7"  ¢(0) = m(m+2)(1-20)"2 2.
Therefore, we obtain:

EQ)=¢.(0)=m  E(?) =¢(0) = mm-+ 2).
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Thus, for the chi-square distribution with degrees of freedom, mean is
given bymand variance is:

V(X) = E(X?) - (E(X))?> = m(m+ 2) - n? = 2m.
Therefore, usingr(— 1)S?/c? ~ y*(n — 1), we have:

(n- 1)S2

—— )=n-1 V(E—=—)=20n-1),

which implies

n- ~Lev(s?) = 2-1),

Finally, mean and variance &f are:

20

E(S?) = o7, V(S?) = —

(4) We show thaB? is a consistent estimator of?. Chebyshev’s inequality is
utilized, which is:

(32)

P(S* -~ E(S?) > €) <

Substituting E?) and V(S?), we obtain:

20

2 2 o
P(IS c)'lzos)s(n_l)e2 — 0

Therefore S? is consistent.
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Statistical Tables

Table 1: Standard Normal Distribution Z~ N(0, 1)

* 1 1
a:PZ>za:f —— exp=x%)dx
( ) o p(2 )

.00 .01 .02 .03 .04 .05 .06 .07 .08 .09

.50000 .49601 .49202 .48803 .48405 .48006 .47608 .47210 .46812 .46414
46017 .45620 .45224 .44828 .44433 .44038 .43644 .43251 .42858 .42465
42074 41683 .41294 .40905 .40517 .40129 .39743 .39358 .38974 .38591
38209 .37828 .37448 .37070 .36693 .36317 .35942 .35569 .35197 .34827
34458 .34090 .33724 .33360 .32997 .32636 .32276 .31918 .31561 .31207
.30854 .30503 .30153 .29806 .29460 .29116 .28774 .28434 .28096 .27760
27425 27093 .26763 .26435 .26109 .25785 .25463 .25143 .24825 .24510
24196 .23885 .23576 .23270 .22965 .22663 .22363 .22065 .21770 .21476
21186 .20897 .20611 .20327 .20045 .19766 .19489 .19215 .18943 .18673
18406 .18141 .17879 .17619 .17361 .17106 .16853 .16602 .16354 .16109
15866 .15625 .15386 .15151 .14917 .14686 .14457 .14231 .14007 .13786
13567 .13350 .13136 .12924 .12714 .12507 .12302 .12100 .11900 .11702
11507 .11314 .11123 .10935 .10749 .10565 .10383 .10204 .10027 .09853
.09680 .09510 .09342 .09176 .09012 .08851 .08692 .08534 .08379 .08226
.08076 .07927 .07780 .07636 .07493 .07353 .07215 .07078 .06944 .06811
.06681 .06552 .06426 .06301 .06178 .06057 .05938 .05821 .05705 .05592
.05480 .05370 .05262 .05155 .05050 .04947 .04846 .04746 .04648 .04551
.04457 .04363 .04272 .04182 .04093 .04006 .03920 .03836 .03754 .03673
.03593 .03515 .03438 .03362 .03288 .03216 .03144 .03074 .03005 .02938
.02872 .02807 .02743 .02680 .02619 .02559 .02500 .02442 .02385 .02330
.02275 .02222 .02169 .02118 .02068 .02018 .01970 .01923 .01876 .01831
.01786 .01743 .01700 .01659 .01618 .01578 .01539 .01500 .01463 .01426
.01390 .01355 .01321 .01287 .01255 .01222 .01191 .01160 .01130 .01101
.01072 .01044 .01017 .00990 .00964 .00939 .00914 .00889 .00866 .00842
.00820 .00798 .00776 .00755 .00734 .00714 .00695 .00676 .00657 .00639
.00621 .00604 .00587 .00570 .00554 .00539 .00523 .00508 .00494 .00480
.00466 .00453 .00440 .00427 .00415 .00402 .00391 .00379 .00368 .00357
.00347 .00336 .00326 .00317 .00307 .00298 .00289 .00280 .00272 .00264
.00256 .00248 .00240 .00233 .00226 .00219 .00212 .00205 .00199 .00193
.00187 .00181 .00175 .00169 .00164 .00159 .00154 .00149 .00144 .00139
.00135 .00131 .00126 .00122 .00118 .00114 .00111 .00107 .00104 .00100
.00097 .00094 .00090 .00087 .00084 .00082 .00079 .00076 .00074 .00071
.00069 .00066 .00064 .00062 .00060 .00058 .00056 .00054 .00052 .00050
.00048 .00047 .00045 .00043 .00042 .00040 .00039 .00038 .00036 .00035
.00034 .00032 .00031 .00030 .00029 .00028 .00027 .00026 .00025 .00024
.00023 .00022 .00022 .00021 .00020 .00019 .00019 .00018 .00017 .00017
.00016 .00015 .00015 .00014 .00014 .00013 .00013 .00012 .00012 .00011
.00011 .00010 .00010 .00010 .00009 .00009 .00008 .00008 .00008 .00008
.00007 .00007 .00007 .00006 .00006 .00006 .00006 .00005 .00005 .00005
.00005 .00005 .00004 .00004 .00004 .00004 .00004 .00004 .00003 .00003

25\‘
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Table 2: Chi-Square Distribution % ~ y?(m)
a=P(X>x}) = f(r*)dy®
Xé
995 99 975 95 90 .10 .05 .025 .010 .005
m
1 .0000393 .000157 .000982 .00393 .0158 2.71 3.84 5.02 6.63 7.88
2 0100  .0201 .0506 .103 211 461 599 7.38 921 10.60
3 0717 115 216 .352 584 625 7.81 9.35 11.34 1284
4 207 297 484 711 106 7.78 949 11.14 13.28 14.86
5 412 554 831 115 161 9.24 11.07 12.83 1509 16.75
6 676 872 124 164 220 10.64 1259 14.45 16.81 1855
7 .989 124 169 217 283 12.02 14.07 16.01 18.48 20.28
8 1.34 165 218 273 349 1336 1551 17.53 20.09 21.95
9 1.73 209 270 333 417 1468 16.92 19.02 21.67 23.59
10 2.16 256 325 394 487 1599 1831 20.48 2321 25.19
11 2.60 3.05 3.82 457 558 17.28 19.68 21.92 24.73 26.76
12 3.07 357 440 523 630 1855 21.03 23.34 26.22 28.30
13 3.57 411 501 589 7.04 19.81 2236 2474 27.69 29.82
14 | 4.07 466 563 657 7.79 21.06 23.68 26.12 29.14 31.32
15 4.60 523 6.26 7.26 855 2231 25.00 27.49 30.58 32.80
16 5.14 581 6.91 796 931 2354 26.30 28.85 32.00 34.27
17 5.70 641 7.56 867 10.09 24.77 2759 30.19 3341 3572
18 6.26 701 823 939 1086 2599 28.87 3153 3481 37.16
19 6.84 763 891 10.12 11.65 27.20 30.14 32.85 36.19 38.58
20 7.43 826 9.59 10.85 12.44 2841 31.41 34.17 37.57 40.00
21 8.03 8.90 1028 11.59 1324 29.62 32.67 3548 38.93 41.40
22 8.64 9.54 1098 12.34 14.04 30.81 33.92 36.78 40.29 42.80
23 9.26  10.20 11.69 13.09 14.85 32.01 35.17 38.08 41.64 44.18
24 9.80 10.86 1240 13.85 1566 33.20 36.42 39.36 4298 4556
25 1052 1152 13.12 1461 16.47 34.38 37.65 40.65 44.31 46.93
26 |11.16 1220 13.84 15.38 17.29 3556 38.89 41.92 4564 48.29
27 |11.81 1288 1457 16.15 18.11 36.74 40.11 43.19 46.96 49.65
28 |12.46 1356 1531 16.93 1894 37.92 41.34 44.46 4828 50.99
29 |13.12 1426 16.05 17.71 19.77 39.09 4256 4572 4959 52.34
30 [13.79 1495 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
40 |20.71 2216 24.43 2651 29.05 51.81 5576 59.34 63.69 66.77
50 |27.99 2971 3236 3476 37.69 63.17 6750 71.42 76.15 79.49
60 |35.53  37.48 4048 43.19 46.46 7440 79.08 83.30 88.38 91.95
70 |43.28 4544 4876 51.74 5533 8553 90.53 95.02 100.43 104.21
80 |51.17 53.54 57.15 60.39 64.28 96.58 101.88 106.63 112.33 116.32
90 |59.20 61.75 65.65 69.13 73.29 107.57 113.15 118.14 124.12 128.30
100 |67.33  70.06 74.22 77.93 82.36 118.50 124.34 129.56 135.81 140.17
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Table 3:F Distribution —F ~ F(my, n)

@

my =Degree of freedom in the numerator
m, =Degree of freedom in the denominator

1

2

3

4

5

6

7

8

9

10 11

12

13

14

10

11

12

13

.050
.025
.010
.005

.050
.025
.010
.005

.050
.025
.010
.005

.050]
.025
.010
.005]

.050]
.025
.010
.005]

.050
.025
.010
.005

.050
.025
.010
.005

.050
.025
.010
.005

.050
.025
.010
.005]

.050]
.025
.010
.005]

.050
.025
.010
.005

.050
.025
.010
.005

.050
.025
.010
.005

161.
648.
4052

18.5
38.5
98.5
199.

10.1
17.4
34.1
55.6

7.71
12.2
21.2
31.3

6.61
10.0
16.3
22.8

5.99
8.81
13.7
18.6

5.59
8.07
12.2
16.2

5.32
7.57
11.3
14.7

5.12
7.21
10.6
13.6

4.96
6.94
10.0
12.8

4.84
6.72
9.65
12.2

4.75
6.55
9.33
11.8

4.67
6.41
9.07
114

200.
800.
5000

19.0
39.0
99.0
199

9.55
16.0
30.8
49.8

6.94
10.6
18.0
26.3

5.79
8.43
13.3
18.3

5.14
7.26
10.9
14.5

4.74
6.54
9.55
12.4

4.46
6.06
8.65
11.0

4.26
571
8.02
10.1

4.10
5.46
7.56
9.43

3.98
5.26
7.21
8.91

3.89
5.10
6.93
8.51

3.81
4.97
6.70
8.19

216.
864.
5403

19.2
39.2
99.2
199

9.28
15.4
29.5
47.5

6.59
9.98
16.7
24.3

541
7.76
12.1
16.5

4.76
6.60
9.78
12.9

4.35
5.89
8.45
10.9

4.07
5.42
7.59
9.60

3.86
5.08
6.99
8.72

3.71
4.83
6.55
8.08

3.59
4.63
6.22
7.60

3.49
4.47
5.95
7.23

3.41
4.35
5.74
6.93

225.
900

5625 5764 5859
16211 20000 21615 22500 23056 23437

19.2
39.2
99.2
199.

9.12
151
28.7
46.2

6.39
9.60
16.0
23.2

5.19
7.39
114
15.6

4.53
6.23
9.15
12.0

4.12
5.52
7.85
10.1

3.84
5.05
7.01
8.81

3.63
4.72
6.42
7.96

3.48
4.47
5.99
7.34

3.36
4.28
5.67
6.88

3.26
4.12
5.41
6.52

3.18
4.00
5.21
6.23

230.
922.

19.3
39.3
99.3
199.

9.01
14.9
28.2
45.4

6.26
9.36
155
22.5

5.05
7.15
11.0
14.9

4.39
5.99
8.75
11.5

3.97
5.29
7.46
9.52

3.69
4.82
6.63
8.30

3.48
4.48
6.06
7.47

3.33
4.24
5.64
6.87

3.20
4.04
5.32
6.42

3.11
3.89
5.06
6.07

3.03
3.77
4.86
5.79

234.
937.

19.3
39.3
99.3
199.

8.94
14.7
27.9
44.8

6.16
9.20
15.2
22.0

4.95
6.98
10.7
145

4.28
5.82
8.47
111

3.87
5.12
7.19
9.16

3.58
4.65
6.37
7.95

3.37
4.32
5.80
7.13

3.22
4.07
5.39
6.54

3.09
3.88
5.07
6.10

3.00
3.73
4.82
5.76

2.92
3.60
4.62
5.48

237.
948.
5928

239.
957.
5981

241.
963.
6022

242.
969.
6056

23715 23925 24091 24224

19.4
394
99.4
199.

8.89
14.6
27.7
44.4

6.09
9.07
15.0
21.6

4.88
6.85
10.5
14.2

4.21
5.70
8.26
10.8

3.79
4.99
6.99
8.89

3.50
4.53
6.18
7.69

3.29
4.20
5.61
6.88

3.14
3.95
5.20
6.30

3.01
3.76
4.89
5.86

291
3.61
4.64
5.52

2.83
3.48
4.44
5.25

19.4
39.4
99.4
199.

8.85
14.5
27.5
44.1

6.04
8.98
14.8
21.4

4.82
6.76
10.3
14.0

4.15
5.60
8.10
10.6

3.73
4.90
6.84
8.68

3.44
4.43
6.03
7.50

3.23
4.10
5.47
6.69

3.07
3.85
5.06
6.12

2.95
3.66
4.74
5.68

2.85
3.51
4.50
5.35

2.77
3.39
4.30
5.08

19.4
39.4
99.4
199.

8.81
14.5
27.3
43.9

6.00
8.90
14.7
211

4.77
6.68
10.2
13.8

4.10
5.52
7.98
104

3.68
4.82
6.72
8.51

3.39
4.36
5.91
7.34

3.18
4.03
5.35
6.54
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3.78
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3.59
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8.84
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4.74
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13.6

4.06
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3.64
4.76
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8.38

3.35
4.30
5.81
7.21

3.14
3.96
5.26
6.42

2.98
3.72
4.85
5.85

2.85
3.53
4.54
5.42

2.75
3.37
4.30
5.09

2.67
3.25
4.10
4.82
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973.
6083
24334

19.4
394
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8.76
14.4
27.1
43.5

5.94
8.79
145
20.8

4.70
6.57
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135

4.03
541
7.79
10.1

3.60
4.71
6.54
8.27

3.31
4.24
5.73
7.10

3.10
3.91
5.18
6.31

2.94
3.66
4.77
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2.82
3.47
4.46
5.32

2.72
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2.63
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4.72
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245.
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24426 24505 24572

19.4
394
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8.74
14.3
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4.68
6.52
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13.4

4.00
5.37
7.72
10.0

3.57
4.67
6.47
8.18

3.28
4.20
5.67
7.01

3.07
3.87
511
6.23

2.91
3.62
4.71
5.66

2.79
3.43
4.40
5.24

2.69
3.28
4.16
4.91

2.60
3.15
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4.64

19.4
39.4
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199.

8.73
14.3
27.0
43.3

5.89
8.72
14.3
20.6

4.66
6.49
9.82
13.3

3.98
5.33
7.66
9.95

3.55
4.63
6.41
8.10

3.26
4.16
5.61
6.94

3.05
3.83
5.05
6.15

2.89
3.58
4.65
5.59

2.76
3.39
4.34
5.16

2.66
3.24
4.10
4.84

2.58
3.12
3.91
4.57

19.4
39.4
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199.

8.71
14.3
26.9
43.2

5.87
8.68
14.2
20.5

4.64
6.46
9.77
13.2

3.96
5.30
7.60
9.88

3.53
4.60
6.36
8.03

3.24
4.13
5.56
6.87

3.03
3.80
5.01
6.09

2.86
3.55
4.60
5.53

2.74
3.36
4.29
5.10

2.64
3.21
4.05
4.77

2.55
3.08
3.86
451
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Table 3:F Distribution —F ~ F(my, my): < Continued>

my =Degree of freedom in the numerator
m, =Degree of freedom in the denominator

a=PF >F,) = fm f(F)dF
F

@

m 15 16 17 18 19 20 25 30 40 50 60 80 100 200

.050|| 246. 246. 247. 247. 248. 248. 249. 250. 251. 252. 252. 253. 253. 254.
1 .025|| 985. 987. 989. 990. 992. 993. 998. 1001 1006 1008 1010 1012 1013 1016
.010|| 6157 6170 6181 6192 6201 6209 6240 6261 6287 6303 6313 6326 6334 6350
.005(| 24630 24681 24727 24767 24803 24836 24960 25044 25148 25211 25253 25306 25337 25401

.050/ 194 194 194 194 194 194 195 195 195 195 195 195 195 195
2 .025| 394 394 394 394 394 394 395 395 395 395 395 395 395 395
.010|| 99.4 994 994 994 0994 994 995 995 995 995 995 995 995 99.5
005 199. 199. 199. 199. 199. 199. 199. 199. 199. 199. 199. 199. 199. 199.

.050/| 8.70 8.69 8.68 867 867 866 863 862 859 858 857 856 855 854
3 .025|| 143 142 142 142 142 142 141 141 140 140 140 14.0 140 13.9
.010]| 269 26.8 268 26.8 26.7 26.7 266 265 264 264 263 263 262 262
.005|| 43.1 43.0 429 429 428 428 426 425 423 422 421 421 420 419

.050|| 5.86 584 583 582 581 580 577 575 572 570 569 567 566 5.65
4 .025|| 8.66 8.63 861 859 858 856 850 846 841 8.38 836 833 8.32 829
.010| 14.2 142 141 141 140 140 139 138 13.7 13.7 137 136 136 135
.005|| 204 204 203 203 20.2 202 200 199 19.8 19.7 196 195 195 194

.050|| 4.62 4.60 4.59 458 457 456 452 450 446 4.44 443 442 441 4.39
5 .025| 643 6.40 6.38 6.36 634 633 627 6.23 6.18 6.14 6.12 6.10 6.08 6.05
.010]| 9.72 9.68 9.64 961 958 955 945 938 929 924 920 9.16 9.13 9.08
.005|| 13.1 13.1 13.0 13.0 129 129 128 127 125 125 124 123 123 122

.050/ 394 392 391 39 388 387 383 381 377 375 374 372 371 3.69
6 .025|| 5.27 524 522 520 518 517 511 507 501 498 496 493 492 488
.010/| 756 752 748 745 742 740 730 723 714 709 7.06 7.01 6.99 6.93
005 9.81 9.76 9.71 966 9.62 959 945 936 924 917 912 9.06 9.03 8.95

.050/| 351 349 348 347 346 344 340 338 334 332 330 329 327 325
7 .025|| 457 454 452 450 448 447 440 436 431 428 425 423 421 4.18
.010|| 6.31 6.28 6.24 6.21 6.18 6.16 6.06 599 591 586 582 578 575 5.70
.005| 797 791 787 783 779 775 762 753 742 735 731 725 722 7.15

.050/| 3.22 320 319 317 316 315 311 308 304 302 301 299 297 295
8 .025/| 4.10 4.08 4.05 4.03 4.02 400 394 389 384 381 378 376 374 371
.010]| 552 548 544 541 538 536 526 520 512 507 503 499 496 491
.005/| 6.81 6.76 6.72 6.68 6.64 6.61 6.48 6.40 6.29 6.22 6.18 6.12 6.09 6.02

.050|| 3.01 299 297 296 295 294 289 286 283 280 279 277 276 273
9 025 3.77 374 372 370 368 367 360 356 351 347 345 342 340 337
.010]| 496 4.92 489 486 483 481 471 465 457 452 448 444 442 436
.005|| 6.03 598 594 590 586 583 571 562 552 545 541 536 532 5.26

.050|| 2.85 283 281 280 279 277 273 270 266 264 262 260 259 256
10 .025| 352 350 347 345 344 342 335 331 326 322 320 317 315 312
.010| 456 452 449 446 443 441 431 425 417 412 4.08 4.04 4.01 3.96
.005|| 5.47 542 538 534 531 527 515 507 497 490 486 481 4.77 471

050 2.72 270 269 267 266 265 260 257 253 251 249 247 246 243
11 .025| 3.33 330 328 326 324 323 316 312 306 303 300 297 296 292
.010|| 4.25 4.21 4.18 415 412 410 4.01 394 386 381 378 373 3.71 3.66
.005| 5.05 5.00 496 492 489 486 474 465 455 449 445 439 436 4.29

.050| 2.62 2.60 258 257 256 254 250 247 243 240 238 236 235 232
12 .025/| 3.18 3.15 3.13 311 3.09 3.07 3.01 296 291 287 285 282 280 276
.010|| 4.01 397 394 391 388 386 3.76 3.70 3.62 357 354 349 347 341
.005| 4.72 4.67 463 459 456 453 441 433 423 417 412 4.07 4.04 3.97

.050|| 253 251 250 248 247 246 241 238 234 231 230 227 226 223
13 .025/| 3.05 3.03 3.00 298 296 295 288 284 278 274 272 269 267 263
.010| 3.82 3.78 3.75 372 369 366 357 351 343 338 334 330 327 322
.005|| 4.46 441 437 433 430 427 415 407 397 391 387 381 378 371
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< Continued>

Table 3:F Distribution —F ~ F(m, my):

Degree of freedom in the denominator

my =Degree of freedom in the numerator

mp

f(F)dF

I

a=PF >F,)
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< Continued>

Table 3:F Distribution —F ~ F(m, my):

Degree of freedom in the denominator

my =Degree of freedom in the numerator

my

f(F)dF

k

a=PF >F,)
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< Continued>

Table 3:F Distribution —F ~ F(m, my):

Degree of freedom in the denominator

my =Degree of freedom in the numerator
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f(F)dF

I
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Table 3:F Distribution —F ~ F(m, my):

Degree of freedom in the denominator

my =Degree of freedom in the numerator
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Table 4:t Distribution —T ~ t(m)

“T(%) 1 1
a P(T > ta) ft; r(%w) \/ﬁ (1 + XZ/m)(m+1)/2 dx
a .10 .05 .025 .01 .005
m
1 3.0777 6.3137 12.7062 31.8210 63.6559
2 1.8856 2.9200 4.3027 6.9645 9.9250
3 1.6377 2.3534 3.1824 4.5407 5.8408
4 1.5332 2.1318 2.7765 3.7469 4.6041
5 1.4759 2.0150 2.5706 3.3649 4.0321
6 1.4398 1.9432 2.4469 3.1427 3.7074
7 14149 1.8946  2.3646 2.9979  3.4995
8 1.3968 1.8595 2.3060 2.8965 3.3554
9 1.3830 1.8331 2.2622 2.8214 3.2498
10 1.3722 1.8125 2.2281 2.7638 3.1693
11 1.3634 1.7959 2.2010 2.7181  3.1058
12 1.3562 1.7823 2.1788 2.6810 3.0545
13 1.3502 1.7709 2.1604 2.6503 3.0123
14 1.3450 1.7613 2.1448 2.6245 2.9768
15 1.3406 1.7531 2.1315 2.6025 2.9467
16 1.3368 1.7459 2.1199 2.5835 2.9208
17 1.3334 1.7396 2.1098 2.5669 2.8982
18 1.3304 1.7341 2.1009 2.5524 2.8784
19 1.3277 1.7291  2.0930 2.5395 2.8609
20 1.3253 1.7247 2.0860 2.5280 2.8453
21 1.3232 1.7207 2.0796 2.5176 2.8314
22 1.3212 1.7171 2.0739 2.5083 2.8188
23 1.3195 1.7139 2.0687 2.4999 2.8073
24 1.3178 1.7109 2.0639 2.4922 2.7970
25 1.3163 1.7081 2.0595 2.4851 2.7874
26 1.3150 1.7056 2.0555 2.4786 2.7787
27 1.3137 1.7033 2.0518 24727 2.7707
28 1.3125 1.7011 2.0484 2.4671 2.7633
29 1.3114 1.6991 2.0452 2.4620 2.7564
30 1.3104 1.6973 2.0423 2.4573 2.7500
31 1.3095 1.6955 2.0395 2.4528 2.7440
32 1.3086 1.6939 2.0369 2.4487 2.7385
33 1.3077 1.6924 2.0345 2.4448 2.7333
34 1.3070 1.6909 2.0322 24411 2.7284
35 1.3062 1.6896 2.0301 2.4377 2.7238
40 1.3031 1.6839 2.0211 2.4233 2.7045
50 1.2987 1.6759 2.0086 2.4033 2.6778
60 1.2958 1.6706 2.0003 2.3901 2.6603
70 1.2938 1.6669 1.9944 2.3808 2.6479
80 1.2922 1.6641 1.9901 2.3739  2.6387
90 1.2910 1.6620 1.9867 2.3685 2.6316
100 1.2901 1.6602 1.9840 2.3642 2.6259
00 1.2816 1.6449 1.9600 2.3264 2.5758




