Example: y*(1) Distribution: Define ¥ = X?, where X ~
N(O, 1). Then, Y ~ y3(1).

proof:
1
2y
1

-7 el

which is y2(1) distribution, where

A0 = ==L + f=D))

V2r

1 1
fix) = —=exp(~5x’)
1
fx( \/y) = fx(_ ‘/y) =

exp(_%y)

3
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4.2 Multivariate Cases

Bivariate Case: Let f,,(x,y) be a joint probability density
function of X and Y. Let X = ¢(U,V) and Y = y,(U,V)
be a one-to-one transformation from (X, Y) to (U, V). Then,
we obtain a joint probability density function of U and V,

denoted by f,,(u, v), as follows:

Fur,v) = Wl fo (91 v), e, ),
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Multivariate Case: Let f.(x, x,,- - -, X,,) be a joint proba-
bility density function of X;, X5, - - - X,,. Suppose that a one-
to-one transformation from (X, X5, ---, X)) to (Y}, Y>,---,Y),)

is given by:

Xl = lﬁl(YhYZ"”?Yn)’

X2 = lpz(YhYZ"”,Yn)’
Xn = 'l’n(YhYZy"’,Yn)'
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Note that the y%(n) distribution is:

x2! exp(—g), x>0,

Sulx) = F(%)

where ['(§) = Vr
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where J is called the Jacobian of the transformation, which

is defined as: ox Ox
ou Ov
J = .
&
ou Ov
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Then, we obtain a joint probability density function of Y,

Y, -+, Y,, denoted by f,(y1,y2,---,yn), as follows:

ﬁ’(yl’yZ’ e syn)
= |J|fx((!/l(yl’ e ’yn)’ (!/2())1’ e ’yn)’ e ’l»bn(yl’ o ’yn))s
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where J is called the Jacobian of the transformation, which

is defined as:

CATRNC] Ox,
dyr Oy Oyu
o 0 0x
oy On Oy,
J=
ox, O0x, 0x,
ayl (9)72 6_)%
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The joint density of X and Y is:

So(x,y) = f(0) f3(»)
1
207

1
exp |-z (x — )’ - F(Y - 1)’
93

2no 07

Define U = X+Y and V = Y. We obtain the joint distribution

of U and V.
Using X = U — V and Y =V, the Jacobian is:
Ox Ox 1 -1
= [t 8-, -
ou Ov
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1
B f27r0'10'2 X

1
p( - 27_%(("—#2) — (U= — )’

! - ,uz)z)dv

i
1 1
= ex — Vv —
f27r0'10'2 p( 2+ 1 TR
S TP S S —u)z)dv
0'%+0'§ ! : 2(0’%+0'§) ! :
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Example: Normal Distribution:

N(I'IZ’ 0-5)
Then, X + Y ~ N(uy + pi2, 07 + 03)

X ~ N(ui,0)and Y ~

X is independent of Y.

Proof:

The density functions of X and Y are:

1 1
Jolx) = exp (_F(x - #1)2)
2nos o
) = — (—L(y - )2)
VT P 203 He

27073
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The joint density function of U and V, f,,(u,v), is given by:

S, v) = | foy (= v, v)

_ 1 21 2
= Yoo eXp( 20%(u V=) 207 (v =) )
The marginal density function of U is:
70 = [ty
1 1 , 1 )
= -——w—-v- -—W- d
f 3mSR 22 Y ) = = ) )dv
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1
‘f \2r/(1 /o2 +1/0%

2
xexp(—

95 2
——— W —p1 = 2))
(T1 +0'2

1 ( 1
/9P| T 5 2
\2n(0? + o) 2oy +07)

2+ 1jod) T T

X (= — uz)z)dv
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1
‘f \27/(1/o? + 1/03)
1

X exp ( - m((\) — )
2
- — _ 2
T2 TR ) )dv
1 2)
N R

N eXp( 2Ew o T )

1

(U =y — /lz)z)

:—e —_— —_—
XP( 20 +02)

\27(0 + o)
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The joint density function of X and Y is:

Jo(x,y) = () f(0)

n_y X
2 —_
x2exp( 2)

: ¥ exp(-2)
) 27T 2
1

n
X2

a N

m_ X+
y? 'eXP(—Ty)

where C =

1
n+m

2 T(HN(E)
From X = U — V and Y = V, the Jacobian is:

B_x 8_x 1 1
_|ou ov|_ B
T=oy oy _’o 1’_]

ou Ov
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1
=Cu" ! exp(—g)f (1- w)%’lw%’ldw
0

n+m _

= CB(;. U T exp(=3)

1

ROWC R

= Smm n m n+m u
27T Ires

1

ntm

EERNCD)

Beta function B(n, m) is:

B(n,m):f (1 —x)""x"dx =
0

eXp(—g)

mm g

u? exp(—g)

_ I'mI'(m)
I'(n+m)
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Example: y? Distribution: X ~ y*(n) and Y ~ y*(m).
X is independent of Y.

Then, X + Y ~ }*(n + m).

Proof:

The density functions of X and Y are:

n_y X
= 2 —_— O
Sfi(x) 2%r(%)x exp( 2), x>
1 w_y y
(V) = ———y2  exp(—=), >0
£ 27F(%)y p( 2) y
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The joint density function of U and V, f,,(u,v), is given by:

ﬁtv(u, V) = |J|fxy(u —V,v)
= Cu— )} 1y3! exp(—g)

The marginal density function of U is:
Julw) = f Jun(u, v)dv
u * n_| o m_y
=Cexp(—x%) (u—v)2"'v2"dv
2" Jo
- Cexp(—g)f ( — uw) 3 uw) 3L udw
0
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Example: ¢ Distribution: X ~ N(0,1) and Y ~ y*(n).

X is independent of Y.
X
Then, U = ~ t(n)
VY/n

Note that the density function of #(n) is:

ntl 2\~
fu(x)=r(2) ! (1+x)

(%) or

n
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Proof: The density functions of X and Y are From X = U 4 and Y = V, the Jacobian is:
n

1 1
S(x) = E exp(—zxz), —00 < x <00 Ox  Ox v u
1 0 y J = g;}t g; = n 2\/% = K
HO) = yexp(=3),  y>0 = = 0 1 n
IO 2 ou v
The joint density functions of X and Y, f,(x,), is: The joint density function of U and V, fu(u, v), is:
1%
Fulte,v) = 1 foy \F v)
Foly) = LOOA) ’
1 I, 1 . y ludv. 1 ., v
= —— exp(—5 )5y exp(-3) \[ Xp(—5 ) =——vi exp(—)
Vzr P2 o, 2 Var P iy P2
1 1 n_| y 1 B n-1 2
= —— 2oexp(-z — = =Cv? - = —
mzzr(g)y p( 7 5% ) Cv exp( 2(1 +— ))
167 168
where C = —— ! Il _cli u _%2%Fn+l
Vi VR 2T =t =)
The marginal density function of U is: X ;w%‘1 ex (—lw)dw
ntl 1 p
2% F(11+ ) 2
| £ . 1
fulu) ffm(u v)dv _ C(1 +M_) P W
i v u? " 2
:CIVZCXP(_E(HZ))‘” RS B RSV I YAy
S 2 A\
|\ 7 1 w2\ m2:T3) \a
= Cf(w(l + —) ) exp(—iw)(l + 7) dw (n+1) | (1 uz)_n;l
2\ 1 I or
=C|1+— w2 exp(—zw)dw
n 2
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2
Use integration by substitution by w = v(1 + u—).
1 ey 1 n‘ ) N(0,1). X isindependent of Y.
Note that f(w) = n+1—+| w2 7 exp(—=w) is the density X
> I(5) 2 Then, U = = is Cauchy.
function of y*(n + 1). Y

Example: Cauchy Distribution: X ~ N(0,1)and Y ~

Note that the density function of U, f, (), is:
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Proof: The density functions of X and Y are:

fr(x) = \/12_” exp(—%xz), —0 < X <00
1 1
OB i eXp(—Eyz), —00 <y <0

The joint density function of X and Y is:

Fo (. y) = () f()

1 1, 1 1,
= —— exp(—=x)— exp(->)?)
Vir P g

1 1
=5 exp(—z(xz +y%)

173

The marginal density function of U is:

fw) = f Fonlit, vy

1 © 1
=5 Im vl exp(—§v2(1 +u?))dv

1 1
= f vexp(—>v2(1 +u))dv
T Jo 2

=)

1 1, 2

= 7—1_ mexp( zv (1+u )) o
1

-~ a(l+ )
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1. Theorem: ¢™(0) =/, = E(X").
Proof:

First, from the definition of the moment-generating

function, ¢(6) is written as:

4(6) = E(¢™) = f " o ) do.

—00

The nth derivative of ¢(6), denoted by ¢™(#), is:

O f ) xe™ f(x) dx.

00
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Transformation of variables by u = L andv = y.
y

From x = uv and y = v, the Jacobian is:

ox Ox
FR vV ou

J = = =y
dy Ty
ou v

The joint density function of U and V, f,,(u,v), is:

S, v) = | fry(uv, v)

1 I
= v~ eXp(—Evz(l +u’))
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5 Moment-Generating Function (53
B

5.1 Univariate Case

As discussed in Section 3.1, the moment-generating function
is defined as ¢(8) = E(e™).
For a random variable X, y, = E(X") is called the nth mo-

ment (n XRNDFER) of X.
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Evaluating ¢™(6) at 6 = 0, we obtain:

¢ (0) = f " () dr = BX) = 1

where the second equality comes from the definition

of the mathematical expectation.
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2. Remark: The moment-generating function is a weighted

sum of all the moments.

00) = B = B(Y 10
n=0 "

0o e

=E() %XH) =) ni!E(X")e"

n=0 n=0

oo

1
where f(0) = . f(0) = Z = F70)e

n=0
Note that f™ (@) = X"e.
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4. Remark: Let X and Y be two random variables.

Suppose that both moment-generating functions exist.
When the moment-generating function of X is equiva-
lent to that of Y, we have the fact that X has the same

distribution as Y.

#.(0) = ¢)(9) — EX")=EX") foralln
= [ = [0
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. Theorem: Let ¢((60), $,(0), - - -, ¢,(6) be the moment-
generating functions of X;, X5, - - -, X,, which are mu-
tually independently distributed random variables. De-
fine Y = X; + X, + --- + X,. Then, the moment-
generating function of Y is given by ¢(0)¢,(0) - - - ¢,(9),

ie.,

$,(0) = E(e™) = $1(0)¢(6) - -~ $(0),

where ¢,(0) represents the moment-generating func-

tion of Y.
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3. Remark: ¢(6) does not exist, if E(X") for some n

does not exist.

¢(0) is finite. <=  All the moments exist.
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5. Theorem: Let ¢(0) be the moment-generating func-

tion of X. Then, the moment-generating function of Y,

where Y = aX + b, is given by ¢”’¢(af).
Proof:

Let ¢,(6) be the moment-generating function of Y. Then,

¢,(0) is rewritten as follows:
¢y(9) — E(EQY) — E(€9(0X+b)) — ebGE(eaQX) - €b9¢(a9).
¢(0) represents the moment-generating function of X.
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Proof:
The moment-generating function of Y, i.e., ¢,(0), is
rewritten as:
¢,(6) = E(e™) = B(e"MiH¥at X0y
= E(e™)E(?) - - - E(e™™)
= $1(0)92(6) - - - ¢, ().

The third equality holds because X;, X,, ---, X,, are

mutually independently distributed random variables.
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7. Theorem: When X;, X;, -+, X,, are mutually inde-
pendently and identically distributed and the moment-
generating function of X; is given by ¢(6) for all i,
the moment-generating function of Y is represented by

(6(0))", where ¥ = X, + X + -+ X,.
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Proof:

Using the above theorem, we have the following:

$,(0) = $1(0)$2(0) - - - $u(0)
= ¢(O)p(0) - $(6) = (#(0))

n

Note that ¢;(6) = ¢(6) for all i.
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