
Example: χ2(1) Distribution: Define Y = X2, where X ∼
N(0, 1). Then, Y ∼ χ2(1).

proof:

fy(y) =
1

2
√

y

(
fx(
√

y) + fx(−√y)
)

=
1√
2π

y−1/2 exp
(
−1

2
y
)

which is χ2(1) distribution, where

fx(x) =
1√
2π

exp
(
−1

2
x2
)

fx(
√

y) = fx(−√y) =
1√
2π

exp
(
−1

2
y
)
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Note that the χ2(n) distribution is:

fx(x) =
1

2
n
2Γ( n

2
)
x

n
2−1 exp(− x

2
), x > 0,

where Γ( n
2
) =
√
π
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4.2 Multivariate Cases

Bivariate Case: Let fxy(x, y) be a joint probability density

function of X and Y . Let X = ψ1(U,V) and Y = ψ2(U,V)

be a one-to-one transformation from (X,Y) to (U,V). Then,

we obtain a joint probability density function of U and V ,

denoted by fuv(u, v), as follows:

fuv(u, v) = |J| fxy

(
ψ1(u, v), ψ2(u, v)

)
,
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where J is called the Jacobian of the transformation, which

is defined as:

J =

∣∣∣∣∣∣∣∣∣∣

∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣∣∣∣
.
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Multivariate Case: Let fx(x1, x2, · · · , xn) be a joint proba-

bility density function of X1, X2, · · · Xn. Suppose that a one-

to-one transformation from (X1, X2, · · · , Xn) to (Y1,Y2, · · · , Yn)

is given by:

X1 = ψ1(Y1, Y2, · · · ,Yn),

X2 = ψ2(Y1, Y2, · · · ,Yn),

...

Xn = ψn(Y1, Y2, · · · ,Yn).
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Then, we obtain a joint probability density function of Y1,

Y2, · · ·, Yn, denoted by fy(y1, y2, · · · , yn), as follows:

fy(y1, y2, · · · , yn)

= |J| fx

(
ψ1(y1, · · · , yn), ψ2(y1, · · · , yn), · · · , ψn(y1, · · · , yn)

)
,
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where J is called the Jacobian of the transformation, which

is defined as:

J =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x1

∂y1

∂x1

∂y2

· · · ∂x1

∂yn

∂x2

∂y1

∂x2

∂y2

· · · ∂x2

∂yn

...
...
. . .

...

∂xn

∂y1

∂xn

∂y2

· · · ∂xn

∂yn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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Example: Normal Distribution: X ∼ N(μ1, σ
2
1) and Y ∼

N(μ2, σ
2
2). X is independent of Y .

Then, X + Y ∼ N(μ1 + μ2, σ
2
1 + σ

2
2)

Proof:

The density functions of X and Y are:

fx(x) =
1√

2πσ2
1

exp

(
− 1

2σ2
1

(x − μ1)2

)

fy(y) =
1√

2πσ2
2

exp

(
− 1

2σ2
2

(y − μ2)2

)
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The joint density of X and Y is:

fxy(x, y) = fx(x) fy(y)

=
1

2πσ1σ2

exp

(
− 1

2σ2
1

(x − μ1)2 − 1

2σ2
2

(y − μ2)2

)

Define U = X+Y and V = Y . We obtain the joint distribution

of U and V .

Using X = U − V and Y = V , the Jacobian is:

J =

∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
1 −1

0 1

∣∣∣∣∣∣ = 1
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The joint density function of U and V , fuv(u, v), is given by:

fuv(u, v) = |J| fxy(u − v, v)

=
1

2πσ1σ2

exp

(
− 1

2σ2
1

(u − v − μ1)2 − 1

2σ2
2

(v − μ2)2

)

The marginal density function of U is:

fu(u) =

∫
fuv(u, v)dv

=

∫
1

2πσ1σ2

exp
(
− 1

2σ2
1

(u − v − μ1)2 − 1

2σ2
2

(v − μ2)2
)
dv
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=

∫
1

2πσ1σ2

exp

(
− 1

2σ2
1

((v − μ2) − (u − μ1 − μ2))2

− 1

2σ2
2

(v − μ2)2

)
dv

=

∫
1

2πσ1σ2

exp

(
− 1

2/(1/σ2
1
+ 1/σ2

2
)
((v − μ2)

− σ2
2

σ2
1
+ σ2

2

(u − μ1 − μ2))2 − 1

2(σ2
1
+ σ2

2
)
(u − μ1 − μ2)2

)
dv
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=

∫
1√

2π/(1/σ2
1
+ 1/σ2

2
)

× exp

(
− 1

2/(1/σ2
1
+ 1/σ2

2
)
((v − μ2) − σ2

2

σ2
1
+ σ2

2

(u − μ1 − μ2))2

)

× 1√
2π(σ2

1
+ σ2

2
)

exp

(
− 1

2(σ2
1
+ σ2

2
)
(u − μ1 − μ2)2

)
dv
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=

∫
1√

2π/(1/σ2
1
+ 1/σ2

2
)

× exp

(
− 1

2/(1/σ2
1
+ 1/σ2

2
)
((v − μ2)

− σ2
2

σ2
1
+ σ2

2

(u − μ1 − μ2))2

)
dv

× 1√
2π(σ2

1
+ σ2

2
)

exp

(
− 1

2(σ2
1
+ σ2

2
)
(u − μ1 − μ2)2

)

=
1√

2π(σ2
1
+ σ2

2
)

exp

(
− 1

2(σ2
1
+ σ2

2
)
(u − μ1 − μ2)2

)
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Example: χ2 Distribution: X ∼ χ2(n) and Y ∼ χ2(m).

X is independent of Y .

Then, X + Y ∼ χ2(n + m).

Proof:

The density functions of X and Y are:

fx(x) =
1

2
n
2Γ( n

2
)
x

n
2−1 exp(− x

2
), x > 0

fy(y) =
1

2
m
2 Γ(m

2
)
y

m
2 −1 exp(−y

2
), y > 0

162

The joint density function of X and Y is:

fxy(x, y) = fx(x) fy(y)

=
1

2
n
2Γ( n

2
)
x

n
2−1 exp(− x

2
)

1

2
m
2 Γ(m

2
)
y

m
2 −1 exp(−y

2
)

= Cx
n
2−1y

m
2 −1 exp(− x + y

2
)

where C =
1

2
n+m

2 Γ( n
2
)Γ(m

2
)
.

From X = U − V and Y = V , the Jacobian is:

J =

∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
1 −1

0 1

∣∣∣∣∣∣ = 1
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The joint density function of U and V , fuv(u, v), is given by:

fuv(u, v) = |J| fxy(u − v, v)

= C(u − v)
n
2−1v

m
2 −1 exp(−u

2
)

The marginal density function of U is:

fu(u) =

∫
fuv(u, v)dv

= C exp(−u
2

)

∫ ∞

0

(u − v)
n
2−1v

m
2 −1dv

= C exp(−u
2

)

∫ ∞

0

(u − uw)
n
2−1(uw)

m
2 −1udw
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= Cu
n+m

2 −1 exp(−u
2

)

∫ 1

0

(1 − w)
n
2−1w

m
2 −1dw

= CB(
n
2
,

m
2

)u
n+m

2 −1 exp(−u
2

)

=
1

2
n+m

2 Γ( n
2
)Γ(m

2
)

Γ( n
2
)Γ(m

2
)

Γ(n+m
2

)
u

n+m
2 −1 exp(−u

2
)

=
1

2
n+m

2 Γ( n+m
2

)
u

n+m
2 −1 exp(−u

2
)

Beta function B(n,m) is:

B(n,m) =

∫ ∞

0

(1 − x)n−1xm−1dx =
Γ(n)Γ(m)

Γ(n + m)
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Example: t Distribution: X ∼ N(0, 1) and Y ∼ χ2(n).

X is independent of Y .

Then, U =
X√
Y/n
∼ t(n)

Note that the density function of t(n) is:

fu(x) =
Γ(n+1

2
)

Γ( n
2
)

1√
nπ

(
1 +

x2

n

)− n+1
2

166



Proof: The density functions of X and Y are:

fx(x) =
1√
2π

exp(−1

2
x2), −∞ < x < ∞

fy(y) =
1

2
n
2Γ( n

2
)
y

n
2−1 exp(−y

2
), y > 0

The joint density functions of X and Y , fxy(x, y), is:

fxy(x, y) = fx(x) fy(y)

=
1√
2π

exp(−1

2
x2)

1

2
n
2Γ( n

2
)
y

n
2−1 exp(−y

2
)

=
1√
2π

1

2
n
2Γ(n

2
)
y

n
2−1 exp(−y

2
− 1

2
x2)
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From X = U

√
V
n

and Y = V , the Jacobian is:

J =

∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
√

v
n

u
2
√

nv
0 1

∣∣∣∣∣∣ =
√

v
n

The joint density function of U and V , fuv(u, v), is:

fuv(u, v) = |J| fxy(u
√

v
n
, v)

=

√
v
n

1√
2π

exp(−1

2

u2v
n

)
1

2
n
2Γ(n

2
)
v

n
2−1 exp(−v

2
)

= Cv
n−1

2 exp

(
− v

2
(1 +

u2

n
)

)
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where C =
1√
n

1√
π

1

2
n+1

2 Γ( n
2
)
.

The marginal density function of U is:

fu(u) =

∫
fuv(u, v)dv

= C
∫

v
n−1

2 exp

(
− v

2
(1 +

u2

n
)

)
dv

= C
∫ (

w(1 +
u2

n
)−1

) n−1
2

exp(−1

2
w)

(
1 +

u2

n

)−1

dw

= C
(
1 +

u2

n

)− n+1
2
∫

w
n+1

2 −1 exp(−1

2
w)dw
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= C
(
1 +

u2

n

)− n+1
2

2
n+1

2 Γ(
n + 1

2
)

×
∫

1

2
n+1

2 Γ( n+1
2

)
w

n+1
2 −1 exp(−1

2
w)dw

= C
(
1 +

u2

n

)− n+1
2

2
n+1

2 Γ(
n + 1

2
)

=
1√
π

1

2
n+1

2 Γ( n
2
)

1√
n

2
n+1

2 Γ(
n + 1

2
)

(
1 +

u2

n

)− n+1
2

=
Γ( n+1

2
)

Γ(n
2
)

1√
nπ

(
1 +

u2

n

)− n+1
2
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Use integration by substitution by w = v(1 +
u2

n
).

Note that f (w) =
1

2
n+1

2 Γ( n+1
2

)
w

n+1
2 −1 exp(−1

2
w) is the density

function of χ2(n + 1).
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Example: Cauchy Distribution: X ∼ N(0, 1) and Y ∼
N(0, 1). X is independent of Y .

Then, U =
X
Y

is Cauchy.

Note that the density function of U, fu(u), is:

f (u) =
1

π(1 + u2)

172



Proof: The density functions of X and Y are:

fx(x) =
1√
2π

exp(−1

2
x2), −∞ < x < ∞

fy(y) =
1√
2π

exp(−1

2
y2), −∞ < y < ∞

The joint density function of X and Y is:

fxy(x, y) = fx(x) fy(y)

=
1√
2π

exp(−1

2
x2)

1√
2π

exp(−1

2
y2)

=
1

2π
exp(−1

2
(x2 + y2))
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Transformation of variables by u =
x
y

and v = y.

From x = uv and y = v, the Jacobian is:

J =

∣∣∣∣∣∣∣
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣∣∣ =
∣∣∣∣∣∣
v u

0 1

∣∣∣∣∣∣ = v

The joint density function of U and V , fuv(u, v), is:

fuv(u, v) = |J| fxy(uv, v)

= |v| 1
2π

exp(−1

2
v2(1 + u2))
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The marginal density function of U is:

fu(u) =

∫
fuv(u, v)dv

=
1

2π

∫ ∞

−∞
|v| exp(−1

2
v2(1 + u2))dv

=
1

π

∫ ∞

0

v exp(−1

2
v2(1 + u2))dv

=
1

π

[
− 1

1 + u2
exp(−1

2
v2(1 + u2))

]∞
v=0

=
1

π(1 + u2)
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5 Moment-Generating Function (

)

5.1 Univariate Case

As discussed in Section 3.1, the moment-generating function

is defined as φ(θ) = E(eθX).

For a random variable X, μ′n ≡ E(Xn) is called the nth mo-

ment (n ) of X.
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1. Theorem: φ(n)(0) = μ′n ≡ E(Xn).

Proof:

First, from the definition of the moment-generating

function, φ(θ) is written as:

φ(θ) = E(eθX) =

∫ ∞

−∞
eθx f (x) dx.

The nth derivative of φ(θ), denoted by φ(n)(θ), is:

φ(n)(θ) =

∫ ∞

−∞
xneθx f (x) dx.
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Evaluating φ(n)(θ) at θ = 0, we obtain:

φ(n)(0) =

∫ ∞

−∞
xn f (x) dx = E(Xn) ≡ μ′n,

where the second equality comes from the definition

of the mathematical expectation.
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2. Remark: The moment-generating function is a weighted

sum of all the moments.

φ(θ) = E(eθX) = E
( ∞∑

n=0

1

n!
f (n)(0)θn

)

= E
( ∞∑

n=0

1

n!
Xnθn
)
=

∞∑
n=0

1

n!
E(Xn)θn

where f (θ) = eθX. f (θ) =

∞∑
n=0

1

n!
f (n)(0)θn

Note that f (n)(θ) = XneθX.
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3. Remark: φ(θ) does not exist, if E(Xn) for some n

does not exist.

φ(θ) is finite. ⇐⇒ All the moments exist.
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4. Remark: Let X and Y be two random variables.

Suppose that both moment-generating functions exist.

When the moment-generating function of X is equiva-

lent to that of Y , we have the fact that X has the same

distribution as Y .

φx(θ) = φy(θ) ⇐⇒ E(Xn) = E(Yn) for all n

⇐⇒ fx(t) = fy(t)
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5. Theorem: Let φ(θ) be the moment-generating func-

tion of X. Then, the moment-generating function of Y ,

where Y = aX + b, is given by ebθφ(aθ).

Proof:

Let φy(θ) be the moment-generating function of Y . Then,

φy(θ) is rewritten as follows:

φy(θ) = E(eθY) = E(eθ(aX+b)) = ebθE(eaθX) = ebθφ(aθ).

φ(θ) represents the moment-generating function of X.
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6. Theorem: Let φ1(θ), φ2(θ), · · ·, φn(θ) be the moment-

generating functions of X1, X2, · · ·, Xn, which are mu-

tually independently distributed random variables. De-

fine Y = X1 + X2 + · · · + Xn. Then, the moment-

generating function of Y is given by φ1(θ)φ2(θ) · · · φn(θ),

i.e.,

φy(θ) = E(eθY) = φ1(θ)φ2(θ) · · · φn(θ),

where φy(θ) represents the moment-generating func-

tion of Y .
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Proof:

The moment-generating function of Y , i.e., φy(θ), is

rewritten as:

φy(θ) = E(eθY) = E(eθ(X1+X2+···+Xn))

= E(eθX1)E(eθX2) · · ·E(eθXn)

= φ1(θ)φ2(θ) · · · φn(θ).

The third equality holds because X1, X2, · · ·, Xn are

mutually independently distributed random variables.
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7. Theorem: When X1, X2, · · ·, Xn are mutually inde-

pendently and identically distributed and the moment-

generating function of Xi is given by φ(θ) for all i,

the moment-generating function of Y is represented by(
φ(θ)
)n

, where Y = X1 + X2 + · · · + Xn.
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Proof:

Using the above theorem, we have the following:

φy(θ) = φ1(θ)φ2(θ) · · · φn(θ)

= φ(θ)φ(θ) · · · φ(θ) =
(
φ(θ)
)n
.

Note that φi(θ) = φ(θ) for all i.
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