Proof of (23): By the central limit theorem (11) on p.254,

N(o, L) (26)

Z 6logf(X,,0) .
a?(6)

log /(Xs0)) I

where 02(0) is defined in (14), i.e., V( 30

dlog f(X;; 0)
Note that E{ ————) = 0.
ote tha ( 50 )
Apply the central limit theorem, taking % as the

ith random variable.
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The third and above terms in the right-hand side are:

11 K PlogfXal) »
o ST o

It can be shown that the sum of the above terms is equal to

O(n—l/Z)

& log f(X:;6) & log f(X;; 0)
Note that — ,le o — E(—693 ) from
Chebyshev’s inequality.

In addition, for now, we consider \/ﬁ(@,, -0 —0asn —
co.  Actually, we obtain vn(d, — 6)> = O(n~"/?) from 6, —
0 =0m 7).

347

From (26) and the above equations, we obtain:

1 & 0% log f(Xi;60) 1
_;;—692 V(@, - 6) — N(0, 2(9))

The law of large numbers indicates as follows:

1 \n 0% log f(X;;6) (82 log f(X,,e)) 1
_2 2‘ AN =
n 06? 062 o)’

i=1

where the last equality comes from (14).
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- aXB)

By the Taylor series expansion around 8, = 6,

1 dlog f(X;;0,)
0= NG Z‘ 00

1 dlog f(Xis6) &> log f(X,, 0 .

= — - - sy - 7 9
N Z] o Zl @, - 0)
11 0 log f(X;;0) » )

+i\/z; T G,
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Therefore,

Z & log f(X;;0) »

00?

dlog f(X;;0
\/-Z ng( dlog f(Xi:0) G log J(Xi0) 5 g

m 0l X;; 0

which implies that the asy. dist. of — E ng ( ) . is
1 a1 X;; 60

equivalent to that of __\/ﬁ § %

i=1

(én - 0) .
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Thus, we have the following relationship:

1 & Plog f(Xi0) — 4 1 .
—;;T«/ﬁwn—e)—»az—@ﬁ(an—e)

1
— N(O, oTw))

Therefore, the asymptotic normality of the maximum likeli-

hood estimator is obtained as follows:
Vb, —6) — N(©,(0)).
Thus, (23) is obtained.
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7.5.2 Least Squares Estimation Method (&/I\ = 3&i%)

X1, X5, --+, X, are mutually independently distributed with
mean y.
X1, X, - - -, X, are generated from X;, Xy, - - -, X, respectively.

Solve the following problem:

min S (u), where S () = Z(x,- —u?
# i=1
Let /1 be the least squares estimate of y.
N D) 1 ¢
—_— O fr— 0= - i
du K n ; *
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7.5.3 Method of Moment (F&2&;%)

The distribution of X; is f(x; 6).
Let 1 be the kth moment.

From the definition of the kth moment,
E(XY) = 4}

where 1, depends on 6.

Let f; be the estimate of the kth moment.

1< .,
BX9~ - af =
i=1
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Estimates:
I+ _ 1+
==Y xi=%x FrpP=-> x
n 4 n 4
i=1 i=1
. 1 n ) - n 5 S 1 n .,
=Y - == xi-x=-) (xi—X
n n 4 n
i=1 i=1 i=1
Estimators:
I ¢ — I &
p=-> X = 5= = ) (X - XV
3 3
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The least squares estimator is given by:

a= %in,

which is equivalent to MLE.
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The estimator of y; is:
1 n
a==) X~
luk n ; i

Example: 6 = (u,0%): Because we have two parameters,
we use the 1st and 2nd moments.

uy =EX) =u

1y = B(X?) = V(X) + (E(X))* = 0 + 4

354

7.6 Interval Estimation

In Sections 7.1 — 7.5.1, the point estimation is discussed.
It is important to know where the true parameter value of 6
is likely to lie.

Suppose that the population distribution is given by f(x; 6).
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Using the random sample X;, X5, ---, X,, drawn from the
population distribution, we construct the two statistics, say,

HU(XH X27 Tt Xn) and GL(Xla XZ’ Tt Xn), where

POL(X1, Xa, . X)) <0< 0p(X1, Xa,- -, X)) = 1 — .

(27)
(27) implies that 6 lies on the interval (GL(Xl, X5, -+, X)),
0u(Xy, X, -+ X,l)) with probability 1 — e.
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In the interval, 6;(x;, x», -+, x,) is known as the lower
bound of the confidence interval, while 6y (x;, x2, -+, x,,)
is the upper bound of the confidence interval.

Given probability «, the 0, (X, X5, ---, X,) and 6y(X;, Xa,
.-+, X,,) which satisfies equation (27) are not unique.

For estimation of the unknown parameter 6, it is more opti-
mal to minimize the width of the confidence interval.
Therefore, we should choose 6; and 6, which minimizes the

width QU(Xh XZ’ T Xn) - GL(Xh XZ’ ) Xn)
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Therefore, when 7 is large enough,

X—p
S/~n

where z* and 7 (z* < z**) are percent points from the stan-

P(Z* < < Z**) =1 —a,

dard normal density function.
Solving the inequality above with respect to u, the following

expression is obtained.

P(Y—z**% </1<Y—z*i): 1-a,

v

A A — S — S
where 6, and 6y correspond to X — 77— and X — 7" —,

Vn Vn
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Now, we replace the random variables X;, X5, - - -, X,, by the
experimental values xj, xp, - - -, X;.

Then, we say that the interval:
(9L(x1, X2, 000, X)), Oy(x1, 0,000, Xn))

is called the 100 x (1 — @)% confidence interval (S8 X &)
of 6.

Thus, estimating the interval is known as the interval esti-
mation (XRE#EZE), which is distinguished from the point

estimation.
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Interval Estimation of ;(: Let X, X5, - - -, X, be mutually
independently and identically distributed random variables.
X; has a distribution with mean y and variance o2,

From the central limit theorem,

X-u
o/\n

Replacing o2 by its estimator S2 (or S **2),

— N(O,1).

X-u
S/\n

— N(0,1).
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respectively.

The length of the confidence interval is given by:
PO S
0 _ 0 - = Z** _ Z* ,
v—oL \/ﬁ( )
which should be minimized subject to:

fz fx)dx=1-a,

i.e.,

FZ")-F(Z)=1-a,
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where F(-) denotes the standard normal cumulative distribu-
tion function.

Solving the minimization problem above, we can obtain the
conditions that f(z*) = f(z*) for z* < z* and that f(x) is
symmetric.

Therefore, we have:
_Z* — Z** — Z(y/Zy
where z,/» denotes the 100 X /2 percent point from the stan-

dard normal density function.
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Therefore, 100 X (1 — @)% confidence interval of u is given
by:

(T tap(n = D=z T+ faa(n — D=

= =)
where t,,5(n — 1) denotes the 100 X a/2 percent point of the

t distribution with n — 1 degrees of freedom.
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8 Testing Hypothesis ({R 1% E)

8.1 Basic Concepts in Testing Hypothesis

Given the population distribution f(x;8), we want to judge
from the observed values xy, x,, - - -, x, whether the hypothe-
sis on the parameter 6, e.g. 8 = 6, is correct or not.

The hypothesis that we want to test is called the null hypoth-
esis (JREE{R %), which is denoted by Hy : 6 = 6.
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Accordingly, replacing the estimators X and S by their esti-
mates ¥ and s, the 100 x (1 — @)% confidence interval of u

is approximately represented as:

_ s _
(X —Za/2—=> Xt Za/2

G W)

for large n.
For now, we do not impose any assumptions on the distribu-

tion of X;.

X-u
n
with n — 1 degrees of freedom for any 7.

If we assume that X; is normal, has a ¢ distribution
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Interval Estimation of 9,,: Let X;, X5, - -+, X, be mutually
independently and identically distributed random variables.
X; has the probability density function f(x;; 6).

Suppose that 8, represents the maximum likelihood estima-
tor of 6.

From (25), we can approximate the 100x(1—a)% confidence

interval of 0 as follows:

en — Za/2 > 9:1 + Za/2 .

(0 o@,) (r(én))
Vn \n
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The hypothesis against the null hypothesis, e.g. 6 # 6, is
called the alternative hypothesis (3f3Z{% %), which is de-
noted by H; : 0 # 6.
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Type I and Type II Errors ((5—f&MERY, FE_HEDRY): (ii) is called a type I error ((5—F2M3FR Y) and (iii) is called

When we test the null hypothesis Hy, as shown in Table 1 we atype Il error ((EZFED”Y).
have four cases, i.e., The probability which a type I error occurs is called the sig-
(i) we accept Hy when H, is true, nificance level (B E/K#), which is denoted by «, and the
(ii) we reject Hy when Hj is true, probability of committing a type II error is denoted by 3.
(iii) we accept Hy when H, is false, and Probability of (iv) is called the power (¥ 71) or the power
(iv) we reject Hy when Hj is false. function (#% i J1B8%%), because it is a function of the pa-
rameter 6.

(1) and (iv) are correct judgments, while (ii) and (iii) are not

correct.
369 370
Table 1: Type I and Type II Errors Testing Procedures: The testing procedure is summarized
follows.
H, is true. H, is false. as Totiows
Acceptance of Hy | Correct judgment Type II Error 1. Construct the null hypothesis (H,) on the parameter.
b — g 1=} ['
%_Eo,)."h ) 2. Consider an appropriate statistic, which is called a test
(Probability )
. . statistic (iR E F5t£).
Rejection of H) Type I Error Correct judgment
FE—EDRY (1 — 8 = Power) Derive a distribution function of the test statistic when
(Probability « B A Hy is true.
= Significance Level)
BEEKHE 3. From the observed data, compute the observed value
of the test statistic.
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4. Compare the distribution and the observed value of the

test statistic.

When the observed value of the test statistic is in the
tails of the distribution, we consider that H, is not

likely to occur and we reject H,.
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