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6. J0DOo0oboOobOoO0oboobooobog

xe: 1 Xk,
B kx1,
y: T x 1,
X: T xk,

u T x1

2 JUdoooo
A:TxT,
B : nxm,
C:mxk,
D: kxn,

T

1. tr(A) = Za“—, where A = [a;;] .

i=1

2. If A is idempotent, A = A2 = A’A .

3. A is idempotent if and only if the eigen values of A
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T x T matrix of rank G, then 2’ Ax/0? ~ x?(G).
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= 0gogood
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9. Properties of B : BLUE (best linear unbiased estima-
tor), i.e., Unbiased and efficient estimator in linear

class (Gauss-Markov theorem)
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6. J0O00O0OOFO0ODOODODOOO (a) tOQO0O
_ . G=1,r=0R=(0,---,1,---,00 000 (R
ﬂ*,X*/X*/B*/(kil) )
~ = O0:00000010000000 0)0
u'u* /(T — k)
goooog,=00000

_ (U —dityy - @3) /-y . (- XB)(y—XB)

wu/(T — k) §° = Tk goodoo
R*/(k—1) ~ EEPN
= ~F(k—1,T—k Y 'X)-1R! _
a—myym—n ~Fk-L ) (RB—r) (R(X'X)"'R') (Rp—T)
G
82
ooooooo -
57
D00000y=XA+u0000000 Hy: 8* =0 =g2q, ~FLT = k)
000 (00000000000000000000 oooo
00)000O L
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ooobo (FOD)O wi= (X’X)"'04i04i00000
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R=(I -I),r=00000F000000
goo

00000G =rank(R) =k, 0 2k x 100
000

000 F(k,T-—2k)

1000000 2000000000 1000
gooooad

R=(1,1,0,---,0),r=1

O0000G =rank(R) =1
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1 _ pAR —1 *
where M = I—fii', I'is a TxT identity matrix and 4 r=RE+RX'X)RA

is a T x 1 vector consisting of 1, i.e., i = (1,1,---,1)".
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(X' x)~
I—(X'X)"'"R (R(X'X)"'R) 'R
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- ((X’X)*l

4XWW4Rquxyuw’ﬁmxxrﬁ
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(RB —r) (R(X'X)'R") " (RB —r) ut =y — Xp*
(y — XB)'(y — XPB) O00000000000000
Tk
~ F(G,T — k) (RB—r) (R(X'X)*R) " (RF —r)
000000000000000000 (y— XB)'(y — XP)
Tk
(RB — ) (R(X'X)"'R') " (RB 1) (3" = BYX'X (8" - B)
) *\/ / ) * &
=(B-5Y(X'X)B-p = -
( XA ) (y — XB)'(y — XB)
0ooooo T—k N N
(y—XB)(y—Xp*)— (y— XPB)'(y — XB)
7=0 L B v—XB)(y—XD)
+ (X'X)"'R'(R(X'X)"'R') " (r — RpB) T_ k
 (ufur - 00)/G
ooooooo au/(T —k)
oooo

6 00 FOO (DODDODDOODOOO
O0D00o0O0oooooon)
00000000 (cons99.txt)

(y— X6 (y — X5%)
=(y—X(6"—B) - xpB)
x(y— X(3" — B) — XB)

_ 2\ o) 1955 5430.1 6135.0 18.1
=(y— XB)'(y — Xp) 1956 5974.2 6828.4 18.3
AN v/ _ 1957 6686.3 7619.5 19.0
+ (6" = B) X' X(5" - 0) 1958  7169.7 8153.3 19.1
AV _— 1959 8019.3 9274.3 19.7
(y - XB)X(6" - B) 1960 9234.9 10776.5 20.5
* N v/ o
_ BV X" (y—- X 1961 10836.2 12869.4 21.8
(8 ﬁA) (v Aﬂ) 1962 12430.8 14701.4 23.2
=@y—-XB)(y—Xp) 1963 14506.6 17042.7 24.9
= R 1964 16674.9 19709.9 26.0
+ (B =B)X'X(B* - B) 1965 18820.5 22337.4 27.8
1966 21680.6 25514.5 29.0
1967 24914.0 29012.6 30.1
(X'm=000000O0DO) 1968 28452.7 34233.6 31.6
1969 32705.2 39486.3 32.9
o0ooooo 1970 37784.1 45913.2 35.2
1971 42571.6 51944.3 37.5
R R 1972 49124.1 60245.4 39.7
(8" — B)’X’X(ﬁ* -B) 1973 59366.1 74924.8 44.1
N N 1974 71782.1 93833.2 53.3
=(y— X6 (y—Xp*)— (y—XB)(y — XPB) 1975 83591.1 108712.8 59.4
1976 94443.7 123540.9 65.2
1977 105397.8 135318.4 70.1
gooo 1978 115960.3 147244.2 73.5
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1979 127600.9 157071.1 76.0
1980 138585.0 169931.5 81.6
1981 147103.4 181349.2 85.4
1982 157994.0 190611.5 87.7
1983 166631.6 199587.8 89.5
1984 175383.4 209451.9 91.8
1985 185335.1 220655.6 93.9
1986 193069.6 229938.8 94.8
1987 202072.8 235924.0 95.3
1988 212939.9 247159.7 95.8
1989 227122.2 263940.5 97.7
1990 243035.7 280133.0 100.0
1991 255531.8 297512.9 102.5
1992 265701.6 309256.6 104.5
1993 272075.3 317021.6 105.9
1994 279538.7 325655.7 106.7
1995 283245.4 331967.5 106.2
1996 291458.5 340619.1 106.0
1997 298475.2 345522.7 107.3

0000oO00ooo0o0o0ooooOo (0o0)ooooo
oo (lo0o0)0oooooooooooog (1990 O

=100)

PROGRAM

LINE  sokokokokokokokokokokokokok ook ko skok ok ook ko sk skok ook ko ok skok ook sk o ok sk ok ook ko ok ok
freq a;

smpl 1955 1997;

read(file=’cons99.txt’) year cons yd price;
rcons=cons/ (price/100) ;

ryd=yd/(price/100) ;

d1=0.0;

smpl 1974 1997;

d1=1.0;

smpl 1956 1997;

dlryd=dix*ryd;

dcons=rcons-rcons(-1);

olsq rcons c ryd;

olsq rcons ¢ dil ryd diryd;

olsq rcons c¢ ryd rcons(-1);

olsq dcomns c;

end;
EXECUTION
stk skok sk ok ok sk ok sk ok sk sk ok sk ok ok sk ok sk ok sk sk ok sk ok s sk ok sk ok sk sk ok sk ok sk sk o o

o
= O WO ~NO®OO D WN =

R e o
o O W N

Equation

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.

Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .127951E+10
Variance of residuals = .319878E+08

Std. error of regression = 5655.77

R-squared = .994890

Adjusted R-squared = .994762

Durbin-Watson statistic = .116873

F-statistic (zero slopes) = 7787.70

Schwarz Bayes. Info. Crit. = 17.4101

Log of likelihood function = -421.469

Estimated Standard
Variable Coefficient Error t-statistic
C -3317.80 1934.49 -1.71508
RYD .854577 .968382E-02 88.2480

Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.
Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .244501E+09
Variance of residuals = .643423E+07
Std. error of regression = 2536.58
R-squared = .999024
Adjusted R-squared = .998946
Durbin-Watson statistic = .420979
F-statistic (zero slopes) = 12959.1
Schwarz Bayes. Info. Crit. = 15.9330
Log of likelihood function = -386.714

Estimated Standard
Variable Coefficient Error t-statistic
C 4204 .11 1440.45 2.91861
D1 -39915.3 3154.24 -12.6545
RYD .786609 .015024 52.3561
D1RYD .194495 .018731 10.3839

Equation 3

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.

Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .246205E+09
Variance of residuals = .631296E+07

Std. error of regression = 2512.56

R-squared = .999017

Adjusted R-squared = .998966

Durbin-Watson statistic = 1.25472

Durbin’s h = 2.62625

Durbin’s h alternative = 2.44578

F-statistic (zero slopes) = 19812.0

Schwarz Bayes. Info. Crit. = 15.8510

Log of likelihood function = -386.860

Estimated Standard
Variable Coefficient Error t-statistic
C 3281.37 1002.31 3.27383
RYD .150357 .055212 2.72328
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RCONS(-1) .831071 .064959 12.7938

Equation 4

Method of estimation = Ordinary Least Squares

Dependent variable: DCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 5908.77
Std. dev. of dependent var. = 2734.81
Sum of squared residuals = .306647E+09
Variance of residuals = .747919E+07
Std. error of regression = 2734.81
R-squared = .136129E-49
Adjusted R-squared = 0.
Durbin-Watson statistic = 1.30871
Schwarz Bayes. Info. Crit. = 15.8925
Log of likelihood function = -391.470
Estimated Standard
Variable Coefficient Error t-statistic
C 5908.77 421.991 14.0021

3k >k 3k ok 3k ok 3k 3k ok 3k ok ok ok ok ok ok 3k >k 3k ok 3k ok sk 3k ok 3k ok 3k ok sk ok sk k Sk 3k ok 3k ok ok ok ok ok ok 3k >k 3k ok sk ok >k %k kK k

1. Equation 1 vs. Equation 2

ooooooo (197400000000000000
oooooooo)d

Equation 2 [J
RCONS = (31 + (B2D1 + (B3RYD + (34RYD x D1

Ho: B2=0+=0
0000 OLS = Equation 1
0000 OLS = Equation 2
(u*'u* —u'u)/G
wu/(T — k)

_ (.127951E + 10 — .244501E + 09)/2
.244501E 4+ 09/(42 — 4)

=80.43
~ F(2,38)

F(2,38) 000 1% 0 =5.211<8043 0000
H(]Z ﬂ2:ﬁ4:ODDD

= 1974 00000000000000D00

14

2. Equation 1 vs. Equation 3
coooood

Equation 3 [
RCONS = /31 + (B2RYD + 33RCONS(—1)

}]b : ﬁg =0
0000 OLS = Equation 1
0000 OLS = Equation 3
(uu* —u'u)/G
wu/(T — k)
(.127951F + 10 — .246205E + 09) /1

.246205E + 09/(42 — 3)
= 163.68

~ F(1,39)

F(1,39) 000 1% 0 =7.333<163.68 0000
H()Z ﬁgZODDD

= RCONS(-1) O RCONS OO DODOOODDOOODO
agoo

4v/163.68 = 12.7938 00 OO0O0OO
t-statistic OO OO0

RCONS(-1) O

3. Equation 3 vs. Equation 4

ooooooooo

Equation 3 0
RCONS = (31 + [2RYD + $3RCONS(—1)

Hol ﬁgioandﬁgil
0000 OLS = Equation 4
0000 OLS = Equation 3
(uu* —u'u)/G
wu/(T — k)
_ (.306647E +- 09 — .246205E + 09)/2
.246205E + 09/(42 — 3)

= 4.910
~ F(2,39)

F(2,39) 000 1% 0 =5.194>49100000
Hy: Bo=0and 33=1
oooooood



7 00000000 (GLS)

1. Regression model: y = X3 + u, u ~ (0,02Q)

2. 0000 (Heteroscedasticity)

0% 0O --- 0
0 o} :
o?Q = 7
' 0
0 0 o2

0000000 (First-Order Autocorrelation)

U = PpUt—1 + €ty € ~ iid N(O,O'Ez)

1 p P pt
, p 1 P pt =2
20_ O 2 T_3
o) = . _sz p g 1 p
pT—l pT—2 pT—3 1
2
g
V(u) = 0% = £
1—p2

./ O0GLSOD0O0O bODOODODODODOODOODOOO
min (y — XB)Q 'y — XB)
B8

GLSE of Bis b .
b= (X'Q'X)"1X'Qly

.oooooQOO0O0ooooooQUoOoOoooooo
goooo

Q=AAA
AODOOOOOQOOOOOOOOOOADOOOOO

gooOooooooooa
QUDO00000000o0oO0oAQOUODOODOOoOOOO
0000 @oooooooooUoooo0g 20
O000«2Qx>000000 QOU0O0)

. There exists P shuch that Q = PP’
(take P = AY/2A).

Multiply P~* on both sides of y = X3 + u.

We have:

v = X8+,
where

y* =Py,

X*=P 71X, and
u* = P~ lu.

Note that

V(u*)

= V(P tu)

=P 'W(u)P ™!
=o?PlQP " =1,
because Q = PP’.

Accordingly, the regression model is rewritten as:
y =X+ u", u* ~ (0,0%1)
Apply OLS to the above model. That is,

mﬁin (y" = X*B) (y* = X*9)

is equivalent to:

Hgn (y—XB)'Q ' (y— XP)

b= (X*/X*)—IX*/y*
— (X/Q—lX)—lle—ly

b= B + (X*/X*)le*/u*
_ ﬁ+ (X*/X*)—IX/Q—lu

E(®) =5

V(b) _ UQ(x*/X*)—l
— JZ(Xlgle)fl



6. 000000 (y — Xb)'Q Y (y — Xb)

8. 5 ~ AT — k)
ag
_ ~ 2
y=XB+u, u~ N(0,0°0), 9. We have:
00000000ooooooon (RB—r)’(R(X’Q—lx)—lR')‘l(RB—r)
A: X/X —1X/ G
F=X X)Xy v X001y~ Xb)
=0+ (X'X) X' T—k
~ F(G,T —k)
V(B) = oc2(X'X) ' X'QX (X' X) !
GLSO oLsO0O00d pb0000000000000DDOOY 000ODDOO

oboobOooobooooboooboooooooao

() 0000000
00 ede* 0000

E() =5
E(b) = 8 e=y— Xb, ef =y— Xb*
000030 00000000 O0000FO00000000000000000
(by DODDOOO oo
V() = o*(X'X)T X'QX (X' X) ! (e’ ler — Q7 e) /G

~ F(G,T — k)

V(b) _ 0_2(X1971X)71 elQ_le/(T - k)

JHHEEEoEEEneaan 7.1 00O 0OOO0O0O (Theil and Goldberger

V(B) = V(b) Model)
=X’ X)) XX (X' X)!
2 5701 511 0000000000000000
—o ) — 0000o0oo
— 52 ((X’X)*lX' _ (X/QAX)AX/QA)
Q) r=ROB+v, v~ (0,7)
/
x((X’X)—lx’—(X’Q—1X)—1X'Q—1) y=XB+u u~(0,9)
_ 2 /
=07 AQA Doooooo
Q0 «w0000000000000000000 y X u
0000Q=I; 000000 AQA' 00000 <T>Z(R>ﬁ+<v>
00000 00000
b U © Q 0 )
7. If u ~ N(0,0%Q), then b ~ N(3,0%(X'Q71X)71) . v \0o U
Consider testing the hypothesis Hy : R =1 . O000000o0oon
R/:\GXk,rank(R):GSk. . /a0 “1 e\
RB ~ N(RB,0?R(X'Q'X)"'R/) . =& /)L B
Therefore, QO 0\ !
A i o m (@2 ()
(RB—r) (R(X'Q'X)"'R)(RB —1) 2 0 v r
~ X

02 = (X'Q ' X+ RYIR)HX'Q 'y + R~ r)

16



T N C))

— (X'Q7'X + RU'R) / 90 L(f;x)dx =0
googo
8 OO0 (MLE Odlog L(0;z)\
o) ()

000 = Maximum Likelihood Estimation (MLE)

ooooeDOOOOOO
1. The distribution function of {z;}X, is f(x;0), where

x = (21, --,zr) and § = (i, ) . Likelihood func- /82 kégegé/g;x)L(Q;x)dx
tion L(-) is defined as L(0;z) = f(x;60) . Maximum lox L(6: 2 HL(6
likelihood estimate (MLE) of € is 6 such that: + / Og80( ) 8(’(‘; z) dx
92 log L(6; x)
m@ax L(6; x). = / WL(Q, r)dx
n / Olog L(6; x) 0log L(6; z)L(Q' )dz
MLE satisfies the following: 90 o0
log L(0; agood
(a) dlog L(6;z) _ 0.
00 )
02 log L(6; z) _E (MW>
) e 000"
is a negative definite matrix. _E 0log L(6; x) 0log L(6; x)
00 00
2. Fisher’s information matrix is defined as: y <8log L(6; x))
02 log L(6; ) 90
1) = _E< 9000’ )

good

Note as follows:
3. Cramer-Rao 00O I(0):

82 log L(6;
—E(—EQLLQ) 00900000 s(z) 0000

00006’
_ E(@log L(6; x) dlog L(6; x))
70 o0 B(s(a)) = [ s(o)L(0: )z
0log L(6; x)
— (==
( 90 ) 000000
ood OE(s(z)) OL(6; )
RanlLgp % d
a0 /S(x) a6
L(6;z)dx =1 .
/ (6:) :/s(x)ialogal/;o’x)lj(&x)dx
000000 :C0V<s(x)7alog;9(9;x)>
OL(6; x)
de =0
/ 00 * O000000O0s(x) 000000000 OO0O0OOO
(x0000 000000 0ODOO0OO 9L/06 000 OE(s(z)) 2
00ooo0ooooon) ( &9)

17



~ (co (o, 2m02)

ACOMES"2)

SONE

0000,0 s@) 0 20kl

gbooogno-1<p<1

N Cov (s(x), 9log L6; x) 539(9; x))

— m\/\/ <alogaLe(9;x))

goooboooon

goog

(f)Ege(x”) < Visto) v (FELE)

gboooo
o)

N (810g§9(0;a:)>

V(s(z)) =

E(s(z))=60000

1

02 log L(6; )
B ()

V(s(z)) = = (1(0))~"

s(xy JOOODUOOOOOOOOOOOOOOOO

V(s(x)) = (1(0)~

.pboboboboaboan

TOooooooooood
VT(6—6) N (0, 1im (1Y) -
e T

gboooog
gboooroooooog

0~ N (0.(10)7")

gbooabood

s(z)=0000000000T0000000V(s(z))
0 (I(p))'DOO0O

5. 000000
Olog L(0;x) 0
09 B
_ Olog L(0*;x)
B 06
02 log L(6%; x) .
onog 0 )

0— o _ 02 log L(0*; x) ! 0log L(6*; x)
N 0006’ 00

Replace the variables as follows:

o — i+

[—10
Then, we have:

pli+1) — g9

B ?log L(6); ) - dlog L(6“; z)
0006’ 00

= 000o00oooog

agoo

PlogL(D32) | (97log L9 )
0006’ 0000’

goooboooon

i+ — (@)
_(g 0% log L(6W; ) ! Blog L(0W; x)
0000 00
, 4\ 1 dlog L(0W); x)
— ) _ () Bk A A
90 = (1) =5
= 0000

18



81 00O0ODO0OOOODO 2000000
googooo

Yt = a+ Bre + ut,
googon

1.4, 0000000000000000 w ~ N(0,02)
0ooo

2. v, 000000

flug) =

1 1,
27T0-2 exp | — ﬁut

0000ui,u, ,ur 0000000000000
000000000000000000000000
ooooo

f(u17u27""uT)

= f(u1)f(uz) - f(ur)
1 1
- O (2m02)T/2 eXP 202 ;ut

3. y1,--,yr OO OOQOOOOOOOOOOO (ut:
Y — o — fay) O

f(y17y27"'7yT)

1 1 d

= L(a7570—2‘y17y27" '7yT)

0000 L(a, B, 0%|y1,y2,--,yr) 000000000
log L(ev, B,02|y1,y2,---,yr) 00000000000

IOgL(Oé,/B, U2|y1ay27 ) yT)

T T
5 log(27) — 3 log(c?)
Yt

1 X
_EZ( —a— Bry)?
t=1

4. 000000000
0000 0 f,(¢) 000000000000 z=
¢(z) 000000 00000 f.(2) 0

dg(z)
dz

fz(z) = fx(g(z)) ‘

good

00z ~U(0,1) 0000z = —log(x) 10000000

£u(2) = | | 52 (0(2)
= |~ exp(~2)
= exp(—2)

. 000000000 yi,y0,---,yr 000000000

000 L(a,B,0%y1,42,-++,yr)0000000000
0 log L(e, B,0%|y1, 42, -+ -,yr) DOOO00O0OOO (
o, 6,0*)00000000000000(a, B, 0?)
0000000 (& 3,62) 00000

alOgL(auBa U2|y171}2» o 'ayT)
Oa

1
72

[M]=

= Y (- ) =

~
Il

1

8logL(a,ﬁ, 02|y1ay27 o '7yT)
op

1
==

M=

(yr —a — Pry)a, =0

o~
Il

1

alogL(a,ﬂ, 0—2|y17y2» . '7yT)
0o

T
T1 1
=5t g ) =0
t=1

gboooboobooboooboboob

Z;‘;(xt —7)(y: — 9)
Yo (x4 — T)2

G
a=7-

Bz
T
Zyt—a ﬂ$t2

00000000000000 (OLS) 0000 (ML)
00000 «200000000



8.2 U0OUODOOOLOOOOO DOOOODOOI

1. Regression model: y = X8 + u, u ~ N(0,0%I)

Log-likelihood function is:

log L(6;y,X) = —% log(270?)

1
“552 W~ XB)'(y — XB),
where 0 = (3,07) .
2. max logL(0;y,X) .
0
dlog L(6;y,X) 0

00
We obtain MLE of 8 and o2 :

B=(X'X)"' Xy,

~_ (= XB)'(y— XP)
T

3. Fisher’s information matrix is defined as:

E<82 logL(G;y,X))

1) =~ 960"

The inverse of the information matrix, I(#)~!, pro-
vides a lower bound of the variance - covariance ma-

trix for unbiased estimators of 8 .

cA(X'X)"t 0
1(9)71 —( ( ) 20.4>

0 b
T

83 UDUUOODUOUODLOODL OUObOODb II

1. Regression model: y = X3+ u, u ~ N(0,0%Q)

Log-likelihood function is:
T o1
log L(0;y, X) = —5 log(2mo”) — B log ||

1

—55- XB)YQ "y — XB),

where 6 = (3,02) .

20

2. max logL(6;y,X) .
6
dlog L(0;y, X) 0
00 N
We obtain MLE of 3 and o2 :

B _ (X/Q_lX)_lX/Q_ly,

= _ (- XB)YQ Yy — XP)
B T

3. Fisher’s information matrix is defined as:

E(82logL(9;y,X)>

1) =~ 000"

The inverse of the information matrix, I(#)~!, pro-
vides a lower bound of the variance - covariance ma-
trix for unbiased estimators of 6 .

(X' tx) ! 0
1(9)71 = ( 20 )

0 -
T

84 AR(1)0O000000
AR(1) 0000 t=2,3,---,T, |¢1| <1 000000

Yr = $1ye—1 +ug,  up ~ N(0,07)

Yi1,Y2, YT ooooooo f(yTayT—la"'7yl) oo
o

f(yTvnylv"'vyl)
T
= ) [[ F@welye-r,-- - m0)
t=2
ogoood
000000 f(yelys—1,--,y1) OO0y = Pprye—1+u, OO0
E(yt|yt717 e 7y1) = (blytflu

V(yt|yt—1,”';yl) :0.2
gooooad

f(yt|yt*17 T 7y1)

1 1 9
:WGXP *ﬁ(yt*%yt—l)

oooo
000000 f(yly—r.--31) 00ODO




E(yelye—1,--,y1)0
V(:Ut‘ytfh e 7y1)

00000 f(ylye—,---yy1) OOOOODO

0oooooo0 f(y) 0O

Yt = P1Ys—1 + Ug
= ¢2y_o +up + Prug_y

= ¢lyo +up + prug_y + -+ ¢t1_1u1
=u + rug—1 + PTupo + -
gooo
E(y:) =0,
o2
Vi) =1+l + 01+ ) = 17—,
1

gbooooog

Fl) o (gt
frd X —
W= T ii-g) P\ 2021 - )Y
oooao
ooooaoo
Y1,Y2, -, Yyr goooooo f(yTayT—la"'ayl) od
f(yTvyT 17"'ay1)
= f(y) Hf Yelye—1, -+, y1)
t=2
= (et
2702 (1= 62) 202/(1— )"
T
1 1 9
X ————(ys — _
tzl_[2 Wexp< 20_2 (yt ¢1yt 1) )
oooao
Oo0OoOoooon
(¢1, o2 yr, yr—1, Y1)
1
= —flog 2mo? /(1 — ¢?
T
— log (2mo?) Z — $1Yi-1)
=2
oooao

gboooobooooooobooooboobo
-l<p<l1lO0O0O00OCOODO OO1OOOOOO (grid
search) 00000

21

85 UUbLO0O0O0OO0OO0OO0 bDbhOoOooooab
ERERE

gbooobobooooboboooobogooboo

Yr = T8 + uy
U = pUr—1 + €

€ ~ iid N(0,0?)

good
up,ur_1,---,uy 00000 f.(;)0000000000
ooooa
Ingu(uTyuT—h'"aul;pagg)
T
=log f(u1; p,02) + Y _log f(urlur—1,-- -, ur; p,07)
t=2
— L log(2ne?/(1 - p?)) - ;uz
2 ‘ 202/1— p?) !
T—
5 log (2mo?) 22 — pug_1)
I¢ =2
good
ur,ur—1,--+,ur 00 yr,yr—1,---,y1 DOO0O00O000O0O0O

oooooooo

7y1)
= Ingy(yTayT—la Y13 P U?aﬂ)
=log fulyr — 7B, yr—1 — T7-1/,

L(p7 0-5276; yr,Yr—1,- -

0
Ly — x1 0 p,07) 371;
1
= —5 log(2mo? /(1 - p%)
1 2
—m(yl —x103)
-1
- log(27rcr€2)
2
20? ( Yt — pyr—1) — (@¢ — pmt_l)ﬂ)
t=2
1 2 1 2
= —3 log(2mot) + ; log(1 — p7)
1
~ 55 (V1= Py = V1= pPa, )
202
—1 9
- log(2mo?)
T
1 2
2062 Z( = pyi—1) — (@ — th—1)6>
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T 1
= =5 log(20?) + 5 log(1 — p?)

1 * *
_20_2 (yl - xlﬁ)Q
1 T
i -t
€ t=2
T

000Dy, 2y 00000O0O0OOOO
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Ty =

0 400000L(p,o2, B;yr,yr—1,---,y1) 00000
T T
=0 ar=) 'Oy
t=1 t=1
_ (X*/X*)—IX*/y*

= 00000 y*=X*B+e¢ e~ N(0,02I7) D000
oooooooooo
0 ¢2 00000 L(p, 02, B;yr,yr—1,--,41) 00000

- 1
5 = = (i — i)

1 * * * *
=7 = X"0)(y" - X7P)
oooo
i 1—p?n
. Ys Y2 — py1
y = . = .
Yr yr — pYyr—1
x] V1= p2xq
. 5 To — PI1
xr = . = .
Tp Tr — prT-1
oooQ

0 p00000L(p,02, 8591, yr—1,--,%1) 00000

max L(p, 07, 3;y)
B,02,p

a
maXL(pa 5627 Bv y)
p
goooo
L(p, 53,5; y) 0000000000 (concentrated log-
likelihood function) 000000
agood
L(p, 52, B y)
T T 1
= —5 log(2m) — - log(5?) + - log(1 — p°)
2 2 2
T

2

T
=-3 log(27) —
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5 1og(52(p)) + 5 log(1 — %)
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Up000ooooobon
= 0000000000 ooooooboooa
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T
= ZIOg fu(ut; O-tz)
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T 2
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:Ingy(yTayT—lr"ayl;Ut,ﬂ)

=log fulyr — 7B, yr—1 — x7-10,
ou

Y1 — x1670t)‘ay

<yt — OUtﬁ)
t=2

N)\»—l
M’ﬂ

T T
=-3 log(27) — 3 log(za)?

= (3, 0000000

9 goou

1. 00: 0000

0000000 21, 2o, -+
0000o0O0o0ooO

00000 B, F, - O

tlim F=F

O0o0oooOoOoO0OD00O000 21,2z, ---0 FOOO
00 (convergence in distribution) 000000

2.0000000

() 0000000
{zr: T=1,2,.-} 000000000000
0000000000 oooooooodeze O
0 00000 (convergence in probability) O O
good

Tlim Prob(jzr — 0] <€) =1,

Oddb0edO0nDOooOOoonooOoO
000000 60 2z OOOOO (probability

limit) 00 OO
plim zp =6,
oooooooo

(b) 9 00O0DODOD ¢ 0000000000000
00 ODO0CDOO0ODOO0ODO,0 AODODOODO
O (conmsistent estimator) 00 0000000

3. Chebyshev 0O O OO
¢g(X)>000000

E(g(X))

Prob(g(X) > k) < ’

23

000000 X00000g(X) =

ooooooOd0orkbOODOOOOO
gono

g(X)> k000 U=10g¢(X)<kODO0 U=00
000000 UO0000000000000000
0oo

g(X) > kU
goooooooooooooao

B(9(X)) > FE(U)

OO0O0DOEW)DO0000

E(U) =1 x Prob(g(X) > k) + 0 x Prob(g(X) < k)
=P(g(X) > k)

googod
E(g9(X)) > kProb(g(X) > k)

ooo

E(g(X))

Prob(g(X) > k) < ’

good

(X = p)(X =)0
E(X)=p0Var(X)=x 000000
tr(X)

Prob((X — )/ (X —p) 2 k) <

gooobooooo

gboooboooodg



5. 00

0000 X;~ (u,0%),i=1,2,---,T
0000 X0 p0000000000
ooo

Chebyshev 00000000000
9(X)=(X —p3* =k

T
Oo000000T —ooOOOO
R 0‘2
P(‘Xfﬂ‘ze)gﬁ*)()

gogoooobob ebbogd
TlgnooP(|X—u|<e):1

.oono

xp 0 yp 0O0O0O0OOO

plim zpr =c¢, plimypr =d 0000
ooooo

(a) plim (zr +yr)=c+d
(

)
b) plim zryr = cd
(¢) plim @7 /yr =¢/d, 000 0d #0
(d) plim g(zr) = g(c), 000 Dg() 00O0ODOO

ooo

= Slutsky’s Theorem

. Lidberg-Levy Central Limit Theorem

21, T9, -,z 00000000, ~ (pX) 0000
00000 (independent and identically distributed,
id)pooooo

=) — N@.3)
t=1

. Central Limit Theorem (Greenberg and Webster
(1983))

ggoo
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10.

11.

12.

13.

14.

x1, T2, - xp 00000000 ~ (X)) 000
000000000

=Y (w—) — NO.)

agood
1 T
good

.00: 6000000000000 VT(Or—6)0

N(0,£) 0000000000000000006,0
0000 N(4,x/T)0000000

00: 003000000000000087 0 con-
sistent uniformly asymptotically normal O 0 0O 0O O
oooo

(a) 6 0000000

(b) VT(67 —6) 0 N(0,X) 0000000

() 00DOO0OO

o0: §T 0 6p O consistent, uniformly, asymp-
totically normal 000000000 X/7,Q/T 00
0000000QN-X000000000 (positive

semidefinite) 00 0008, 006, 00000000
000 (asymptotically efficient) O 0O 0O O

oo:
totically normal estimator O 0 0 0 O asymptotically

0000000 consistent, uniformly, asymp-

efficient 0000000 consistent, uniformly, asymp-
totically normal estimator 00 0000 (asymptoti-
cally efficient) 00000000

asymptotically efficient 00000000

consistent, uniformly, asymptotically normal estima-
tor 0000000000000 D00O0O00O0OOOO
go0oO0O0o0oO0oO0o0OO00O0O0O0O0O0O0O0O0O0O0O0O0

21,29, op 00000 f(2;0) 0000000
00006 0 # 00000DD0O000O0O0ODOO
0000 (regularity conditions) 000006y O
¢ 00000D00000VT@ -6 0O00D0O00

NOJimwil o000
()



15. Regularity Conditions 0 0 00O

(a) 2, 0000 AOO00D00DO

(b) f(;¢) 00 0000000000 30000
000000000000000000

16. 0000000000000

(i) consistentO
(ii) asymptotically normall

(iil) asymptotically efficient,
ooogo

17. Slutsky’s Theorem

f0 900000000000000000Og(d)0
¢g(/) J0D00000O0O0OUDOO0OO0OOg O well-defined
continuous function 0 0 0O 0O

18. 0000000 (Invariance of Maximum Likeli-
hood Estimation)

é\laé\%"'vé\km 917927"
uoo

L6, 0000000000

] = 011(91,92,~",9k), Q2 = 052(01;027"’79/6)3 T
ap = ag(b1,62,---,0,) 0000 10 10000000
000O0Oay, ag, -, o 0000000 & =
041(01;027"’7916)3 aQ = a2(01792a"'70k)a T

o(01,05,--+,6,) 0000

° ap =

10 OOO0Ooobbboooooood
0d

1. TO0000D0000OO00O0000bOO00On 3T:
(X’X)"'X’y 0000000000 7TOOO0O0OOO
goooo B\TIZI fgoO0000D00O000DODOOOO

2.00000000000

1
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T

gbooooog
opoooo

1
fX,U — 0
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gooooad
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0000000000 (Chebyshev’s inequality) O 0O
O00g(z)>000000

E(g(x))
Prob(g(m) > k:) < ’

OOoooooOd0kDO0ODOOOOO

1
DDDDx:ﬁTX%

O00Oyg(x)=220000000000000000
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1 1
E((T ’u)/TX’u)

1
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(d) Central Limit Theorem (Greenberg and Web-

1
3. —X'X — My,
T ster (1983) 0000000

oood
1 — 1
1 -1 —1 — ) zur=—=X"u
2
000 0 = Slutsky’s Theorem — N(0,0"Mzy)
(*) Slutsky’s Theorem oooo
~ ~ -1
f—90000g0) — g(6) 000D VTG - :<1fo> Ly
G-9=7 B
4. 0O0oOoOoooo 0000
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— 1 ! -1 1 /
=6+ (X' X)) (X u) D000= 00000000000000
oooooooo w 000000000000 0O0O
BT — B+M_! %0
—3 11 O0oO0o0dd
5. 0000000000000 (()ODooooooo () 11.1 Dood
0ooooooo (i) 000 0000 Errors in Variables
6. Asymptotic Normality of OLSE 1. 00o0oooo
(a) Central Limit Theorem: Greenberg and y=Xf+u

Webster (1983)

21,29, 2p JO00O00O0O00OOO0O0O pOODO % o ooooooooo
OooOopoooooooo

T
== — NO.D)

X=X+V

V. 000000000 (Measurement Errors)

0Dooo
LT 3. X00000000000000000V 0000
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0000 400000000000

z 0OOOOOOOOOOOOOOODbOO
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1 =B+ (X' X)X (u—Vp)
=¢? lim =X'X
T—o0 T
=0 M, 5.000

26



() XO0OOOOOOOO X0000000000 0000w, 0?0 2,0000000000
ooo

1
1 ~ Q = plim (TV’V>
plim (X'V) =0
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Instrumental Variable (IV)
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1 . .
3. fZ'u s M.,=0000000 XO00OOOOO Central Limit Theorem 000000

1
Z0OOooooo —Z'u — N(0,0°M..)

T
ooo z ooooo VT
good
Z2y=2'XB+Z'u ) 1
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O0ooooo 7To0000d0pimO0O0O0O T vT
— N(0,0*M_ M, M., ™)
. 1 / _ . 1 /
plim (TZ y> = plim (TZ X) I) 0000
1
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1 6. Central Limit Theorem: Greenberg and Webster
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oooo
Brv
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11.3 20000000
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1
2. TZIU — M,,=0000000 X0O0O0O0O0OO
000000

3. Z=X0OO0OOOOOOOOOOOXO X0O000

000 (Coow)oUooooooooooooooo

0oooo
X=WB+V

00oBOOOOO
X=WB

000000O0O0B=WW)'w'X 0000
0oooo

X=WWWwW)"'wW'x
00000 ZOOOOOOO
4. 000000

Brv = (X'X)'X'y
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googono

Brv
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X'WWw)"'w’'x
= X'WWW) 'WWWWwW) 'w'x
X'X

12 00000
12.1 Wald, LM, LR 000

0: Kx1
h(0) : G x 1 vector function, G < K
0: Kx1
The null hypothesis Hy : h(6) =0
0* : k x 1, restricted maximum likelihood estimate
0 kx 1, unrestricted maximum likelihood estimate
I(0) : K x K, information matrix
0%log L(6

IM)Z_E( awwf))
log L(0) : log-likelihood function
_ oh(0) G x K

-
_ OlogL(9)
Q—T.KX].

(b) $00000000000000000000

V?@—G)—H<N<th<ﬁ?>4>

@ —0) —ejvﬁxgwn‘ﬁ
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(d)

~

M@ 0oooo
n@) — N (0, R5(1(6) " RS)
x* 00000000

n@)(Rs(16) ' Ry) H@) — $*(@)

-~

ooooI(d) — I 000 (0000000
0 O O convergence in probability)O

hO)(R5(19))
agood

-1

TRE) ) — X(©O)

2. Lagrange Multiplier 0 0O : LM = F). (I(H*))_1 Fy-

(a)

h@)=000000000

max log L(#), subject to h(f) =0
ooooogooo

L =log L(#) + Ah(6)

gboooboooo

9L _ 9dlog L(6) n )\ah(ﬂ)
o0 0 06

oL

S5 =h®)=0

dlog L(6)
90

. (61025(0)) o

v (20 __p (PO _

=0

gboooobgon

00 06006’
o000

ooooooo

0log L(0)
a0
good

Odlog L(0) —10log L(0) 9
—g UO)  —g— — X(@)

coooopooooooooobooges — 46
gooo

— N(0,1(9))

Fp (1(67) ' Fpr — X2(G)

oood

30

. Likelihood Ratio 0 0: LR = —2logA — x*(G)

A= 2O
L(®)

For proof, see Theil (1971, p.396).

All of W, LM and LR are asymptotically distributed
as x?(@G) random variables under the null hypothesis

. Under some comditions, we have W > LR > LM.

See Engle (1981) “Wald, Likelihood and Lagrange
Multiplier Tests in Econometrics,” Chap. 13 in
Handbook of Econometrics, Vol.2, Grilliches and In-
triligator eds, North-Holland.

12.2 OO0O0O0OooOoOOd

oo

1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984
1985
1986
1987
1988
1989
1990
1991

000000 (cons99.txt)
5430.1 6135.0 18.1
5974.2 6828.4 18.3
6686.3 7619.5 19.0
7169.7 8153.3 19.1
8019.3 9274.3 19.7
9234.9 10776.5 20.5

10836.2 12869.4 21.8
12430.8 14701.4 23.2
14506.6 17042.7 24.9
16674.9 19709.9 26.0
18820.5 22337.4 27.8
21680.6 25514.5 29.0
24914.0 29012.6 30.1
28452.7 34233.6 31.6
32705.2 39486.3 32.9
37784.1 45913.2 35.2
42571.6 51944.3 37.5
49124.1 60245.4 39.7
59366.1 74924.8 44.1
71782.1 93833.2 53.3
83591.1 108712.8 59.4
94443.7 123540.9 65.2

105397.8 135318.4 70.1

115960.3 147244.2 73.5

127600.9 157071.1 76.0

138585.0 169931.5 81.6

147103.4 181349.2 85.4

157994.0 190611.5 87.7

166631.6 199587.8 89.5

175383.4 209451.9 91.8

185335.1 220655.6 93.9

193069.6 229938.8 94.8

202072.8 235924.0 95.3

212939.9 247159.7 95.8

227122.2 263940.5 97.7

243035.7 280133.0 100.0

255531.8 297512.9 102.5



1992 265701.6 309256.6 104.5
1993 272075.3 317021.6 105.9
1994 279538.7 325655.7 106.7
1995 283245.4 331967.5 106.2
1996 291458.5 340619.1 106.0
1997 298475.2 345522.7 107.3

goooOooOoOoooooooOoOo (looo)yooood
000 (1000) 00000000 ooO0ooo0o (1990 O

=100)
PROGRAM

freq a;
smpl 1955 1997;

lyd=log(ryd);

olsq rcons c ryd;
arl rcons c ryd;
olsq rcons c lyd;

e
= O WO ~NO U WN -

=
w N

a3=1.15;

=
SIS

arl
end;
EXECUTION

-
o

3k >k 3k >k 3k ok 3k 3k 3k 3k ok 3k ok 3k ok >k k >k 3k >k 3k ok 3k 5k >k 3k ok 3k ok 3k ok >k ok >k 3k >k 3k ok 3k %k >k 5k >k 3k %k k%

read(file=’cons99.txt’) year cons yd price;
rcons=cons/ (price/100) ;
ryd=yd/(price/100);

param al 0 a2 0 a3 1;
frml eq rcons=al+a2*((ryd**a3)-1.)/a3;
1sq(t0l=0.00001,maxit=100) eq;

rryd=((ryd**a3)-1.)/a3;
rcons c rryd;

>k 3k >k >k 3k >k 3k >k 3k >k >k >k >k 3k >k 3k >k 3k >k >k k >k 3k >k 3k >k 5k >k >k 5k >k 3k >k 3k >k >k >k >k 5k >k 3k >k 3k >k >k %k >k %k >k %k %k >k %

Equation

Method of estimation =

Dependent variable: RCONS
Current sample:
Number of observations: 43

1955 to 1997

Ordinary Least Squares

Mean of dependent variable = 146270.
Std. dev. of dependent var. = 79317.2
Sum of squared residuals = .129697E+10
Variance of residuals = .316335E+08
Std. error of regression = 5624.36
R-squared = .995092
Adjusted R-squared = .994972
Durbin-Watson statistic = .115101
F-statistic (zero slopes) = 8311.90
Schwarz Bayes. Info. Crit. = 17.3970
Log of likelihood function = -431.289
Estimated Standard
Variable Coefficient Error t-statistic
C -2919.54 1847 .55 -1.58022
RYD .852879 .935486E-02 91.1696
Equation 2

FIRST-ORDER SERIAL CORRELATION OF THE ERROR

MAXIMUM LIKELIHOOD ITERATIVE TECHNIQUE

31

CONVERGENCE ACHIEVED AFTER 7 ITERATIONS

Dependent variable: RCONS
Current sample: 1955 to 1997

Number of observations: 43

(Statistics based on transformed data)

Mean of dependent variable = 13685.2
Std. dev. of dependent var. = 5495.11
Sum of squared residuals = .145807E+09
Variance of residuals = .355627E+07
Std. error of regression = 1885.81
R-squared = .885040
Adjusted R-squared = .882236
Durbin-Watson statistic = 1.38750
Rho (autocorrelation coef.) = .945024
Standard error of rho = .040839
t-statistic for rho = 23.1405
F-statistic (zero slopes) = 315.621
Log of likelihood function = -385.419
(Statistics based on original data)
Mean of dependent variable = 146270.
Std. dev. of dependent var. = 79317.2
Sum of squared residuals = .145826E+09
Variance of residuals = .355672E+07
Std. error of regression = 1885.93
R-squared = .999480
Adjusted R-squared = .999467
Durbin-Watson statistic = 1.38714
Estimated Standard
Variable Coefficient Error t-statistic
C 1672.37 5919.24 .282531
RYD .840011 .025263 33.2501

Equation 3

Method of estimation = Ordinary Least Squares
Dependent variable: RCONS

Current sample: 1955 to 1997

Number of observations: 43

Mean of dependent variable = 146270.
Std. dev. of dependent var. = 79317.2
Sum of squared residuals = .256040E+11
Variance of residuals = .624487E+09
Std. error of regression = 24989.7
R-squared = .903100
Adjusted R-squared = .900737
Durbin-Watson statistic = .029725
F-statistic (zero slopes) = 382.117
Schwarz Bayes. Info. Crit. = 20.3798
Log of likelihood function = -495.418
Estimated Standard
Variable Coefficient Error t-statistic
C -.115228E+07 66538.5 -17.3175
LYD 109305. 5591.69 19.5478

NONLINEAR LEAST SQUARES




EQUATIONS: EQ

CONVERGENCE ACHIEVED AFTER 72 ITERATIONS

Log of Likelihood Function = -414.362
Number of Observations = 43
Standard
Parameter Estimate Error t-statistic
Al 16544 .5 2615.60 6.32530
A2 .063304 .024133 2.62307
A3 1.21694 .031705 38.3839

Standard Errors computed from quadratic form of
analytic first derivatives (Gauss)

Dependent variable: RCONS

Mean of dependent variable = 146270.

Std. dev. of dependent var. = 79317.2
Sum of squared residuals = .590213E+09
Variance of residuals = .147553E+08

Std. error of regression = 3841.27

R-squared = .997766

Adjusted R-squared = .997655

Durbin-Watson statistic = .253234

Equation 4

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
MAXIMUM LIKELIHOOD ITERATIVE TECHNIQUE
CONVERGENCE ACHIEVED AFTER 5 ITERATIONS

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

(Statistics based on transformed data)
Mean of dependent variable = 23312.9
Std. dev. of dependent var. = 10432.7
Sum of squared residuals = .137718E+09
Variance of residuals = .335899E+07
Std. error of regression = 1832.75
R-squared = .970084
Adjusted R-squared = .969354
Durbin-Watson statistic = 1.44365
Rho (autocorrelation coef.) = .876923
Standard error of rho = .066300
t-statistic for rho = 13.2266
F-statistic (zero slopes) = 1319.94
Log of likelihood function = -383.807
(Statistics based on original data)
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Adjusted R-squared = .999457
Durbin-Watson statistic = 1.43657

Estimated Standard

32

Variable Coefficient Error

RRYD .140723

RYD} =

t-statistic
12034.8 3315.11 3.63029
.275670E-02 51.0476

3k 5k 3k >k 3k >k 3k >k 5k 3k >k 3k 5k 3k >k 3k >k >k 3k >k 3k >k 3k >k 3k %k >k 3k >k 3k >k 3k >k 5k >k >k %k >k 3k >k 3k %k >k %k >k %k >k %k %k %k %k >k k

. Equation 1 vs. Equation 2

gooooood

Equation 2 [0

RCONS; = 31 + B2RYD; + uy,

up = pup_1 + €, € ~ iid N(0,07)

Hy: p=0
0000 MLE = Equation 1
0000 MLE = Equation 2
oooooo

log L(B, 02, p)
T T 1
= — 5 log(2m) — 5 log(0?) + 5 log(1 — p?)

T

1

~5.3 > "(RCONS; — 1CONST; — 3,RYD; )
t=1

(Ll V]

oooooooo

. /1 — p?RCONS,, t=10000
RCONS! =
RCONS, — pRCONS;_1, t=2,3,---,T
. V1—p?, t=10000
CONST; =
1—p, t=2,3,---, 70000
V1= p?RYD,, t=10000
RYD, — pRYD,_;, t=2,3,---, 70000
oooQ

e p=000000 MLE (Equation 1)

max log L(3, 02, 0)

B,o?

000000000 = 3, 52

Log of likelihood function = -431.289



e p=000000 MLE (Equation 2) e ¢3=100000 MLE (Equation 1)

max log L(, 0627p) Log of likelihood function = -431.289

0.2
Proce a3 =1 00000 MLE (NONLINEAR LEAST
000000000 = 3,62, 5 SQUARES)
Log of likelihood function = -385.419 Log of likelihood function = -414.362
0000000000 0000000000
—2log(\) —2log(A)
L(3.52,0) ::472<47431.28947 07414;362))
= —2log | —=—"—
L(3,52,7p) = 33.854

=2 (log L(5,52,0) ~ log L(3,5%, )
:A72(44312894—(7385419)
—91.74

0000 -2log(\) ~x2(1)0000chi?(1) 000 1
%00 6.6350000

N—

33.854 > 6.635

ptotbbbdoonoood 0000e3=1000000000

“21og(N) ~ X2(G) 00000000000000000

3. Equation 3 vs. NONLINEAR LEAST SQUARES
oooo0GoOoO0O0O0000
0D00000 (00000000)0
O0000G=10000-2log(\) ~x2(1) 0000 .
NONLINEAR LEAST SQUARE
chi*(1) 000 1% 00 66350000 0 R LEAST SQUARES
RCONS 1+ 2RYD?3’1 +
=a a2——+u
91.74 > 6.635 t a3 ¢
00000ae3=00000
O000p=0000000000

000000000000000000000000 RCONS; = al + a2log(RYD;) + uy
. Equation 1 vs. NONLINEAR LEAST SQUARES O0ODEquation 30000000000
000000 (DO0O000)O Hy: a3=00000(G=1)
NONLINEAR LEAST SQUARES [0 [J e 03=000000 MLE (Equation 3)

RYD%3 _ 1 Log of likelihood function = -495.418

RCONSt::a14_a2444f2?447*_ut ea3 = 000000 MLE (NONLINEAR LEAST

oooooo SQUARES)
WB—10000 Log of likelihood function = -414.362

DO000o0oO0ooon
RCONS; = (al — a2) 4+ a2RYD; + u,

—2log(\)
0000Equation 1 0000000000 :_d_mmu&w—m4%m)
Hy: a3=10000(G=1) =162.112

33



0000 —2log(\) ~x*(1) D0O0D0chi?(1) 000 1 13 00000
%00 6.6350000
0000

162.112 > 6.635 o= o+ By +

0000e3=0000000000 000000002, 000000y 000000, 00
Siaiaiaialiaisiatalatalaisiaialalalals 0D000000000000000 (000000000

00)000MO0000000000000000 w,
- Equation 1 vs. Equation 4 ug, -, up 000000000000 0O0O0O 020000
00000000 (00)000000 oooooo

uboobabooboboboobobaoboooan
(000D0z)0000U00OO0OO00O0O0OOWw, 0000000

Equation 4 U

RYD$3 — 1 2,2
RCONS, — al + a2 2t —1 000 022 00000000000000000000
a3 , 00000000y =a+8s+w 0000000000
up = pui-y F e e o iid N(0,0c) 0000000000000000000
1
Hy: a3=1, p=0 %:a——s—ﬁﬂ—l—%
Zt Zt Zt Zt

0000 MLE = Equation 1 1 Tt "
=a—+8— +tuy
0000 MLE = Equation 4 A

0) 00000000000 «»; 00000000 02000

000 (0000OD000000)D
PROGRAM 0 13015000000¢3 000 0.01 OO )
0000000000000 0e3=1.15000000 EWD:E(W):(>EWQ:O
Z. y4
0000000000000 ’ !

v, 000 E(w)=000000000
gbooooobooo

2
*\ & _ l 2
—210g()\) V(Ut) o V (Zt> - <Zt) V(Ut) =%
:—4ﬂwmwfc%%&m) v, 000 V(w)=02,200000000000
1
=94.964 oooo?, -, 2 gpoooooooDOooOOOOOnO
Zt Rt Zt

0000000000
0000-2log(A) ~x3(2) 0000chi2(2) 000 1

#00 92100000 000000000000
94.964 > 9.210 07 = vz + &

0000040000 30000000000 (000 ¢
00)0

dbb0e3=100 p=00000000O0O
gbdooboobooboooboobobogboon

z 00O0O0DDO00OD0DO00000D0O000000w 000
0000000 o227 00000000 2 00000

1 U
&:ai_;’_ﬁ_Fl
Tt Tt Tt

]' *

=a—+0+uy

Tt

34



gooooooOoOopOoooooOoOooDooOooooo
00000 (boU0o0ooO0)DooUoooooUoooo

1. Y = 43 + uy, uy ~ N(0,07)
ol 0 0
O 2
a0 = 2
0
0 0 o2
o2 0 0\ '
0 o3
: 0
0 0 J%
1 1
el 0 s 0
o1 01
1 1
O - -
— g9 g2
| 9 ;
0 0o — 0 0o —
or ar
2. Y = 243 + uy, uy ~ N(0,07),

Uf = (Ztoé)2
Oo0oOoooon
T
L= —5 log(27) — log(z:cx)
1 XT: (yt - mtﬂ)Q
2 P 20"
3. yt:]}tﬁ—FUt, utNN(O,af),
o? = o*(xB)P
4. yt:xtﬂ—i—ut, ’LLtNN(O,O'E),

o7 = exp(za)

5. ARCH (autoregressive conditional heteroscedastic-
ity) 000
yt:xtﬂ"_uta utNN(an—?),

2 2
0y = Qo+ oquy_q

O000ayg>0,a1 >0

35

14 0O0OOO

DW OOOO0O 0000000000000000 ug,
us, -, ur 000000000000000000O000
000000000000 (bW)000000000000
D0000w 0w, 0000000000000000
DOoooooo

— 0000000000000

ui, us, -, up 000000000000 000CO0+ +
4+----4++4---++40000000000000000
D00000000000000000000wu, us, -,
wr 000000000000000004-4-+-+-+
000000000000000000000u, ug, -
wr 0000000000000

000 wy, ug, -+ u 00 wyy 0000000000=
Oui,ue, -, ur 0000000000000000C0O0O
0DooQ

00000000000 00000000000

Yy = o+ By + uy,
Ut = pUt—1 + €,
O0OO00Hy: p=0,H,: p#A0000000000

OO0¢€, €, -, e 0000000000
0000000000000 000000000

S (T — Tp1)?
T ~
Et:l “?

pwoooooooooooooooo

DW =

T ~ o~
DWW — P utfl)2

YOHRRT
_ Zthz u; — 2 23:2 Uplly—1 + 23:2 ay
POHRRT
_ 23T - (@4 TR) D, Tl
Z?:l ag Zthl a?
~2(1-7),

oo 200000000004
~2 ~2
ul—’_uT,\_,O7

—— R
Zt:lu%

ZtT:Q Uil

T o~ ~9
thz ui_y +up

23:2 Uglly—1

L =
Zt:l U%




S Ty

r ot UL
thz “%—1

b

=p

0000070 @0 4, 00000000 0us = pug—1+
¢ 00000w, w_, 00000 4,4, 0000000
p0000 p00000

1. DW OO0 2000000000000 (J=000
00DW ~ 2)0

2.DWw Q0 2000000000000000000¢0
goooo

3. 0w 0O 20000000000000000000
goooo

gooooooooOoob0 rTooooodo kbOooo
gogb 1002000000

0100 200K 0000000000000O000O0
goooon

040 ODO0ODOOO

Ut \,

36

gs0 o0o0ooan

uboooboooooooboobo oooo

Y, = a+ BX; + g,
U = pUt—1 + €,
0000000 ooobo0oboOdde, e, -~ ep 00000

ooooo
v, 0000000

(Vi = pYio1) = a(l = p) + B(X; — pXi1) + &,

oooo

Yy = (Y= pYioa),

Xy = (Xt — pXi1)

oooooooooo

Y=o +6X] + ¢,

Uobo00ob0od0000e, e, -, e 00000000
0000000000000 000UoOo0oooOge =
a(l—-p)000000OO0O0OOOOOOO
gooooobooog

Y = 81 X1 + BoXop + -+ B Xt + g,
Uy = PpUr—1 + €,

U0b0O0000O00b00000Oe, e,
ooooo

e 00000



0 1. 0000000000000 5% 0000000

WK =1
A B C D E
TOoOoODOO0O0oo0oo|o0 oo (oo Oo|bobo oa

0 dijdl dudu4—dud—dud—did—dl 4 02:00000000000005%0000000
15[ 0 1.08]1.081.36/1.36 2.64 | 2.64 292 (292 4
20/ 0 1.20{1.201.41|1.41 2.59 | 2.59 2.80 |2.80 4 = =9 =3 [ — P =5
25| 0 1.29|1.29 1.45(1.45 2.55 | 2.55 2.71 |2.71 4 T dl du dl du dl du dl du dl du
300 0 1.35]1.351.49]1.49 2.51 | 2.51 2.65|2.65 4 15[1.08 1.36]0.95 1.54]0.82 1.75]0.69 1.97[0.56 2.21
16]1.10 1.37]0.98 1.54|0.86 1.73]0.74 1.93]0.62 2.15
(2) K =2 17/1.13 1.38(1.02 1.54|0.90 1.71]0.78 1.90|0.67 2.10
A B C D E 18(1.16 1.39|1.05 1.53[0.93 1.69|0.82 1.87|0.71 2.06
TooDOooooo0oo@pooD 00 |00 00|00 o0 19/1.18 1.40|1.08 1.53]0.97 1.68]0.86 1.85[0.75 2.02
0 di|dl du|du 4—dufd—dud—d4—d 4 20(1.20 1.41(1.10 1.54[1.00 1.68/0.90 1.83|0.79 1.99
15 0 0.95[0.95 1.54|1.54 2.46 | 2.46 3.05|3.05 4 21[1.22 1.42|1.13 1.54|1.03 1.67|0.93 1.81|0.83 1.96
20| 0 1.10({1.10 1.54|{1.54 2.46 | 2.46 2.90 [ 2.90 4 22/1.24 1.43|1.15 1.54|1.05 1.66|0.96 1.80|0.86 1.94
25 0 1.21|1.21 1.55[1.55 2.45 | 2.45 2.79 | 2.79 4 23(1.26 1.44|1.17 1.54|1.08 1.66/0.99 1.79]0.90 1.92
30| 0 1.28|1.28 1.57|1.57 2.43 | 2.43 2.72 | 2.72 4 24(1.27 1.45|1.19 1.55[1.10 1.66|1.01 1.78(0.93 1.90
25(1.29 1.45(1.21 1.55|1.12 1.66|1.04 1.77]0.95 1.89
3k =3 26(1.30 1.46|1.22 1.55|1.14 1.65|1.06 1.76|0.98 1.88
A B C D E 2711.32 1.47|1.24 1.56|1.16 1.65|1.08 1.76|1.01 1.86
TOODOD|DOOO|I00 OO |00 OO0 |00 OO 28/1.33 1.48|1.26 1.56|1.18 1.65|1.10 1.75(1.03 1.85

0 di|dl du|du 4—dud—dud—dlid—dl 4 29|1.34 1.48]1.27 1.56|1.20 1.65|1.12 1.74|1.05 1.84
0 0.82]0.821.75|1.75 2.25 | 2.25 2.25|3.18 4 301135 1.49|1.28 1.57|1.21 1.65|1.14 1.74|1.07 1.83
20 0 1.00]/1.00 1.68(1.68 2.32 | 2.32 2.32|3.00 4 31(1.36 1.50(1.30 1.57|1.23 1.65|1.16 1.74]1.09 1.83
0 4
0 4

1.12(1.12 1.66|1.66 2.34 | 2.34 2.34 | 2.88 32(1.37 1.50|1.31 1.57|1.24 1.65|1.18 1.73|1.11 1.82

30 1.21]1.21 1.65|1.65 2.35 | 2.35 2.35 | 2.79 331138 1.51|1.32 1.58|1.26 1.65|1.19 1.73|1.13 1.81
3411.39 1.51|1.33 1.58|1.27 1.65|1.21 1.73|1.15 1.81

(4) K =4 35|1.40 1.52|1.34 1.58|1.28 1.65|1.22 1.73|1.16 1.80
A B C D E 36|1.41 1.52|1.35 1.59|1.29 1.65|1.24 1.73|1.18 1.80
Toooopooopo oo (oo OO0 (oo oo 371142 1.53|1.36 1.59|1.31 1.66|1.25 1.72|1.19 1.80
0 di|dl du|du 4—dud—dud—dlid—dl 4 38|1.43 1.54|1.37 1.59|1.32 1.66|1.26 1.72|1.21 1.79

15/ 0 0.69|0.69 1.97(1.97 2.03 | 2.03 3.31 |3.31 4 391143 1.54|1.38 1.60|1.33 1.66|1.27 1.72|1.22 1.79
20/ 0 0.90/0.90 1.83|1.83 2.17 | 2.17 3.10| 3.10 4 401144 1.54|1.39 1.60|1.34 1.66|1.29 1.72|1.23 1.79
25 0 1.04/1.04 1.77|1.77 2.23 | 2.23 2.96 | 2.96 4 451148 1.57|1.43 1.62|1.38 1.67|1.34 1.72|1.29 1.78
300 0 1.14/1.141.74|]1.74 2.26 | 2.26 2.86|2.86 4 50(1.50 1.59|1.46 1.63|1.42 1.67|1.38 1.72|1.34 1.77
55|1.53 1.60|1.49 1.64|1.45 1.68|1.41 1.72|1.38 1.77

(5) k' =5 60|1.55 1.62|1.51 1.65|1.48 1.69|1.44 1.73|1.41 1.77
A B C D E 65|1.57 1.63|1.54 1.66|1.50 1.70|1.47 1.73|1.44 1.77
TIOODDOODDODOOIOO OO0 |oO0 OO loo oo 70(11.58 1.64|1.55 1.67[1.52 1.70|1.49 1.74|1.46 1.77
0 di|d duldu 4—duld —dud—dil4—dl 4 7511.60 1.65|1.57 1.68|1.54 1.71|1.51 1.74|1.49 1.77

151 0 0.56/0.562.21 — — | 221 344344 4 80|1.61 1.66|1.59 1.69|1.56 1.72|1.53 1.74|1.51 1.77
200 0 0.79/0.79 1.99/1.99 2.01 | 2.01 3.21 321 4 85(1.62 1.67|1.60 1.70|1.57 1.72|1.55 1.75|1.52 1.77
25/ 0 0.95/0.951.89/1.89 2.11 | 2.11 3.0513.05 4 90(1.63 1.68|1.61 1.70|1.59 1.73|1.57 1.75]1.54 1.78
30l 0 1.07/1.07 1.83/1.83 2.17 | 2.17 293|293 4 95|1.64 1.69|1.62 1.71|1.60 1.73|1.58 1.75|1.56 1.78

100|1.65 1.69|1.63 1.72|1.61 1.74|1.59 1.76|1.57 1.78

A:00000000
B:O000O0OOO0ODOOOOOO
c:oooooo

b: 000000000000
E:00000000

37



w, 0000000 () 0OO

(Y — pYio1) = B1( X1t — pX1.4-1) Yi =1 X1e + foXop + -+ Bu X + us,

+ Bo( X1y — pXo4_1) 00000000000, 4y, --- ar 00000
4+ (i) 00O
+ Br(X1t — pXk,i—1) + €, U = puy_1 + €,

ooon 00000000000p00000

Yy = (Y — pYio1), (i) 00000000000000

X7 = (Xue — pXa 1), Yy = (Y, — pYi_1),

X5 = (Xt = pXae—), Xi, = (Xu — pX1.-1),

v X5 = (Xot — pXap_1),
Xlzt = (th - PXk,t—l)

gbooogobooon

<

Xip = (Xt — pXke-1)

Yy = X3+ B Xy + -+ Be Xy + e oooooooooo
0000000000 0e, e, e 000000000 V=B X1+ aXo + -+ Be Xy + e,
0000000000000000000 000000B, B, -+, B 00000
p000000O00 (v) 0000
1. 0000000000000000000p=100 G =Y — BuX1s — BoXor — -+ — BuXus,
0000

00w 0000000

Y = 01Xy + B Xoy + -+ B Xy + e, Uy = py—1 + €,
Oo0oooooooooo ﬁDDDDD

ooooooooooooyy =Y, —Ye, Xiy =
' t ' ! (v) (i) O (iv)0OODOoOOOooooo

Xy —Xygpo1, o Xy = Xy — Xpp 0000

. — JO000o0o0ooooo
2. DWW O0O0Q0oo DW@?(lfp)DDDDDDDD
DW OO p0000 5000000 (iV)DDDDDﬁDDDDDDDHO:pZODDD
~ 000000000 == Wald OO
Y = (Y — pYio1),
" ~ l. J000O0O0O0ooooooooooo
Xt = (X1 — pX1,4-1),

X3 = (Xot — pXa 1), Yo = TS+ U, U = PUz_1 + €,

o e ~ iid N(0,02)
X;t = (th - ﬁXk,t—l)

oboooooboooon 2. w, 00000000

1 p2 e pT_l
Yy =B X+ BoXgy + -+ B Xy + e, p 1 p - pr2
O'2Q:O'2 p2 p
gobooogooooog
. 000o0obooooood pr=t pr=2 ... p 1

38



1 b Ty O)

... T72
P Ly P 1.z, 0 vwO0OODOOODOOODOOODODO 200
P’ p 1 00 0000000000000000D00000
: : R w=y_1 00000002, 00 v OOOO0ODOO
pt=t pf=2 ... »p 1 oooooo
—p 0 0
o 142 —p Yy = a+ Bry + Yy + Uy,
=10 —p . .0 D000y 00000000
e o, B 1
= (7
0 0 —p 1 Yt 1—~ 1—~ 1_715’
1—p%2 0 ! 3
—p 0 DDDDTj;Dxﬂ]%DDDDDDDDDDDD
= 0 —p 1 : ooog
5 0 oooo
0 0 —p 1
=2 0 0 0 1. 000000000000000000000000
i 1 0 0 000000000000000000000000
0 . 0000000000000000000000000
X J—
. p 000000000000000dOdOoOoooooo
: 0 0oQ
0 0 —p 1
2.y 02 000000000000000000CO0
ﬁzlfez Ody 0y, 0000000000y, 0 2,00
P ooooooo
3.ull eDOOD — 0000000D0oo0ooon
1-p> 0 0 0 y . 3.0W OD0D0000D00000 (0D00)0ooooo
1 1
—p L0 0 ) . 0000000000000 000000O00 (0O
0 —p 1 : I 00)00000D0000ODW O 20000000
: 0 ' ' 00000000000000000000000
ur €T
0 e 0 —p 1 — 00000ARODOODOODO
4 00000000000000 ROO00DDO0O0DOOODOOOD
() DODO0O0OO0OO0 (DO00D0000000 h=5 ] T -
O0000000D000AODOO) I=Ts>
(b) Hy: p=0000 (LM, LR, W) TOOOO (0000)0s;0 700000050
“—zéﬁ%@iﬂﬂADDDDDDDDDDDD
00000000 00000000 D0O000O0000 p= ST a2 Ut
t=2 “t—1

gooooooooo
Yy = o+ By + yyr—1 + ug,

000000w =puw_1+e 000000000H,:

gboooobooobooboboooooobo p=0000000000 Hy: p£0000000

39



o0 Hy: p=000000000 TOOODOODO 2. 000000000000 (including irrelevant vari-
o000r0O0O000O0DODOOOOODOOOOO able) DO OOO

gooooo
y=X1681+u
(a) |h| > 24/, 00000000 100 % O Hy OO

goaag goooo

(b) |h| < 24/, 00000000 100% 0 Hy OO

oooo y=X101+ XoB2+u

= (X, X2)<gl>+u

U000z, 00O 0OOOOOOOOODO 100><% 2

% 0000000 =XB+u

(a) B=(B;,3,) 0 OLSE O

15 0oOgoo B=(X'X)"'X"y
0000000000 (omitting relevant variables) O O = (X' X)X (X151 +u)
00000000000 (including irrelevant variable) L (XX)IX (X <51> )
0
y:Xlﬁl—’_XQ/BQ—'—ua _ (ﬂl>—|—(X/X)_1X/U
0

ﬁllk’lxl, ﬁgingl ~
(b) 00000000

) 2
0000000 By, Be,s20000 E(B):(%)

y=X101+u
v (¢ DODODOOOO

0000000 6, 020000 ~
g V(B) = (X' X)?

v @ _ X|X; X)X\
By XiX, XX,

() 000000

1. 0000000000 (omitting relevant variables)
gooon

y=X161+ X262 +u

ooooo A B\t (x v
B D - \y" Z
y=X16+u
X,Y,Zz0O0oOoOoooooo
(a) B, O OLSE O X—(A_BD ')
B = (X1X1) "' X1y — A '+ A'B(D— BA'B)" !B A
= (X{Xl)—lX{(X1ﬁ1 + Xof2 +u) Y= —(A- BDilB/)ilBDfl

=01+ (X1X1) 7' X Xo By + (X1 X1) ' X{u C _ATB(D— B AR

E(57) = 1 + (X1 X1) 7' X1 Xo 0 Z=(D-B'A'B)"!
£ B =D '+ D 'B(A-BD'B)'BD!

40



ggogn

B2=0 B2 # 0
00000 | B2=0| Bf, 0*2, efficient and unbiased B, o*2, biased
HoH B2 #0 ﬁl, //6\2, 52, unbiased but inefficient 31, Bg, 52, efficient and unbiased
(e)Blljlj[l[l[l U 2 0000000 0000
V(1) = o?(X1 X1 — X1 Xo(X5Xo) 1 X5 X7) ™ 2 (O (@1 — Tor) (w2 — Tpa))
£ 02X X)) Qi@ —7n)?) O (w2 — Ti2)?)
V(3)-V(g)0OD00ooooo _ (Z,2nze)”
(Br) = V(57) (o) (2 7%)

(f) 4 000000000000000
000000 Ty =T, =00000

16 00000 V() = o (' x)
9 Zt x%l Zt TyTo\
1. 00000 y=XB+u, u~N(0,62) 0000 T\ e Y, ad

gbooobooobooobooobooooboooooooon

R ( STH Do T ) B
11 X1z v Tk PIFEDE Zt )
T21 X222 - T2k = 5
X = > 2t (Zt $t2) (>, wowe2)
Tr1 Try - X7k v ( DT =D 1 T T2 )
> xtlxt2 > xh
0ooooo B

C(Ceeh) (Zt v3) (1—12)
Ty T2 T1k y ( Sk =Y, a:tla:ﬂ)

T21 T22 Tak =2 Te T2 Do 37%1
a1 . +a2 . +...+ak . :0
’ ’ ’ doodooooOoOooooooooooo
rT1 TT2 LTk
~ 0'2
3 = V(B1) = 2 2
0000 ai, a2, -+, a 000DDO0D00R = >, 23) (1—12)
(X'X)"1X'y0 (X'X)"' 0000000 QD000
X'XO000oOooOoooooooooooo)o 5 o?
) V(B) =

(o) (1=72)
2. 000000000000000000000000

goooboobooooboboboboboogn good

gboooobooooogd
4. 74y 0 2, 000000000000000O00OOr —

3. 20000000 10000V(B3) — oodV(3) — co 00000
0000¢t000000000= 00000000
Y = 20151 + Teofa + up,  ug ~ iidN (0, 02) 0000000000000000000000

41



5, 000000DOCOOU0O0O0OORIdge0DODODODODO
goooboobobooboboboooboboban
ubtoil0=000b00o0o0goboooo

6. Ridge 0O O

B=(X'X)"' Xy

= (Q'AQ) X"y
D0DDADOO0ODODDO0000000000
000QODO0000000000000000000

0000000000 (X'X)"'0000000000
0000X'XO000000O0ooooooooooo

oooooooooooo A>o0ooood

Br=(Q(A+2)Q) ' X'y
= (X'X+QAQ) ' Xy
=(X'X+R)'Xy
0000X'X0O0OoOooX'X+ROOODOODODOO
O0000000ooooooooo
Ridge 00 0O00DO0ODOODOOOO

17 OO40Ogd

171 00000000

1. 000 (stationarity) :

0000000 yi,ye,---,yr 0000

() 00000
E(y:) =
E(ye — 1) (ye—r — p) = y(7),
7=0,1,2,-
(by 00000

Sy, O r00000o0ogooog
L y,) 0000

Yt15 Ytay

f(ytu Ytoy ~ -
f(yt17yt27.'.7ytr)

= Yty Ytatrs " Ytytr)

42

2.0000000
gbooooOoboooooobooon

3. 00000000
E(y: — 1) (ye—r — p) = (1),

=012,

5. 0000000000000000000 (0000
oooo) o

50 = 5 Y - W r )
t=7+1

A

0= 50

6. 00000 (Lag Operator) O

LTyt:yt—Ta T:1727"'

7. 0000 (Innovation Form) O

vn,Yy2,,yr 00000 (DO0O0)00OO00O0OO

ogoooooo
L(ylmyQa”'7yT)

- yT'nyla'"ayl>L<yT717"'ayl)

L(
Lyrlyr—1,---,v1)
L(

X L(yr—1lyr—2,-- - y1)L(yr—2,- -, y1)

T
= L(yl) HL(yt|yt—1a t ayl)

t=2



ggbgooboaoboan

IOgL(yl,y% e 7Z~/T)

T
=log L(y1) + > _ log L(yelys—1,- -+, 1)
t=2

0oog
log L(y¢|ys—1,---,y1) OO
E(ytlytfla e 791)D

V(yelye—1, - v1)
0000000Ooog

172 AR OO0

AR 00 0O: Autoregressive Model

1. AR(p)
Yt = P1Ys—1 + PaYs—2 + -+ + Ppyi—p + &
gooooooooooo
L)y = €
good
H(L)=1—¢1L — poL? — - — ¢, LP

ggodg

2. 0000¢(x)=00 pU00O000O0O 100000
oo

3. 00000000

v 0y, 000000000 ¢, 000000 g1,
Yk 000000000000 3 O y_p O
0O00000O00000O000

$11 = p(1)
L p(1) $21\ ([ p(1)
(P(l) 1 ) (¢2,2> B (P(z))
L p(1) p(2) ®3,1 p(1)
p(l) 1 p(1) || d32 | =] r(2)
p(2) p(1) 1 ¢33 p(3)

43

1 p(1) p(k—2) p(k—1)
p(1) 1 p(k—=3) p(k—2)
pk—=1) p(k—2) p(1) 1
v
y h _ p(2
Ok k1 .
b p(k)
¢ 00000000000000000000
1 p(1) p(k —2) p(1)
p(k = 3) p(2)

p(k=1) p(k=2)--- p(1) 1

CAR() 000 gy =dye1 +e 00000

(a) DODO0O000 ¢a)=1—¢z=000 z=
1/, 0 10000000000000 ¢; <1
oooDooo

(b) AR(1) DODOOTOODOOOOO
Yt = P1Yt—1 + €
= ¢1Yi—2 + € + P11
=3y 3+ e+ drer_1 + dler o

=@iys tetdre1+ o+ Tesi

OO00O0OsO0ODOO0OO0O0OO00000 e 0nooo
gboooobobooooooooo

(¢) DODO0OOO y=1y4—1 + € O
Yr =€+ Prer—1 + Pler_o + -

00000000000 (AROOOO MAOO)
O



(d) AR(1) 000000

E(ye)

E(et + drei—1 + ¢%€t72 + )

E(er) + ¢1E(e-1) + ¢1E(ep2) + -
0

I

(e) AR(1) D0ODOODODOOOO0

Yt = 1Yt
+e+ i1+ -0 + ¢Iil€t77+1

gboooboobooog

(PTyt—r + € + P1E4-1

+ o+ ¢Iil€t77+1)yt77)
= ¢‘{E(yt—7yt—7) + E(Etyt—‘r)
+ 0 E(e—1yp—r) + -+
+ ¢‘{71E(6t77+1yt77)
= ¢17(0)
goooooooooooooooao
v(7)
(=22
7(0)
=¢7
oooo
DDDAR(l)DDDDDDD w00 oogg
ooOooonOoo
E(yyi—r) = 01E(ye—1y¢—7) + E(e:ye—r)
p1y(r—1)+o% (r=0000)
O000~(r) =y(—7) 000000 7=00
ooo
7(0) = ¢17(1) + 0?
= ¢717(0) + o
oo0Oooooooono
2
7(0)

o g
1-¢2

44

goooaoo

(f) AR(1) 00000000000

P11 = p(1) = ¢1
1 p(1) ‘
) p(D) p()| _ p(2)—p(1) _
. ‘ L p() ‘ 1—p(1)?
p(1) 1

(g) AR(1) 0000000

i good

log L(yr,---,y1)
T

=log L(y1) + Y _log L(yelye—1, -+, 1)

t=1

1 2
e (‘202/@ - as%)yl)
L(ye|ye—1,-- 1)

1 1 ,
= exp (_M(yt — $1Yi-1) )

V2ro?
oood
alOgL(yT7"'7y1)
Oo?
T1 1 ,

202 204/(1 — 37"



ii.

, Z
TZ — $1y-1)> =0
t=2

Olog L(yr,--+,41)
091
¢1 ¢1 2

BEr AR

T
1
T2 E (Yt — ¢1Y1-1)yt-1 =0
t=2

000000000 ¢1,020000000
0000000000000

T
5% = % ((1 — $)yi + Z(yt - 51%—1)2)
=2

T
51 _ thg YtYt—1
- T
Zt:2 yt2—1

+ (51(0%— 1_¢2>/Zyt 1

0o0o0o00 (OLS)
T

S(¢1) = (vt — drye-1)°

t=2
oo0oDooOooD oo 00oooobooo

1
_ ZZ;Q Yt—1Yt
ZtT:Q i
ZtTZQ Yt—1€¢
23:2 Yi

= ¢1+
=P

ZtTZQ(thl + ¢rei—3+ a3+ )&
_l’_

Z;T:g(etfl + prei—2 + Pple_g+ )2
— ¢
E((e-1+ dr&o+ dle 3+ ---)er)
E(ei_1 + ¢prer—2 + d3er—3 + -+ -)?

= ¢
OLSE D000000ooobooooga
gooooooood

Y1 = €1+ Pr&—o + Ple_g + -

E((ei—1 + ¢re0—2 + btz + - er) =0

1 X
fzytzfl -

(et + Prer—1 + ¢%6t—2 + - ')2

N~
M- 1

=E(e + dr1er1 + ¢%€t72 + - ‘)2
a?
1— o7
iii. $ 000000000
Y&, t=1,2,---.7, 000000000
000000 ¢2/(1-¢2 000000000
00000000000
(1/T) Sy ye-1ee
od/(1—¢})/NT
oDoooo
1 « ol
7T ;yt—m — N(0, 1_7¢2)

1

— N(0,1)

goo
T

1 9 o?
?;ytq — E(y-1) = -4

oooooo
VT(61 — ¢1)
_ (1/\/T) Zthl Yt—1€¢
(1/T) 32 v
— N(Oa 1- (b%)

oood
iv. 0000000

A. 000000
0000 #y, 22, e 0000000
000 000 200000007 =
(1T, 000000000
T—p
o/NT
B. 0000 2,y 00000y 00000
0000000z0000000000
00000002y 00000000
oooo

— N(0,1)

y — N(po?), =z — c
goog

zy — N(p,c20?)
oooo

(h) AR(1) +drift: ys = pp+ drye—1 + &

g

A(L)y = p+ &



0000 ¢o(L)y=1-¢, L0000 googan

Y = (L) u+ (L) e Y(0) = ¢1v(1) + ¢2v(2) + 0°
0000 (1) = ¢17(0) + d2y(1)
7(2) = ¢17(1) + ¢27(0)
E(y:) = ¢(L) '+ ¢(L) 'E(er) oooooooon
=o(1)"'p 1_ 2 9
== 7(O):(H?) of =7
1— o 2 2)? — ¢1
oooQ
5. AR(2) 000 y; = 1ye—1 + paye—2+€6 00000 () 7=000007(0) = ¢1y(1)+¢2y(2)+02 000
() 00000000 ¢(z) =1—¢12— 2’ =00 ~(0) = o?
2000 (000)0000000 100000 1= ¢1p(1) — ¢2p(2)
oooooo oooQ
b))  (I—dL -6l =« (f)oooo
p(x)=0000 1/oq, 1/, 00000 OAR(2) log L(yr,---,y1)
0000 = log L(y2,y1)
T
(1= L)1 = exl)yr = & + Y log L{wilye—1,-++,11)
t=3
000000000000 000
1
M 0= al)(1—asl)“ L(ll/myl) 1
o), Zenflon - = 7 e (g (7))
- (Oqﬁgflhl?z)F ai/fi;QLa2)> “ vam 1 ew {5 w) Yo
(¢) AR(2) 000000 M?wAwnwi
J= By) = oo exp <_W(yt — O1Yi—1 — ¢2yt—2)2>
= E(¢(L)e,) 0ooo
= 1 ¢1/(1 — b2)
- - |
O 4,0 - g) 1
(d) AR(2) 0000000000 (g) AR(2) +drift: yr = p+ d1ye—1 + dovi—o + €
A(7) oo
=E(y — p)(ys—r — 1) O(L)ye = p+ €
= E(ytyi—r) 0000 ¢(L)=1-¢1L—¢L? 0000
= E( O1Y1—1 + PaYr—2 + €1) Y- T) ye=d(L) '+ (L) e
= 01 EYi—1Yi—r) + O2E(Yr—2yi—-) ooogog
T Elegi—) Elye) = 6(L) ™"+ $(L) " E(er)
¢1'Y T_l +¢27( 2)7 (T#O O DD) :¢(1)71
H1y(T — 1) + gy (T —2) + 02, _ jz
(r=0000) 1— 61 — éo

46



6. AR(p) 000 y = pripp—1+Pale—2+ - +Opli—p+e oooQ
ooooo T

~ 1 5N .
W) =7 (ye — 1) (ye—r — 1)
(a) AR(p) DODODOO t=T+1
o pir) = 1)
7(0) = 7(0)
1—¢1p(1) = - — ¢pp(p)
oooo
(b) AR(p) 00O DOODO:
ooooo: (C) AR(;’) +drift: yr = p 4+ dr1yi—1 + P2yr—2 +
' Yiep + €
min  (y—1yi—1—b2l—2— - —DpYr—p)? rr
b1, Pp o0
JoHs (L) = i+ €
log L(yr, -+, y1) 0000 §(L)=1—¢1L— ¢oL? — - — pLP
= log L(yp, Y2, 91) oooo
T
+ Z log L(yelyt—1, -+, y1) ye = (L) 'u+ o(L) e
t=p+1
oooo
gooo
I ) E(y) = (L)' + ¢(L) " Eer)
Ypy Y2,y _
1p 1/2 1 = ¢(1) IM
=—=|VI~ _ ©
27 =1 —¢2— -+ — ¢
Y1
) " (d) AR(p) 000DD0DDO0OOO0O k=p+
-1
X €Xp *i(ylyz"'yp)v : Lp+2,---00000 ¢pp=00

" AR(1), AR(2) 00000000000

L(ytlye—1,--+,91)
1

o exp(fi 17.3 MA OOO
V2102 202

(Y —P1Y1—1 — P2yi—2

— = Oplip )2) MA 000 (Moveing Average Model)
oood 1. MA( q)
000000000 (Yule=Walker) 00O
O1Yt—1 + P2yt2+ - +Opyspt+e =y, 00 Y =€+ O1et-1 + 020+ -+ + 04614
00 yee1, Y12, - —p 1000000000
O00000ooO A(0)oooo 0ooo0oo0ooooon
1 p(1) plp—=2) plp—1)
1 1 -3 -2
p(1) | p@' ) Mp' ) ye = O(L)e;
plp=1) pp—=2) -+ p(1) 1 oooo
” A1)
¢2 ’\(2) 9
SN R O(L) =1+ 01L + 0oL + - +0,L7
$p—1 ~
b pp) 0000

47



2.0000000(x)=1+6x+6022+ -+ +0,27=0
0¢U0O00O (D0O0)000O0 10000000

AR(o0)00D0OUOO0OUO0ODOOOOODODUODOO
goooo

3. MA(].) ogdo Y = €t + 916t,1
() MA(1) 0000000

E(yt) = E(Et —+ 916,5_1)
= E(Gt) + 91E(6t,1)

(b) MA(1) 00DOD0O0O0O00000

ef + 201 €161 + 9%6%_1)
€;) + 201E (e 1) + O7E (e ;)
= (1 +6%)0?

(1) = E(ysy-1)
=E(e + bre—1)(€r—1 + bre1—2)

= 010’2

7(2) = E(yty:—2)
=FE(e; + 01et—1)(€r—2 + b1e1—3)

=0
goooo
0,
(r=1000
o) = 107 )
0, (r=2,3,---000)
gooo
MA(l)DDDDDDD
1 1
S <p1)< =
5 Spl)=3
oooo

() 00DDOO00DO0
€ = —Oi1e—1 + Yy
(—91)2&72 +yr + (—01)y—1
= (=01)¢_3+ye + (=01)yi—1 + (—01)%ys_2

= (=01)%€—s + Y + (—01)ye—1 + (—01)*ys—2
o (0 T ey o

(=01)*¢_s — 0O0O00O0MA(1)0D0OOO
0000 AR(o0) 00000000

Y = —(=01)yi—1 — (—01)%ys—o — -+

—(—91)t_5+1yt75+1 — ot

(d) DooDo
00000000 ~(0) = (1 +63)0%04(1) =
6000000 700000 y(r)=00000

O0y1,y2,-,yr 000000
Sy, y2, - yr)
= (27$T/2|V|_1/2 exp (—;Y’V‘lY)
good
Y1
y=| "1,
yr
1+62 60, 0 e 0
0, 1+62 6 :
V = o2 0 0, 0
: ' 1+607 0
0 e 0 6 1462
oooo

4. MA(l) +drift: yp = p+ € + 01601
oo

yr = p+0(L)e
0000 6(L)=1+6,L 00000000

E(y:) = p+ 0(L)E(er)
=pu

5. MA(Z) 000 ys =€ + 0141 + 02619

48



(a) MA(2) 0O0DOOOOO0O0O0O0O00O

(1462 +63)0% (r=0)

_ (91 + 9192)02 (T = 1)

() = 202 (r=2)
0 (0Do0o)

(b) 6(z) =00 20000 -1/, —1/B, 0000
0000000000 6,3, 000000 10
D00000000000000000MA(2)
00000000000000

=€+ 01601 + O2e4_2

(1+61L+62L%)e;
=1+ L)1+ B2L)e

MA(2) 0000 AR(o00) 00D
1

(14 L)1+ B2L

_ (ﬁl/(ﬁl —B)  Ba/(Br— ﬁ2)> ”

Yt

€ —

)yt

1+ 5L 1+ Bl
(C) ooooa
V =o?
1+9§+9§ 01+ 6162 02 0
01+ 6102 1+0602+02 01 +0616,
02 014 60102 02
. 1467 +05 6140610,
0 62 01+ 6102  1+67 4063

(d) MA(2) +drift: y; = p+ € + 01611 + O2€:2
gad

yr = p+0(L)e
0000 6(L)=1+6,L+6,L> 00000000
E(y:) = p+ 0(L)E(er)
=H
6. MA(q) OO0 ys = e, +01€i—1+b2e_o+ - +04e1_4
(a) MA(¢)DOODODOOO

E(y:)
=E(e; +b1e—1 + Orer—o+ - -
=0

+ 0q€t—q)

49

(b) MA(¢) 0ODOOOOOOOO

02000 + 01011+ -+ +0,-.0,),
’Y(T): T:LQ,"';(L

OaT:q+1aQ+2a"'7
ooooo

q—T

2

g 9i97+i77—:1727"'7q
y(7) = Z%

Oa TZQ+17q+27

oo0od 6p=10000
MA(q)DDDDDDD
MA( q) +drift: yp = p+ € + 01641 + G242 +
. —|—9q6t,q
oo
Yo = p+0(L)e

0000 0(L)=1+6,L+6:L>+ ---
0ooooooo

+0,L

E(y:) = p+ 0(L)E(e:)
=

good

174 ARMA OO0

ARMA 0O 0O0: Autoregressive Moving Average Model

1. ARMA( p,q)
Yt = P1Ye—1 + P2Yr—2+ - + OpYi—p
+e+Oie—1 +Oxep o+ -0 0464

obooooooboooogn

O(L)yr = 0(L)e

2.00000
Yyoooooooo viooooo

3. ARMA(l,l) ooo: yt:¢1yt,1+€t+916t,1
gooobbobbogo



y U000 OooDoOo0o0ooooooon
E(y:) = ¢1E(yi—1) + E(er) + 01E(e;-1)

ooooobono 2,30000000oooog
E(y:) =0

oood

goboobooooooobob .., 00000O000
ogooog

E(yiyi—r) = 01E(Ws—1ye—+)
+ E(etyr—r) + 1 E(e—191—7)

oo

7‘:2’37...

000000 20000004(0),4(1) 0000000

(o T)Go)
9 1+ 01601 + %
-7 ( th >

202( —@>1<1+¢w1+%)
—-¢1 1 01
1 ¢1)(1+¢191+9%>
o1 1 01

1+ 2¢160; + 63 )
(14 ¢161)(¢1 + 61)

(V)
R

50

gboaboooboogbgooaboad

(1+ ¢161)(é1 +601)
1+ 20160, + 62

p(1) =
ooooooo

p(1) = ¢1p(T — 1)

gooood

17.5 ARIMA OO0

ARIMA O0O0O: Autoregressive Integrated Moving Aver-
age Model

1. ARIMA( p,d,q)
H(L) A%, = (L)
oooao

Ay, = A1 - L)y,
= Ay — Ay
:(1—L)dyt, d=1,2,---

Aoyt =

2. ARMA( p,q) +drift: y = p+ ¢r1ye—1 + daye—2 +

o Qpyt—p t et e+ 0260+ o0 +0g6—g
oo

O(L)ye = p+ 0(L)er
0000 (L) =1 — ¢ L — ¢poL? — — ¢, L0

O(L)=1+6L+6:L>+ --- +6,L90000
ye = ¢(L) "+ ¢(L) " 0(L)ey
oooo

E(ye) = (L) '+ ¢(L) '0(L)E(e;)
=o(1) " 'p
I

T

_¢p



17.6 SARIMA O0O0O
SARIMA O 0O0O: Seasonal ARIMA Model
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IDENT RC

Date: 4-30-1995 / Time: 17:03

SMPL range: 1955.1 - 1994.1

Number of observations: 157

ARIMA OO0OOOOO

Autocorrelations Partial Autocorrelations ac pac
| | skt sk sk ok sk sk ook ok kKoK | | *kskkkkkkkkkkk| 1 0.970 0.970
| | kokokkk ko kokokok | | *. | 2 0.947 0.096
| | sokskokokkkkkokkk | | *x | 3 0.934 0.168
| [kt kokkk ok kx k| | #kx | 4 0.932 0.244
| | kkskokokkkkokkkk | s,okskokkk |, | 5 0.902 -0.427
| | kokkkkkkkkokok | | *. | 6 0.879 0.094
| | sokskokokkkkkokk | | *. | 7 0.864 0.085
| | kokokokkkkkkkk | | *. | 8 0.861 0.073
| | kkskokokkkkokkk | ook | | 9 0.830 -0.280
| | skook sk sk ok ok ok ok ok ok | | *. | 10 0.805 0.084
| | skook sk ok sk sk ok ok ok ok | | *. | 11 0.790 0.062
| | skt sk sk ok sk sk K ok ok | | | 12 0.786 0.022
| | skook sk sk sk ok ok ok ok ok | *x| | 13 0.755 -0.181
| | ok ko ko KKk | | *. | 14 0.730 0.072
| | ok ko kK Kk | | | 15 0.714 0.026
| | skookok ok sk ok ok ok | | | 16 0.708 -0.018
| | skookok sk ok ok ok ok ok | *k | | 17 0.677 -0.127
| | kK ko kK x | | *. | 18 0.652 0.068
| | skookokok sk k kK | | | 19 0.636 0.038
| | skookokok ok kK ok | | | 20 0.631 -0.019
Box-Pierce Q-Stat 2046.36 Prob 0.0000 SE of Correlations 0.080

Ljung-Box Q-Stat 2201.64

Prob  0.0000

DC=RC-RC (-1)
IDENT DC

Date: 4-30-1995 / Time: 17:03

SMPL range: 1955.2 - 1994.1

52



Number of observations: 156

Autocorrelations Partial Autocorrelations ac pac
| *kokokk | | *okokkk | | 1 -0.367 -0.367
| *xk | | Fxkk kK | | 2 -0.250 -0.444
| sokskokk | | skokskoskokskokkskok ok | | 3 -0.351 -0.931
| | kskokkokkokkokkk | | s,k sk ok sk ok k | 4 0.957 0.543
| *kokokk | | [ *. | 5 -0.358 0.079
| *okok | | | *. | 6 -0.239 0.097
| *Kok ok | | * | | 7 -0.346 -0.118
| | sokskokokkkkkokkk | | *x | 8 0.934 0.134
| *okokok ok | | | | 9 -0.352 0.027
| *okok | | | | 10 -0.229 0.035
| KAk | | | | 11 -0.336 0.024
| | kskokskkokkokokkokk | x| | 12 0.904 -0.053
| Kok | | | | 13 -0.344 -0.019
| *okok | | | . | 14 -0.219 -0.025
| okokok | | | % | 156 -0.320 0.120
| [ ok skokkrokkx | [ *. | 16 0.874 0.060
| Hokokok | | | | 17 -0.342 -0.011
| *okk | | | | 18 -0.209 -0.027
| KAk | | x| | 19 -0.309 -0.066
| | kkskokokkskokokkk | *ok | | 20 0.840 -0.152
Box-Pierce Q-Stat 860.27 Prob 0.0000 SE of Correlations 0.080
Ljung-Box Q-Stat 938.60 Prob  0.0000
SDC=DC-DC (-4)
IDENT SDC
Date: 4-30-1995 / Time: 17:04
SMPL range: 1956.2 - 1994.1
Number of observations: 152

Autocorrelations Partial Autocorrelations ac pac
| *okk | | *oHk | | 1 -0.253 -0.253
| | | x| | 2 -0.024 -0.094
| L | | % | 3 0.273 0.261
| ook Kok kKoK | | ook Kok kk | | 4 -0.504 -0.428
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I I*. I ok | | 5 0.051 -0.164
I I*. | I | 6 0.069 -0.023
| *k| | L | 7 -0.145 0.088
| S | *ok | | 8 0.092 -0.168
I I | ok | | 9 -0.043 -0.177
I | | ¥ | 10 -0.077 -0.100
| . | S| | 11 -0.017 -0.087
| | . | | | 12 0.027 -0.033
| [ *. | | * | 13 0.106 0.077
| . | S| | 14 -0.023 -0.064
| [*. | | | 15 0.078 -0.034
| | . | | | 16 0.007 -0.009
| k| | | *. | 17 -0.078 0.051
| S | S| | 18 -0.003 -0.096
| k| | *ok | | 19 -0.077 -0.136
I I | | | 20 -0.014 -0.046
Box-Pierce Q-Stat 71.21 Prob 0.0000 SE of Correlations 0.081
Ljung-Box Q-Stat 74.39 Prob  0.0000
LS // Dependent Variable is SDC
Date: 4-30-1995 / Time: 17:04
SMPL range: 1956.2 - 1994.1
Number of observations: 152
Convergence achieved after 7 iterations
VARIABLE COEFFICIENT STD. ERROR T-STAT. 2-TAIL SIG.
MA (4) -0.5167656 0.0701419 -7.3674287 0.0000
R-squared 0.268649 Mean of dependent var 7.066744
Adjusted R-squared 0.268649 S.D. of dependent var 571.0115
S.E. of regression 488.3237 Sum of squared resid 36007470
Log likelihood -1156.206 Durbin-Watson stat 2.464279

IDENT RESID
Date: 4-30-1995 / Time: 17:04
SMPL range: 1956.2 - 1994.1
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Number of observations: 152

Autocorrelations Partial Autocorrelations ac pac

*%k | %k | -0.236 -0.236
-0.033 -0.094
0.150 0.127
-0.099 -0.037
.063 -0.090
0.014 -0.051
-0.117 -0.123
0.103 0.068
-0.047 -0.024
.105 -0.109
.052 -0.165
0.107 0.058
0.047 0.133
.083 -0.047
0.028 -0.063
0.095 0.040
.103 -0.037
.031 -0.056
.091 -0.151

.092 0.038

x|

| %%

© 0 N O O b W N -
|
o

-
o
|
o

S = T e e T = =
© 0 N OO O P> w N
| |
o O O (@]

*
*
*
N -
o [
|
o o

Box-Pierce Q-Stat 29.16 Prob 0.0847 SE of Correlations 0.081
Ljung-Box Q-Stat 31.17 Prob 0.0530

LS // Dependent Variable is SDC
Date: 4-30-1995 / Time: 17:04
SMPL range: 1956.2 - 1994.1
Number of observations: 152

Convergence achieved after 7 iteratioms

VARIABLE COEFFICIENT STD. ERROR T-STAT. 2-TAIL SIG.

MA(1) -0.3092160 0.0608381 -5.0826070 0.0000
MA(4) -0.5727303 0.0605915 -9.4523260 0.0000

R-squared 0.339172 Mean of dependent var 7.066744
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Adjusted R-squared 0.334767 S.D. of dependent var 571.0115

S.E. of regression 465.7274 Sum of squared resid 32535304
Log likelihood -1148.499 F-statistic 76.98805
Durbin-Watson stat 1.937266 Prob (F-statistic) 0.000000

IDENT RESID
Date: 4-30-1995 / Time: 17:05
SMPL range: 1956.2 - 1994.1

Number of observations: 152

Autocorrelations Partial Autocorrelations ac pac

.022 0.022
.006 0.006
.133 0.133
-0.061 -0.068
.028 0.031
-0.001 -0.021
-0.081 -0.065
0.088 0.083
-0.021 -0.021
.121 -0.106
.046 -0.072
0.092 0.122
0.077 0.098
.069 -0.084
0.017 -0.000
0.055 0.041
.087 -0.083
.073 -0.081
19 -0.090 -0.072
20 0.050 0.072

o O O

© 0 N O O > W N =
o

L = T = S S G SN
~N O Ok WN =
| | |
o o o

*
*
*
- =
oo o
| |
o o

Box-Pierce Q-Stat 15.23 Prob 0.7628 SE of Correlations 0.081
Ljung-Box Q-Stat 16.64 Prob 0.6764
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19 GMM (Generalized Mothod of

Moments)

1. 000 (Method of Moments):
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(Generalized Mothod of Moments,
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20 OOoooood
1. 0000000 (Panel Data)

2. Discrete Dependent Variable, Limited Dependent
Variable

3. SUR (Seemingly Unrelated Regression model)
4. 00000 (Simultaneous Equation)
5. 00000 (Bayesian Estimation)

6. 00000000000 (Nonparametric Regression)

68



