Econometrics 1

You can get this lecture note from:

www2.econ.osaka-u.ac.jp/ tanizaki/class/2012

Some Textbooks

o [HERIEIEE 1 ] (HRIEIIRE, 1966, HiJaf)
o [HESSKUFHEE 2 Wat] (BRI, 1966, HERR)

o H. Tanizaki, 2004, Computational Methods in Statistics and Econometrics (STATIS-

TICS: textbooks and monographs, Vol.172), Mercel Dekker.

1 Event and Probability

1.1 Event (£%)

We consider an experiment (325%) whose outcome is not known in advance but
an event occurs with probability, which is sometimes called a random experiment
CEEARR).

The sample space ($22<22fH) of an experiment is a set of all possible outcomes.
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Each outcome of a sample space is called an element (Z3&, JT) of the sample
space or a sample point (22 &), which represents each outcome obtained by the
experiment.

An event (%) is any collection of outcomes contained in the sample space, or

equivalently a subset of the sample space.



An elementary event (} T ) consists of exactly one element and a compound
event (2 & E %) consists of more than one element.

Sample space is denoted by Q and sample point is given by w.

Suppose that event A is a subset of sample space Q.

Let w be a sample point in event A.

Then, we say that a sample point w is contained in a sample space A, which is
denoted by w € A.

The event which does not belong to event A is called the complementary event (R

ZE ) of A, which is denoted by A°.

Next, consider two events A and B.

The event which belongs to either event A or event B is called the sum event (F13&
%), which is denoted by A U B.

The event which belongs to both event A and event B is called the product event
(F&E %), denoted by A N B.

When A N B = ¢, we say that events A and B are exclusive (¥f/R).

that we have odd numbers.
The sum event of A and B is written as A U B = {w,, w3, w4, we}, while the product
eventis A N B = {wg}.

Since A N A° = ¢, we have the fact that A and A€ are exclusive.

The event which does not have any sample point is called the empty event (=
%), denoted by ¢.

Conversely, the event which includes all possible sample points is called the whole
event (£F %), represented by Q, which is equivalent to a sample space (1ZAZ2
fa).

Example 1.1:  Consider an experiment of casting a die ("1 = =2).

‘We have six sample points, which are denoted by w; = {1}, w, = {2}, w3 = {3},
wy = {4}, ws = {5} and wg = {6}, where w; represents the sample point that we have
i

In this experiment, the sample space is given by Q = {w;, w,, w3, W4, Ws, We}.

Let A be the event that we have even numbers and B be the event that we have
multiples of three.

Then, we can write as A = {w,, w4, we} and B = {w3, we).

The complementary event of A is given by A° = {w,, ws, ws}, which is the event

Example 1.2: Cast a coin three times. In this case, we have the following eight

sample points:

wy = (HHH), w=MHHT), w;=HTH),
wy = HTT), ws=(THH), ws=(THT),
w7 =(TTH), ws=(TTT)

where H represents head (%) while T indicates tail (3%).
For example, (H,T,H) means that the first flip lands head, the second flip is tail and

the third one is head.



Therefore, the sample space of this experiment can be written as:
Q = {w1, w1, W3, Wy, Ws, W, W7, Wg}.

Let A be the event that we have two heads, B be the event that we obtain at least
one tail, C be the event that we have head in the second flip, and D be an event that
we obtain tail in the third flip.

Then, the events A, B, C and D are give by:
A = {w), w3, ws}, B = {w), w3, w4, ws, we, w7, W},

C = {w, Wy, ws, e}, D = {wa, w4, we, wg}.
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1.2 Probability

Let n(A) be the number of sample points in A.

‘We have n(A) < n(B) when A C B.

Each sample point is equally likely to occur.

In the case of Example 1.1 (Section 1.1), each of the six possible outcomes has
probability 1/6 and in Example 1.2 (Section 1.1), each of the eight possible out-

comes has probability 1/8.

It is known that we have the following three properties on probability:

0<P@A) <1, (1)
PQ) =1, (@)
P(¢) = 0. 3

Since A is a subset of B, denoted by A C B, a sum event is A U B = B, while a
product eventis AN B = A.

Moreover, we obtain C N D = {w,, we} and C U D = {wy, ws, wy, ws, W, Wg}.

Thus, the probability which the event A occurs is defined as:

n(A)
n(Q)’

P(A) =

In Example 1.1, P(A) = 3/6 and P(A N B) = 1/6 are obtained, because n(Q2) = 6,
n(A)=3andn(ANB)=1.

Similarly, in Example 1.2, we have P(C) = 4/8, P(AN B) = P(A) = 3/8 and so on.
Note that we obtain P(A) < P(B) because of A C B.

¢ C A C Qimplies n(¢) < n(A) < n(Q).

Therefore, we have:
n@) _ n4) _n@
n(Q) = Q) " nQ)

Dividing by n(Q), we obtain:

P(¢) < P(A) < P(Q) = 1.

Because ¢ has no sample point, the number of the sample point is given by n(¢) = 0
and accordingly we have P(¢) = 0.
Therefore, 0 < P(A) < 1 is obtained as in (1).
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When events A and B are exclusive, i.e., when A N B = ¢, then P(A U B) = P(A) +
P(B) holds.

Moreover, since A and A€ are exclusive, P(A°) = 1 — P(A) is obtained.

Note that P(A U A°) = P(Q) = 1 holds.

Generally, unless A and B are not exclusive, we have the following formula:
P(AUB) = P(A) + P(B) - P(AN B),

which is known as the addition rule (i0;%EE).
In Example 1.1, each probability is given by P(A U B) = 2/3, P(A) = 1/2, P(B) =
1/3 and P(AN B) = 1/6.

The probability which event A occurs, given that event B has occurred, is called the
conditional probability (54 {1HEE), i.c.,

nANB) PANB)

PAD == = B

or equivalently,
P(A N B) = P(A|B)P(B),

which is called the multiplication rule (%€ ).
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In Example 1.2, because of P(A N C) = 1/4 and P(C) = 1/2, the conditional
probability P(A|C) = 1/2 is obtained.

From P(A) = 3/8, we have P(A N C) # P(A)P(C).

Therefore, A is not independent of C.

As for C and D, since we have P(C) = 1/2, P(D) = 1/2 and P(C N D) = 1/4, we

can show that C is independent of D.

23

Thus, in the example we can verify that the above addition rule holds.
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When event A is independent (J£37) of event B, we have P(A N B) = P(A)P(B),
which implies that P(A|B) = P(A).

Conversely, P(A N B) = P(A)P(B) implies that A is independent of B.

22

2 Random Variable and Distribution

2.1 Univariate Random Variable and Distribution

The random variable (32 Z54§) X is defined as the real value function on sample
space €.
Since X is a function of a sample point w, it is written as X = X(w).

Suppose that X(w) takes a real value on the interval /.

24



That is, X depends on a set of the sample point w, i.e., {w; X(w) € I}, which is

simply written as {X € I}.

In Example 1.1 (Section 1.1), suppose that X is a random variable which takes the
number of spots up on the die.

Then, X is a function of w and takes the following values:

X(w) =1, X(w)=2, X(w;)=3,
X(wy) =4, X(ws) =5, X(ws) =6.
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In Example 1.2 (Section 1.1), suppose that X is a random variable which takes the
number of heads.

Depending on the sample point w;, X takes the following values:
X(w) =3, X(w)=2, X(w3)=2, X(ws)=1,
X(ws) =2, X(we) =1, X(w7)=1, X(wg)=0.

Thus, the random variable depends on a sample point.

27

Discrete Random Variable (¥f#{E! #2322 $0) and Probability Function (¥
BE%0): Suppose that the discrete random variable X takes x;, x,, - - -, where x; <
Xy < ---is assumed.

Consider the probability that X takes x;, i.e., P(X = x;) = p;, which is a function of
X;.

That is, a function of x;, say f(x;), is associated with P(X = x;) = p;.
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Next, suppose that X is a random variable which takes 1 for odd numbers and 0 for
even numbers on the die.

Then, X is a function of w and takes the following values:

X(w) =1, X(w)=0, X(w;)=1
X(wy) =0, X(ws)=1, X(ws) =0.

26

There are two kinds of random variables.
One is a discrete random variable (B ERE! FEZEZE4]), while another is a continu-

ous random variable GEf B FEE L £).

28

The function f(x;) represents the probability in the case where X takes x;.

Therefore, we have the following relation:
PX=x)=pi=fx), i=12---,

where f(x;) is called the probability function (FEZB%R) of X.
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More formally, the function f(x;) which has the following properties is defined as

the probability function.
fO) 20, i=12--,
D f =1,

Furthermore, for a set A, we can write a probability as the following equation:

P(X € A)= " f(x).

xi€A
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Binomial distribution (ZIE%%):
n

( )P‘((I—P)'H, x=0,1,2,---,n
x

0, otherwise,

f =

where0<p<landn=1,2,---.

(a+b)" = Z .Cea*b"™ — Binomial Theorem ( _THE F)
=0

n n!
nCs= (x) - x!(n—x)!

X ~ B(n, p)

n!'=1-2---n (factorial of n)
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< Review > ¢

Note that the definition of e is given by:

. 1 . 1\n
e=lim(l +x)7 = /152(1 + E)

=2.71828182845905.

Notation

exp(x) = e*
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Several functional forms of f(x;) are as follows.

Discrete uniform distribution (E#&E! —#5 #):
1
—, x=12,---,N
f={N

0, otherwise

where N =1,2,---.

Bernoulli distribution (X)L X A 5%7):
P11 = p)', x=0,1

fx) =
A otherwise
where 0 < p < 1.
32
Poisson distribution (K7 5 %#):
—1x
ﬂ, x=0,1,---
fo=1 «

0, otherwise,

where A > 0.
34

< Review > Taylor series expansion about x,

) " ®)(x,
700 = fo + F =200+ L0 g L g
where the kth derivative of f(x)is f®(x).
Taylor series expansion of f(x) = e¢* about x = 0
X Lo, 1 Vv
e = 1+x+2—!x +§x +~~~—;E

where f®(x) = e*. Set x = 1and k = x.

® ¥
lzzex!

k=0

36
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Geometric distribution (285 %7):

1-p), =01,
f(x)_{p( p) x

0, otherwise,

where 0 < p < 1.
Negative binomial distribution (B0 ZI1E5%):

f) =

0, otherwise,

where 0 < p < 1landr>0.
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Hypergeometric distribution (¥8%{a]43#):

K] M-K
x N\ n—x
s x=0,1,---,n
[ = M}
n
0, otherwise,

where M =1,2,--- . K=0,1,---,M,andn=1,2,---, M.
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The probability that X takes x;, x», x3 or x4 is given by:

POC=0) = f(0) = Plosh = 5.
POXC=1) = £(1) = Pl(w3, e 7))

= P(lwa) + Pllwg)) + Plln)) = o,
P(X =2) = ) = Pl{wz, w3, ws))

= P(fw2}) + P({ws)) + P(

3
ws)) = g,

P(X =3) = f(3) = P({w}) =

5

0| —

which can be written as:
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r+x—1
( )p'(l—p)*, x=0,1,-
X

Taylor series expansion of f(x) = (1 — x)™" about x = 0

r(r+l)x2+r(r+l)(r+2)x3+“<+(r+k—l)xk+”'

fx)=1+rx+ 2 3

r+k-1
where f®(x) = ( )xk.

k
il k-1
(l_x)-rzz(r+k )xk

k=0
Setx=1-pandk =x

p= i

x=0

(r+x—1

)(1 —p), e, 1= i

X
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In Example 1.2 (Section 1.1), all the possible values of X are 0, 1, 2 and 3. (note
that X denotes the number of heads when a coin is cast three times).

Thatis, x; = 0, x, = 1, x3 = 2 and x4 = 3 are assigned in this case.
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P(X =x) = f(x) = 7x!(33i x)!(%)x(%)ﬁ, x=0,1,2,3.

For P(X = 1) and P(X = 2), note that each sample point is mutually exclusive.
The above probability function is called the binomial distribution (Z18%) 7).

Thus, it is easy to check f(x) > 0 and ), f(x) = 1 in Example 1.2.
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Continuous Random Variable GE#EZE!F3 Z ) and Probability Density Func-
tion (FEZEZERI%Y): Whereas a discrete random variable assumes at most a
countable set of possible values, a continuous random variable X takes any real
number within an interval /.

For the interval /, the probability which X is contained in A is defined as:

PXel)= f F(x) dx.
1

43

In order for f(x) to be a probability density function, f(x) has to satisfy the follow-

ing properties:

f(x) =0,

fmf(x) dx=1.
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Normmal distribution (IE3i5>#7):
f(x) = ! exp(—%(x - y)z), —co < x<co
N 20
where —co < u < oo and o > 0.
X ~ N(u,0?)

N(0,1) = Standard normal distribution

47

For example, let I be the interval between a and b for a < b.

Then, we can rewrite P(X € I) as follows:
b
Pla<X<b)= f f(x) dx,
a

where f(x) is called the probability density function (3R EERI%K) of X, or
simply the density function (% EEEI%) of X.

44

Some functional forms of f(x) are as follows:

Uniform distribution (—#£5>%):

s a<x<b
Sx) =

b
0, otherwise,

where —oco < a < b < 0.

X ~ Ula, b)

Exponential distribution (515 #):

) de™¥, x>0
S =

N otherwise,

where 1 > 0
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Gamma distribution (1 > < %):
pe
=] T
0,

r=1 ,-Ax
B

where A > 0 and r > 0.
Gamma dist. with r = 1 <= Exponential dist.

Gamma function: I'(a) = f X le*dx, a>0
o

x>0

otherwise,

I'(@+ 1) = al'(@) —> Use integration by parts (50 F&47)

I'(n+ 1) = n! for integer n
1-3:5---2n—

1
I'(n+ E) = o
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Cauchy distribution (21— —%'):

1

FO) = B+ =Rl

where —co < @ < c0oand 8 > 0.

Log-normal distribution (X IE#R5#):

1
f(x)={ xV2no?
0,

where —co < 1 < 0o and o > 0.
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Logistic distribution (A X7 1Y 9 53%7):
F(x) = (1+e 0B,

where —co < @ < coand 8 > 0.

Pareto distribution (/XL — k5%0):

1 1
)\ﬁ ') :21"(%) =V

—00 <X <0

1
exp(—ﬁ(lnx - ;4)2), 0<x<oco

otherwise,

—00 < X <o

Ox)
£ = ey x> X
0, otherwise,

where xo > 0 and 6 > 0.
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Beta distribution (X—% 53%7):

1
f(x)=4{ Bla.b)

0, otherwise,

XN -0, 0<x<l1

where a > 0 and b > 0.
Beta function:

1
B(a,b) = f X7 - x)bldx
0

_ T@re)
- I'(a+b)

B(a,b) = B(b,a)

50

Double exponentioal distribution (= E1§%k %> 77), or Laplace distribution (5
75 A0 %H):

X 1 |x — a|
f(x) = —expl— N —00 < X < 00
55 )
where —co < @ < coand 8 > 0.

Weibull distribution (7 1 7 /L4 %7):

) = abx’'exp(-ax?), x>0

X otherwise,

where a > 0 and b > 0.
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Gumbel distribution (77 > L%} #7), or Extreme value distribution (B {E % %7):

F(x) = exp(—e /), —00< X< 00

where —co < @ < c0oand 8 > 0.
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t distribution (¢ 57%1):

résh (] N x2)7<k+1)/2 e
= N —00 < X < 00
() Vi

fx) = *
where k > 0.
X ~t(k) —> tdist. with k degrees of freedom ([ F )
t(1) < Cauchy dist.
H(oo) &= N(0,1)

55

Chi-square distribution (71 1 Z&5%):
1

oo =1 T@22
0, otherwise,

Pt x>0

where k = 1,2,---.
X ~ x*k) —>  x*dist. with k degrees of freedom

57

Example 1.3:  As an example, consider the following function:

1, forO<x<1,
f) =
0, otherwise.
Clearly, since f(x) > 0 for —co < x < coand [~ f(x)dx = fol fydy=[xl) =1,
the above function can be a probability density function.

In fact, it is called a uniform distribution.

59

F distribution (F %%):

() /ﬂ)mlz s

, >0
fo =1 TEIE\n/) T+ mgomrz *
0, otherwise,
where m,n = 1,2,---.
X ~F(m,n) —> Fdist. with (m, n) degrees of freedom

56

For a continuous random variable, note as follows:

P(X:x):fxf(t)dtzo.

In the case of discrete random variables, P(X = x;) represents the probability which
X takes x;, i.e., p; = f(x;).

Thus, the probability function f(x;) itself implies probability.

However, in the case of continuous random variables, P(a < X < b) indicates the

probability which X lies on the interval (a, b).

58

Example 1.4:  As another example, consider the following function:

12

e,

. 1

S = Nors
for —co < x < co.

Clearly, we have f(x) > 0 for all x.

We check whether [~ f(x)dx = L.

First of all, we define [ as [ = ff:@ f(x) dx.

To show I = 1, we may prove I? = 1 because of f(x) > 0 for all x, which is shown

as follows:
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r= (f: oy dx) = ( f : oy dx)( f : fO) dy)
([ enboral [ s
L[ etk o

‘” 1
f exp(—irz)r dr do

1 2r
2r Jo 0

1o 1
= Ejo‘ fo exp(—s) ds df = a27r[— exp(-s)]y = L.

61

Proof:

Let F(x) be the integration of f(x), i.e.,
F(x) = f S dr,

which implies that F’(x) = f(x).
Differentiating F(x) = F(y(y)) with respect to y, we have:

F = AFGQ)) _ dF(x) dx

dy T dy = SO O) = FWOWO).
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< Go back to the Integration >

In the fifth equality, integration by substitution ({&#4f£43) is used.

The polar coordinate transformation (FiJ2 525 44) is used as x = rcosf and y =
rsin@.

Note that 0 < r < o0 and 0 < 6 < 2.

The Jacobian is given by:

ox Ox 0 -
o 80 cosf —rsin
J= = =r
Q 67) sinf  rcosé
or 06

65

< Review > Integration by Substitution (&21&5):

Univariate (1 Z£4§) Case: For a function of x, f(x), we perform integration by
substitution, using x = y(y).

Then, it is easy to obtain the following formula:

f f) dx = f Y OfW() dy,

which formula is called the integration by substitution.

62

Bivariate (2 Z%§) Case: For f(x,y), define x = ¢ (u,v) and y = ¢ (u, v).

fff(x,y) dxdy=fflf(wl(u,V),l//z(u,V)) du dv,

where J is called the Jacobian (¥ 3 E 7 >), which represents the following de-

terminant (17413X): Ox Ox
9 W|T dudv avou
ou v
< End of Review >
64

In the inner integration of the sixth equality, again, integration by substitution is
utilized, where transformation is s = Erz.

Thus, we obtain the result /? = 1 and accordingly we have I = 1 because of f(x) >
0.

Therefore, f(x) = e 2"/ \2r is also taken as a probability density function.
Actually, this density function is called the standard normal probability density

function (R IER 7).
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Distribution Function: The distribution function (2 #E8%%) or the cumulative

distribution function (257 fBI%X), denoted by F(x), is defined as:
P(X < x) = F(x),

which represents the probability less than x.
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1. Discrete random variable (Figure 1):

o F(x) = if(xi): 21%

i=1 i=1
where r denotes the integer which satisfies x, < x < x,4.

o F(x;) — F(xi —€) = f(x) = pis

where € is a small positive number less than x; — x;_;.
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Figure 1: Probability Function f(x) and Distribution Function F'(x)— Discrete Case

— F(x) = 2,’:1 f(x)

X1 X2 X3 e Xp X Xpg]  eeeeeneeenns

Note that r is the integer which satisfies x, < x < x,4.
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The properties of the distribution function F(x) are given by:

F(x;) < F(x), forx; <x,, — > nondecreasing function
P(a< X <b)=F(@D)-F(a), fora<b,

F(=00) =0, F(+c0)=1.

The difference between the discrete and continuous random variables is given by:

68

2. Continuous random variable (Figure 2):
° F(x) = f S0 de,
o F'(x) = f(x).

f(x) and F(x) are displayed in Figure 1 for a discrete random variable and Figure 2

for a continuous random variable.
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Figure 2: Density Function f(x) and Distribution Function F(x) — Continuous

Case

Fy = [ fode
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2.2 Multivariate Random Variable (% Z £ %% %) and Distri-
bution
We consider two random variables X and Y in this section. It is easy to extend to

more than two random variables.

Discrete Random Variables: Suppose that discrete random variables X and Y
take xy, xp, - -+ and yy,y,, - - -, respectively. The probability which event {w; X(w) =

x; and Y(w) = y;} occurs is given by:
PX =x,Y =y)) = folxi,y),

73

KON =D faliyp), J= 1,200

Then, f(x;) and f,(y;) are called the marginal probability functions (/& D#E =R
#) of X and Y.

Jf+(x;) and f,(y;) also have the properties of the probability functions, i.e.,

fi(xi) =2 0and 3, fi(x;) = 1, and f,(y)) > 0and ¥; f,(y)) = 1.
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Ji(x,y) has to satisfy the following properties:

folx,y) 20,

f f fxy(xsy) dx dy =1

Define fi(x) and f(y) as:
fr(x) = fm So(x,y) dy, for all x and y,
S = f:: So(x,y) dux,
where f(x) and f,(y) are called the marginal probability density functions (J&i2

71

where f,,(x;,y;) represents the joint probability function (f5 &2 R%) of X and
Y. In order for fi,(x;,y;) to be a joint probability function, f,(x;,y;) has to satisfies

the following properties:

folxy) 20, i, j=1,2---

Z Zfr_v(xia}’j) =1.
i

i

Define fi(x;) and f(y;) as:

FOD = folayp, =12,
J

74

Continuous Random Variables: Consider two continuous random variables X
and Y. For a domain D, the probability which event {w; (X(w), Y(w)) € D} occurs
is given by:

P(X,Y)e D)= f f Si(x,y) dx dy,
D

where f,,(x,y) is called the joint probability density function (&% 232 RS
#0) of X and Y or the joint density function of X and Y.
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TR EERARK) of X and Y or the marginal density functions (B0 %% ERI%K) of
Xand Y.

For example, consider the event {w;a < X(w) < b, ¢ < Y(w) < d}, which is a
specific case of the domain D. Then, the probability that we have the event {w;a <
X(w) < b, ¢ < Y(w) < d} is written as:

b d

Pla<X<b,c<Y<d)= f So(x,y) dx dy.

aJc
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The mixture of discrete and continuous RVs is also possible. For example, let X be
a discrete RV and Y be a continuous RV. X takes xi, x, - - -. The probability which

both X takes x; and Y takes real numbers within the interval / is given by:

P(X =x,Yel)= f o) dy.
1
Then, we have the following properties:

folx,y) 20, forallyandi=1,2,--,

[ -t
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2.3 Conditional Distribution

Discrete Random Variable: The conditional probability function (413
B%0) of X given Y = y; is represented as:

So(xiy)) So(xi,yp)
PX = x|Y =y)) = fyy(xilyj) = — = - .
(=Xl =0 = Foleb) = = = 5 G

The second equality indicates the definition of the conditional probability.

81

Continuous Random Variable: The conditional probability density function
(M THERZERE) of X given Y = y (or the conditional density function (5
AT EERAER) of X given Y = y) is:

fooy) — folny)

o) = S =

83

The marginal probability function of X is given by:

felx) = f So(xi,y) dy,

fori=1,2,---. The marginal probability density function of Y is:

50 =D Folxiy).

80

The features of the conditional probability function fy,(xily;) are:

fa(xily) 20, i=1,2,--,
Zf).b’(xily/') =1, forany j.
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The properties of the conditional probability density function fy,(x]y) are given by:

fx\y(xly) > O»

f Say(xly)dx=1, foranyY =y.
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Independence of Random Variables: For discrete random variables X and Y,
we say that X is independent (J%3Z) (or stochastically independent (FEZEf4(ZJH
37)) of Y if and only if fo(xi, yj) = f(x) f,(v))-

Similarly, for continuous random variables X and Y, we say that X is independent

of Y if and only if fi,(x,y) = f(x)f,().

When X and Y are stochastically independent, g(X) and 4(Y) are also stochastically
independent, where g(X) and A(Y) are functions of X and Y.
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D80pi = )" g(x)f(x), (Discrete RV),
E(g(x) =1 '

o

g(x)f(x) dx, (Continuous RV).

The following three functional forms of g(X) are important.

87

The expectation of (X — u)? is known as variance (%#{) of random variable

X, which is denoted by V(X).

V(X) = E(X - )
Z(X[ — W2 f(x), (Discrete RV),

f m(x — w2 f(x)dx, (Continuous RV),

a?,  (orad).
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3 Mathematical Expectation

3.1 Univariate Random Variable

Definition of Mathematical Expectation (2{=289HA%F{E): Let g(X) be a function
of random variable X. The mathematical expectation of g(X), denoted by E(g(X)),

is defined as follows:

86

1. gX) = X.
The expectation of X, E(X), is known as mean (¥£15) of random variable X.

Z Xif (xi), (Discrete RV),

EX) =4 ',
f xf(x)dx, (Continuous RV),
=H, _ozorux)‘
When a distribution of X is symmetric, mean indicates the center of the dis-
tribution.

2. g(X) = (X - .

88

If X is broadly distributed, 0> = V(X) becomes large. Conversely, if the
distribution is concentrated on the center, o> becomes small. Note that o =

VV(X) is called the standard deviation (2R ZE).
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3. g(X) = e, Some Formulas of Mean and Variance:

The expectation of ¢? is called the moment-generating function (f&Z 37

#0), which is denoted by ¢(6).

1. Theorem: E(aX + b) = aE(X) + b, where a and b are constant.

Proof:
$(0) = E(™) When X is a discrete random variable,
Z ™ f(x),  (Discrete RV),
_]7 E(aX +b) = ) (ax; + b)f(x:)
& f(x)dx, (Continuous RV). !
L =ay xf()+b Y fox)
=aE(X) + b.
91 92
Note that we have Y, x; f(x;) = E(X) from the definition of mean and ¥, f(x;) = 2. Theorem: V(X) = E(X?) — u?, where u = E(X).
1 because f(x;) is a probability function. Proof:
If X is a continuous random variable, V(X) is rewritten as follows:
E(aX +b) = f (ax + b)f(x) dx V(X) = E(X — p)*) = BE(X* = 2uX — 1)
0o 00 _ 2y _ 2 _ 2y _ 2
=af xf(x)dx+bf £(x) dx = B(X%) - 2uBX) + 4" = EQX7) — 41",
=aE(X) + b. The first equality is due to the definition of variance.

o . _ 2 )
Similarly, note that we have ﬁ . Xf(x) dx = E(X) from the definition of mean 3. Theorem: V(aX +b) = a”V(X), where a and b are constant.

and f; f(x) dx = 1 because f(x) is a probability density function. Proof:
93 94
From the definition of the mathematical expectation, V(aX + b) is represented E(X) = u and variance V(X) = o?. Define Z = X _N' Then. we have
o
as: E(Z)=0and V(Z) = 1.

V(aX +b) = B(((aX + b) - E(aX + h))z)
= E((aX ~ ap)’) = B@(X ~ ")
= B(X - p)*) = a’V(X)

The first and the fifth equalities are from the definition of variance. We use

E(aX + b) = au + b in the second equality.

4. Theorem: The random variable X is assumed to be distributed with mean
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Proof:

E(X) and V(X) are obtained as:

EZ)=E

(%):wzo,

[oa
V(Z) = ( X—f) = %V(X) =1.

The transformation from X to Z is known as normalization (1F L) or stan-

dardization (EE74L,).
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First, 4 = E(X) is computed as:

n

!
j=ECO = 3 a0 = ) xf) = Z e TAUS i

x=0 x=1

S n! X n—x
= Z GoDm—P 4P

(n—D! - e
pz(x—l)'(n x),p (1-p)

=n — ' -p)" =np,
p;x,!(n,_x,)!p (1-p) p
where n’ =n—1and x’ = x — 1 are set.
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) ) , n &X—Z _yx
=n(n-1)p ;(x_z)!(n—x)!p =n

n ,

|
_ _ p? n 1=y’
nn—1)p ;:0 = ),17 ( P)

=n(n-1)p’,

where n’ = n— 2 and x’ = x — 2 are re-defined.
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Example 1.5: In Example 1.2 of flipping a coin three times (Section 1.1), we
see in Section 2.1 that the probability function is written as the following binomial
distribution:
n
PX=x)=f(x)= 71’( -
I(n—x)!

forx=0,1,2,---,n,

where n =3 and p = 1/2.
When X has the binomial distribution above, we obtain E(X), V(X) and ¢(0) as

follows.

98

Second, in order to obtain o> = V(X), we rewrite V(X) as:
0% = V(X) = B(X?) — 12 = E(X(X = 1)) + u — 1.
E(X(X — 1)) is given by:

E(X(X — 1) = ) x(x = Df(x) = Z e =Df)

w0 x=2
- Zx(x X),P S
" X(1 — p)t—x
i ; TR TR

100

Therefore, 0> = V(X) is obtained as:

P =VX)=EXX - 1)) +u— i

=n(n—1)p*+np—n’p* = —np* + np = np(1 - p).

102



Finally, the moment-generating function ¢(6) is represented as:

“ !
9(0) = B(e™) = z; e Al

n

=Zx,(n Py A=py = (e 1= )"

In the last equality, we utilize the following formula:

n

n n! X n—Xx
(a+b) :Zt;ix!(n—x)!ab N

which is called the binomial theorem.
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o?=V(X)=EX?») -’ = fm X f(x) dx —

! 1 1 1
= L xz dx—yz = [gxgl[l) - (5)2 = Es

o 1
$(6) = E(e™) = f " f(x) dx = f & dx
oo o

—[61— (6—1)

105

E(X) is obtained as:

EX) = f: Xf(x) dx = \/% [: xe 2 dy

1
-l l=e
1,2

because lim —e2* =0.
X—+00

107

Example 1.6: As an example of continuous random variables, in Section 2.1 the

uniform distribution is introduced, which is given by:
1, forO<x<l,
f) = .
0, otherwise.
When X has the uniform distribution above, E(X), V(X) and ¢(6) are computed as

follows:

o ! 1, 1
p:E(X):Imxf(x)dx:](;xdx:[ixjoza,

104

Example 1.7:  As another example of continuous random variables, we take the

standard normal distribution:

1 7%12
Vo
When X has a standard normal distribution, i.e., when X ~ N(0, 1), E(X), V(X) and

for —co < x < o0

flo) =

¢(0) are as follows.

106

V(X) is computed as follows:

V(X) = E(X?) = f X f(x) dx
f:w xz\/%e’%*z dx

- f " d(—e*%“) W
r

108



The first equality holds because of E(X) = 0.
In the fifth equality, use the following integration formula, called the integration
by parts:
b " b

f h(xg'(x) dx = |h(x)g(x)|, - f ' (x)g(x) dx,
where we take i(x) = x and g(x) = —e~2* in this case.
In the sixth equality, lim —xe " = 0is utilized.
The last equality is because the integration of the standard normal probability den-

sity function is equal to one.

109

Example 1.8: When the moment-generating function of X is given by ¢.(6) =
o3 (i.e., X has a standard normal distribution), we want to obtain the moment-
generating function of ¥ = u + oX.

Let ¢.(6) and ¢,(0) be the moment-generating functions of X and Y, respectively.

Then, the moment-generating function of Y is obtained as follows:

¢‘(0) — E<6HY) — E(eﬁ(uﬂrX)) — eﬁpE(eHer) — €HH¢X(9(T)

2, 1
= M7 = exp(ud + 50'292).
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3.2 Bivariate Random Variable

Definition: Let g(X, Y) be a function of random variables X and Y. The mathe-

matical expectation of g(X, Y), denoted by E(g(X, Y)), is defined as:

Z Z 8(xi, y) f(xisyj), (Discrete),
E@x,y)=1 ' 7 |
f f g(x,y)f(x,y) dx dy, (Continuous).

The following four functional forms are important, i.e., mean, variance, covariance

and the moment-generating function.
1. gX,Y) =X:

113

¢(0) is derived as follows:

o " o 1 1.2
¢(0) = f e f(x)dx = f e e 2" dx
. —o V2r
0 1 _l40. fm l ,l(( 79)2792)
= —e 2" dx = ——e 2\ dx
.[:m V2r —w V21

lg2 o 1 ,1(,579)2 1g2
=e2 —e 2" dx =e2".
- V21

The last equality holds because the integration indicates the normal density with

mean # and variance one.
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Example 1.8(b):  When X ~ N(u, 0%), what is the moment-generating function of
X?

#(0) = f . ™ fx) dx

= 7: ™ \/2;? exp(—ﬁ(x - ;4)2) dx
= I: \/#7 exp(Hx - #(x —;1)2) dx
= exp(ué + %0’202) f : \/2;? exp(ﬁ(x —u-0'0)?)dx
= exp(ué + %0292)4
112

The expectation of random variable X, i.e., E(X), is given by:

Z Z Xif (Xis y7), (Discrete),
EX)=4 ' 7/
f f xf(x,y) dxdy, (Continuous),
= .

The case of g(X, Y) = Y is exactly the same formulation as above, i.e., E(Y) =

Hy-

2. gX,Y) = (X — p)™:

114



The expectation of (X — y,)? is known as variance of X.

V(X) = E((X - 1))
Z Z(X/ — 1) f (i y)), (Discrete)
i

f B f 00(x — 1) f(x,y) dx dy, (Continuous)

2
s

T

The variance of Y is also obtained in the same way, i.e., V(Y) = a')z,.
3. g(X,Y) = (X — p)(Y = py):

115

Cov(X, Y) = E((X — p)(Y — )
Z Z(Xi = 1) = ) [ (xin ),
j

i (Discrete),

f f (= 10 = i) f(x) dx dy,

(Continuous).

Thus, covariance is defined in the case of bivariate random variables.

117

Some Formulas of Mean and Variance: We consider two random variables X

and Y.
1. Theorem: E(X +Y) = E(X) + E(Y).
Proof:

For discrete random variables X and Y, it is given by:
EX+7)= ) 3 0+ ) fulhiy)
i
= Z Z Xi fo(Xi yj) + Z Z Vil (X))
i i
=EX) + E(Y).

119

The expectation of (X — u,)(Y — p,) is known as covariance (358 of X

and Y, which is denoted by Cov(X, Y) and written as:

116

. 8(X,Y) = X+

01 X+0,Y

The mathematical expectation of ¢ is called the moment-generating

function, which is denoted by:

$(61.62) = E(" )
Z Z Y £, y), (Discrete)
i

f f 691x+92,\'f(x, y) dx dy, (Continuous)

In Section 5, the moment-generating function in the multivariate cases is dis-

cussed in more detail.

118

For continuous random variables X and Y, we can show:

EX+Y)= fw fw(x + ) fo(x,y) dx dy

- [ [ st aray
+ f f Y o(x,y) dx dy

= E(X) + E(Y).
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2. Theorem: E(XY) = E(X)E(Y), when X is independent of Y. For continuous random variables X and Y,

Proof: o oo
exn = [ [Copemae
For discrete random variables X and Y, f‘z f

WAOfG) dx dy
E(XY) = )" ) xiyifaliy) = D D i ) A0)
i i i Jj

= (X i) = B(XE(Y).
(fo(x ))(Zj: yil (y,)) (GOEM When X is independent of Y, we have f,,(x,y) = f(x)fy(y) in the second

=( f e dx)( f 30 dy) = ECX)E(Y).

If X is independent of Y, the second equality holds, i.e., fi,(x;, ¥;) = fi(x) (). equality.
121 122
3. Theorem: Cov(X,Y) = E(XY) - E(X)E(Y). =EXY) — iy
Proof: = EXY) - E(OE(Y).

For both discrete and continuous random variables, we can rewrite as follows: In the fourth equality, the theorem in Section 3.1 is used, ie., E(u.Y) =

Cov(X, ¥) = E(X = (¥ - 1)) #ECY) and By X) = p,BX).
= BXY - 1Y — 1, X + 1)

= B(XY) — E(.Y) — E(uyX) + gty

= BOXY) - 1 E(Y) = B + oty

= E(XY) — papty — pyfte + pfty
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4. Theorem: Cov(X,Y) = 0, when X is independent of Y. 5. Definition: The correlation coefficient (#8BE{%%k) between X and Y, de-
Proof: noted by p,,, is defined as:
From the above two theorems, we have E(XY) = E(X)E(Y) when X is inde- Py = Cov(X,Y) _ Cov(X, Y).

WV ooy
pendent of Y and Cov(X, Y) = E(XY) — E(X)E(Y). BNV 7

, iti lation bet Xand Y
Therefore, Cov(X, Y) = 0 is obtained when X is independent of Y. Pxy > 0= positive correlation between X an
pry — 1 = strong positive correlation
Px < 0 = negative correlation between X and Y

Py — —1 = strong negative correlation
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6. Theorem: p,, = 0, when X is independent of Y.

Proof:

When X is independent of ¥, we have Cov(X,Y) = 0.
Cov(X,Y) 0
VVX) VV(Y)
However, note that p,, = 0 does not mean the independence between X and

Y.

We obtain the result p,, =

127

= E((X - p1)%) + 2B((X — (Y — 1))
+E((Y - 1,)%)

= V(X) £ 2Cov(X, Y) + V(Y).

129

(1) = V(Xt = Y) = V(X1) — 2Cov(X1, ¥) + V(Y)

= 2V(X) - 2tCov(X, Y) + V(Y)

Cov(X, Y) (Cov(X, Y))?
VX) vy

In order to have f(r) > O for all ¢, we need the following condition:

Cov(X,Y )2
V() - (V% >0,
because the first term in the last equality is nonnegative, which implies:
(Cov(X, V)
VXOVY) ~

= voo(i - )+ V) -

131

7. Theorem: V(X = Y) = V(X) + 2Cov(X, Y) + V(Y).

Proof:
For both discrete and continuous random variables, V(X + Y) is rewritten as
follows:
V(X £Y)= E(((X +Y)-B(X = y))z)
= B(((X — ) £ (¥ = ))’)

= B((X = 1) £ 20X = p)(Y = ) + (Y = 1))
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8. Theorem: -1 <p, <1.

Proof:

Consider the following function of #: f(f) = V(Xt — Y), which is always
greater than or equal to zero because of the definition of variance. Therefore,

for all ¢, we have f(r) > 0. f(z) is rewritten as follows:
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Therefore, we have:
Cov(X,Y)

<——<1
V) VD)

From the definition of correlation coefficient, i.e., py, =

Cov(X,Y) we
VX VWV

obtain the result: -1 < p,, < 1.
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9. Theorem: V(X +Y) = V(X) + V(Y), when X is independent of Y.
Proof:

From the theorem above, V(X + Y) = V(X) + 2Cov(X, Y) + V(Y) generally
holds. When random variables X and Y are independent, we have Cov(X,Y) =

0. Therefore, V(X + Y) = V(X) + V(Y) holds, when X is independent of Y.

10. Theorem: For n random variables X;, X, - -

E(Z aiXy) = Z ait,

s Xns

133

The first and second equalities come from the previous theorems on mean.
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for all i # j from the previous theorem. Therefore, we obtain: 11.

VO aX) = ) alVx)).

Note that Cov(X;, X;) = E((X; — 1)) = V(X)).
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V(Z a;X;) = Z Z a;a;Cov(X;, X;),
i i J

where E(X;) = y; and a; is a constant value. Especially, when X;, X, - -+, X,

are mutually independent, we have the following:

VO ax) = aVX).

Proof:

For mean of }; a,X;, the following representation is obtained.

EQaX) = ) B@X) = Y aB(X) = ) ap.

i i
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For variance of }}; ¢;X;, we can rewrite as follows:
VO ax) =B alX - )’
= E() X~ )Y aiX; ~ u)

i J
= E(Z Z aai(X; — ) (X; - #/‘))
i
= Z Z a,-a_,-E((Xi = u)(X; — :”j))
[
= Z Z a;a;Cov(X;, X ;).
i

When X;, X,, ---, X, are mutually independent, we obtain Cov(X;, X;) = 0
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Theorem: n random variables X, X,, ---, X, are mutually independently
and identically distributed with mean u and variance 0. That is, for all i =
1,2,-+-,n, BE(X;)) = g and V(X;) = o are assumed. Consider arithmetic
average X =(1/n) >, X;. Then, mean and variance of X are given by:

0_2

V(X)= —

EX) =pu, —.

138



Proof:

The mathematical expectation of X is given by:
_ 1 & | @ 1
E(X) =E(- > X) = ~E(),X)=— > E(X)
i=1 i=1 i=1

1+ 1
=— > u=-nu=p.

E(aX) = aE(X) in the second equality and E(X+Y) = E(X)+E(Y) in the third
equality are utilized, where X and Y are random variables and « is a constant

value.

139

4 Transformation of Variables (Z${Z-#2)

Transformation of variables is used in the case of continuous random variables.
Based on a distribution of a random variable, a distribution of the transformed ran-
dom variable is derived. In other words, when a distribution of X is known, we can
find a distribution of Y using the transformation of variables, where Y is a function

of X.

141

When X = y(Y), we want to obtain the probability density function of Y. Let f(y)
and F,(y) be the probability density function and the distribution function of Y,
respectively.

In the case of ¥/(X) > 0, the distribution function of Y, F\(y), is rewritten as follows:

Fy() = P(Y <y) = P(y(Y) < 4()
= P(X <y) = F.(v).

The first equality is the definition of the cumulative distribution function. The sec-

ond equality holds because of ¢'(Y) > 0. Therefore, differentiating Fy(y) with

143

The variance of X is computed as follows:

_ l n 1 n 1 n
VE) =V Y X)= V(Y X) = — 5 V(X)
i=1 i=1 i=1

We use V(aX) = a®V(X) in the second equality and V(X + ¥) = V(X) + V(Y)
for X independent of Y in the third equality, where X and Y denote random

variables and a is a constant value.
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4.1 Univariate Case

Distribution of ¥ = y~1(X):  Let f.(x) be the probability density function of con-
tinuous random variable X and X = y/(Y) be a one-to-one (—%f—) transformation.

Then, the probability density function of Y, i.e., f,(y), is given by:
£0) = W OIAYG)).

We can derive the above transformation of variables from X to Y as follows. Let
fx(x) and F,(x) be the probability density function and the distribution function of
X, respectively. Note that F,(x) = P(X < x) and f(x) = F(x).
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respect to y, we can obtain the following expression:

£0) = Fj0) = W OF(¥0) = ¢ O L(s). @)
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Next, in the case of ¥'(X) < 0, the distribution function of ¥, F\(y), is rewritten as

follows:

Fy(3) = P(Y <) = P(u(Y) > y(») = P(X = ()
=1-P(X <) = 1 - F(u0).
Thus, in the case of ¥/(X) < 0, pay attention to the second equality, where the

inequality sign is reversed. Differentiating F,(y) with respect to y, we obtain the

following result:

£6) = FJ0) = W OF () = - OABO). )
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Example 1.9: When X ~ N(0, 1), we derive the probability density function of
Y=pu+oX.
Since we have:

Y -
X=um=—*,

Y/'(y) = 1/o is obtained. Therefore, f,(y) is given by:

£0) =W OIA(O) = exp(—ﬁ(y - 7).

1
oV2r
which indicates the normal distribution with mean u and variance o>, denoted by

N(u, o).

147

Example: y*(1) Distribution: — Define ¥ = X?, where X ~ N(0,1). Then, ¥ ~
XD,
proof:

1
50 = 5 S (HCH) + £5)

| S 1 1
= —y "exp(-5y
el
which is y*(1) distribution, where

1 1,
fi(x) = mexp(—i “)
1

RO = =) = —= exp(—%y)

By
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Note that —y/(y) > 0.
Thus, summarizing the above two cases, i.e., ¢'(X) > 0 and y’(X) < 0, equations

(4) and (5) indicate the following result:
£0) =W OIA(G),

which is called the transformation of variables.
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On Distribution of ¥ = X?:  As an example, when we know the distribution
function of X as F,(x), we want to obtain the distribution function of Y, Fy(y),

where Y = X2. Using F,(x), Fy(y) is rewritten as follows:
F,(»)=P(Y <y)=PX*<y)=P(-\y <X < \y)
= Fu(\Y) = Fx(= ).

The probability density function of Y is obtained as follows:

1
L) =Fy) = Z—W(m V) + Fl=N)-
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Note that the y?(n) distribution is:

. 1 0y X
filx) = 27T 1))(2 exp(—i), x>0,

N

where I'(§) = v
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4.2 Multivariate Cases

Bivariate Case: Let f,,(x,y) be a joint probability density function of X and Y.
Let X = (U, V) and Y = (U, V) be a one-to-one transformation from (X, Y) to
(U, V). Then, we obtain a joint probability density function of U and V, denoted by

Jfi(u, v), as follows:

Fulwv) = o (01000, 9), 92, 0),
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Multivariate Case: Let f,(x;, x2,- -+, x,) be a joint probability density function
of X, Xz, - - - X,,. Suppose that a one-to-one transformation from (X;, X, - - -, X,,) to

(Y1, Y, -+, Y,) is given by:

Xy =Y, Yo, -, Yy,

Xo =Y, Y2, -+, Y)),

X = (Y1, Y2, V).

153

where J is called the Jacobian of the transformation, which is defined as:

dx;  0x 0x;
dy1 - Oy Oy
92 Ox %
ayr O Oy
J=
dx, 0x, 0x,
oy Oy Oyu
155

where J is called the Jacobian of the transformation, which is defined as:

ox Ox
o ov

J= .
dy Oy
ou ov
152

Then, we obtain a joint probability density function of Yy, Y, - -+, ¥,, denoted by

SO1,y2, -+, ya), as follows:

fv(}‘h)'z, V)
= WAL 300201530 PO 3m),
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Example: Normal Distribution: X ~ N(u;,07) and Y ~ N(up,03). X is
independent of Y.

Then, X + Y ~ N(u; + 2, 073 + 073)

Proof:

The density functions of X and Y are:

1 1
Sl = exp (—T._Z(X - #1)2)
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The joint density of X and Y is:

So(xy) = (0 fG)

_ 1 2 1 X 2
= Yroos eXP( 20%(): M) 20%(} #2))

Define U = X + Y and V = Y. We obtain the joint distribution of U and V.

Using X = U — V and Y = V, the Jacobian is:
ox Ox

s 1 -1
_|Ou 9v|_ _
T=|o QHO 1 ‘71
ou v
157

1 1 2
= fmexp(—r‘_f((v—#z)—(u—ul — f2))

1 2
—E(V - H2) )dV

1 1
- fzmrm eXp( TR 1) T

2

o
- - — )’ -

2
——— (- - dv
o+ 0o; 2(0’% + a'%)( Hi= ) )
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1
f J2r/(1a? + 1/02)

1
XexP(_ 2/(1)0 + 1/05)((V_“2)
2
0'2 5
2 (= — ) d
o-%+o—§(u Hi ,Uz))) v
X 1 eXP( - (u =y —#2)2)
2 2
\2r(0? + D) 2oy +03)

1

= ex

1
Y
\27(0? + o) Aoy +03)

161

- M- ;12)2)

The joint density function of U and V, f,,(u, v), is given by:

fuv(us V)= |]|fn(u -v,v)

1
— (v 2y 2
= 2o CXP( 20%('4 V=) 2Ug(v #2))

The marginal density function of U is:
Julu) = f S, v)dv

1 1 , 1 5
= U=y =) = — (v = pp)?)d
f 3rore 0l 2a Uy = f2)?)dv
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1
f \2r/(1 o2 + 1o

2
xexp(f

S SN I
2/(1/0’%+1/a’§) v o‘%+a’§

1 1
eXp( By U *ﬂz)z)d"
\2r(0? + od) (o7 +03)

(= - #2))2)

X
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Example: y? Distribution: X ~ y*(n) and Y ~ x*(m). X is independent of Y.
Then, X + Y ~ x*(n + m).
Proof:

The density functions of X and Y are:

1 n X
fix) = Z%F(%)x— exp(—i), x>0
_ 1 2o y
£ = 2%1"(12')} exp(=3), y>0

The joint density function of X and Y is:

S y) = [/,
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m

D) 2 2 r("’)
1

2
=Cxilyi! 277
iy E exp(—= 3 %)

1
where C = s ——
22 TEIE)
From X = U — V and Y =V, the Jacobian is:
@ @ 1 1
u Qv -
J = = =1
% @l ‘o 1 ‘
ou Ov
163

1
:cbt%‘exp«g)f(17w)’:”*‘w%*‘dw
0
= CBG. 2 exp(-3)
O rere .

u
2 20 lexp(—=
= e TP p(-3)
1 o
e _Z
= sy ey
Beta function B(n, m) is:
_ T(mI'(m)
B _ 1—x)" 1 m 1 —
(n,m) = f( ) 4= FaTm
165
Proof: The density functions of X and Y are:
W(x) = ex (—7x ), —00 <X <00
bE ﬁ P
1
-= >0
£ = 2 ne ) xp( ) y
The joint density functions of X and Y, f,,(x,y), is:
Soxy) = [ fi(n)
1 1 »
= L exp(—2 )yt ! xp(-3)
N AT )
1 1 1,
IR EN0) ) exp( 2 )
167

x 7 exp(-3) syt exp(-3)

The joint density function of U and V, f,,(u, v), is given by:

S, v) = foy(u—=v,v)
=C(u- V)T1 31 exp(—g)

The marginal density function of U is:
70 = [ fut ey
= CCXP(—*)f w—-v) iy
= CCXP(‘Q)fo (= uw)? ™ () udw
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Example: ¢ Distribution: X ~ N(0,1) and Y ~ y*(n). X is independent of Y.

X
Then, U = —— ~ t(n)

VYn

Note that the density function of #(n) is:

nl

resy o 2
— 1 —
0 = 1y \/ﬁ( i n)

166

%
From X = U 4/ — and Y =V, the Jacobian is:
n

ox al \/7

ou ov|_|\n

T o ‘ B l 0
ou v

The joint density function of U and V, f,,(u, v), is:

fuv(”, V) = |]|f\,y(u \/g’ V)
— \/?Lex ,lﬂ) %716X (72
N2 2 n 2 r(n)v“ p(=3
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1 1 1
Vi VRS T

The marginal density function of U is:

where C =

filw) = f Fonlt, V)

) 2
- cfﬁ exp( “Tas ”—))dv
2 n

n

a1 -1
:Cf(w(l +u—2)") - exp(—fw)(l +u—2) dw

rHl
a e 1
= C(l + u;) fle’I exp(—iw)dw

169

2
Use integration by substitution by w = v(1 + u—).
n
1 w1

1
Note that f(w) = ———w'> ! exp(—iw) is the density function of y*(n + 1).

ntl

25 1"(’”‘)
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Proof: The density functions of X and Y are:

Si(x) = FCXP( *Xz), —00 < X < 00
HO) = \/27 eXP(—EyZ), —c0 <y <o

The joint density function of X and Y is:

Joloy) = L)L)

1 1, 1
= ——=exp(—5x")
V2 2 "\2rm

R SONR SIS
—znexp( 2(x +y7)

1,
exp(=5y7)

173

il

_C(1+—) o 1

] nl 1 1
X | ————w 2 exp(-—zw)dw
fz l—(»x+l) 2

n+1

—C(1+—)772 g
1 52! n+1 2\F
T Vr2E )«f 2 )( " n)

n+l

(n+l) ( ) =
')

170

Example: Cauchy Distribution: X ~ N(0,1) and Y ~ N(0, 1).

dentof Y.
X .
Then, U = 7 is Cauchy.

Note that the density function of U, f,(u), is:

Sy =

(1 + u?)

172

Transformation of variables by u = Landv = y.
y

From x = uv and y = v, the Jacobian is:

ox Ox
o av|_|V M| _
Rl Rl Y et
ou v

The joint density function of U and V, f,,(u,v), is:

Sut,v) = | foy(uv, v)
= L exp(—i2(1 4 12
—|V|2ﬂ_exp( 2\/ (1 +u))

174

X is indepen-



The marginal density function of U is:

fuluy = f Fuli,v)dy
IR Lo
= Iw [v[exp( 5 (1 +u?))dv

1 e 1
= 7f vexp(—=v*(1 + u?))dv
T Jo 2

=)

ot
x| 1+u?
1

T x(+uwd)

exp(—%vz(l +u?)
v=0
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1. Theorem: ¢™(0) = u, = E(X").
Proof:

First, from the definition of the moment-generating function, ¢(6) is written

as:

#(6) = B(e™) = f " o ) d,

—c0

The nth derivative of ¢(6), denoted by ¢™(6), is:

¢ (0) = f xX"e™ f(x) dx.

177

2. Remark: The moment-generating function is a weighted sum of all the
moments.

96 =B =By L7 0))

n=0

= E(i %X"G”) = Zw: %E(X”)G”

n=0 n=0

=
where f(6) = ¢, f(O)= AR

n=0 """

Note that f®™(8) = X"eX.
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5 Moment-Generating Function (1% & &2 %k)

5.1 Univariate Case

As discussed in Section 3.1, the moment-generating function is defined as ¢(0) =
E(e™).
For a random variable X, 1, = E(X") is called the nth moment (n RDFEE) of X.

176

Evaluating ¢"(6) at @ = 0, we obtain:

$(0) = f ") dy = BOCY) =

=~

where the second equality comes from the definition of the mathematical ex-

pectation.

178

3. Remark: ¢(6) does not exist, if E(X") for some n does not exist.

#(0) is finite. <=  All the moments exist.
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4. Remark: LetX and Y be two random variables. Suppose that both moment-
generating functions exist. When the moment-generating function of X is

equivalent to that of Y, we have the fact that X has the same distribution as Y.

.(0) = ¢,(0) — EX")=EY" foralln
= filh= (0

181

6. Theorem: Let ¢(6), ¢2(0), - -, ¢,(0) be the moment-generating functions
of X, X5, - - -, X,,, which are mutually independently distributed random vari-
ables. Define Y = X; + X, + - - - + X,,. Then, the moment-generating function

of ¥ is given by ¢,(0)62(6) - $,(6), i.c.,
,(60) = E(") = ,(0)62(0) - - $,(6).

where ¢,(6) represents the moment-generating function of Y.

183

7. Theorem: When X;, X,, ---, X, are mutually independently and identically
distributed and the moment-generating function of X; is given by ¢(6) for
all i, the moment-generating function of Y is represented by (q)((-}))n, where

Y=X+X+--+X,

185

5. Theorem: Let ¢(6) be the moment-generating function of X. Then, the

moment-generating function of ¥, where Y = aX + b, is given by e?’¢(af).
Proof:

Let ¢,(6) be the moment-generating function of Y. Then, ¢,(6) is rewritten as

follows:
$,(0) = E(e") = E("@X*)) = oE(e™X) = ¥ g(af).

¢(0) represents the moment-generating function of X.

182

Proof:

The moment-generating function of Y, i.e., ¢,(0), is rewritten as:

¢y(0) — E(eﬂ}’) - E(EQ(X1+X2+-~+X,,))
= E(e™)E(e™) - - E(e™)

= ¢1(0)¢2(0) - - - $u(6).

The third equality holds because X, X, - -, X,, are mutually independently

distributed random variables.

184

Proof:

Using the above theorem, we have the following:

$,(6) = 1(0)2(0) - $u(6)
= 9(O)$(0) - $(0) = (4(0))

n

Note that ¢;(6) = ¢(0) for all i.
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8. Theorem: When X;, X,, - - -, X,, are mutually independently and identically
distributed and the moment-generating function of X; is given by ¢(6) for
— 0 \n
all i, the moment-generating function of X is represented by (¢,(,)) , Where
n

X =(1/n) 2L, Xi.

187

Bernoulli Distribution: The probability function of Bernoulli random variable X
is:
f@=pd-p™  x=01

The moment-generating function of X is:
#(0) = pe” +1-p

Mean: EX)=¢'(0)=p
Variance:  V(X) = E(X?) — (E(X))? = ¢”(0) — p* = p(1 - p)

189

¢"(0) = npe’(pe” + 1 = py"" +n(n — Dp*e®(pe’ + 1 - py'">.
Evaluating at § = 0, we have:
E(X) = ¢'(0) =np, E(X*)=¢"(0)=np+n(n-1)p"

Therefore, V(X) = E(X?) - (E(X))2 = np(1 — p) can be derived. Thus, we can make
sure that E(X) and V(X) are obtained from ¢(6).

191

Proof:

Let ¢+(6) be the moment-generating function of X.
$+(6) = E(e™) = E(e? %1% = [ [ B(e™™)

i=1
= ﬂl ¢<§> = (¢(§))".

188

Binomial Distribution: For the binomial random variable, the moment-generating

function ¢(0) is known as:
@) = (pe” + 1= pY',

which is discussed in Example 1.5 (Section 3.1). Using the moment-generating
function, we check whether E(X) = np and V(X) = np(1 — p) are obtained when X
is a binomial random variable.

The first- and the second-derivatives with respect to 6 are given by:

¢'(0) = npe’(pe’ +1 - py"",

190

Poisson Distribution: The probability function of Poisson random variable X is:
/IX
f=e'=, x=0,1,2,--
x!

The moment-generating function of X is:

o

OEDY e”*e**g

x=0

0 0 )%
_ 0 _H(E/l)
:Ze/lee/iee/l ‘
g x!

=exp(A(e’ — 1)
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Normal Distribution: When X ~ N(u, o), the moment-generating function of
X is given by: ¢(0) = exp(uf + $026?) from the previous example.
Obtain E(X) and V(X), using ¢(6).

e EX)=¢'(0)=p

from ¢'(6) = (u + o26) exp(ué) + 1076°).

o E(X?) = ¢"(0) = 0% + 1

from ¢ (6) = o exp(uf + 1026%) + (u + o*60)? exp(ud + 156%).
o V(X) = E(X?) - (E(X))* = (07 + %) — i = 0

193

Uniform Distribution: The density function is:
1
f(x)=——, a<x<b
b-a

The moment-generating function is:

o b
o(0) = f ™ f(x)dx = f ™ ! dx
e ' b—a

b
[ ofx ] o — pta

b-a)|,  60b-a

195

(*) L'Hospital’s rule
For two continuous functions f(x) and g(x),

i S () N L CON i C))]
im — = lim s or lim —— = lim s
x—00 g(x) x—00 g’(x) x>0 g(x) x—-0 g’(x)

L'Hospital’s rule is used when we have:

S e 0

,lggg(x)_ooor 0
or

X f(x)ioo 0

e T "o
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Cauchy Distribution: Cauchy distribution: f(x) = ———
(1 + x2)

. B x
E(X):\fxf(x)dx—f‘ﬂi(1 +x2)dx

1
= —[log(1 + )17,
2n
= ¢(6) does not exists.

t(k) distrubution = E(X*) does not exists.

194

B(be™ — ae')y — (&% — ')
0*(b — a)

¢'(0) =
Mean:
E(X) = ¢/(0) «— Use L’Hospital’s rule.

_a+h
T2

(%) f(6) = 6(be” — ae™) — (e — "), g(0) = (b~ a)

f(8) = 6(b*e? — a*e), g'(0) =20(b - a)
_fO® O 0P —ae™)  a+b
lim —= =lim =lim——= =
0-0 g(0) 0-0 g'(6) -0  20(b—a) 2
196

Variance:  V(X) = E(X?) - (E(X))*

E(X?) = ¢"(0)
_ 92(}726% _ 51269“) _ 29(}76% _ aega) + 2(6% _ 69(4)

for —co < x < oo,

Bb-a)

£(0) = P (b*e? — a*e) — 20(be®™ — ae’) + 2(e? — &)
g(0) = (b - a)

11O = PBe” - ae™)
g'(0) = 36*(b—a)
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, O . fO
rO=Ine e

. CBe® —ade™) b +ba + a®
-0 362 (b—a) 3

V(X) = E(X?) - (E(X))’
= ¢"(0) — (¢/(0))> «— L Hospital’s rule
b? + ba + a* (a+b)2 B b -a)?
3 U2 T2

199

1. Mean: E(X) = ¢'(0)
gy = — A
'O = a-ay
1
E(X) =¢'(0) = 1
2. Variance: V(X) = E(X?) - (E(X))*

E(X%) = ¢"(0) ¢"(0) = ZW

V(X) = E(X?) - (E(X))* = ¢"(0) - (¢/(0))°

2 1 1

Ve

201

1 ff‘” PR
= —- - )2 Xp(—— )
1-20) Jy 2irey P29

Use integration by substitution by y = (1 — 26)x
dx

— =(1-20)"

dy ( )

Use the y*(n) distribution in the integration.
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Exponential Distribution: The exponential distribution is:
fx) =", 0<ux
The moment-generating function is:

9(0) = f " oy = f e
e 0

= f A -0y = —
0 Jo -0

Use the exponential distribution with parameter A — 6 in the integration.
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x* Distribution: The density function is:

1 n_y x
fx) = %xz exp(fi), 0<x

The moment-generating function is:

$(0) = f eg‘f (x)dx

X! exp(—i)dx

E

2

:f 77T % X3! exp (—7(1 —20))5) X
f 1 1

n
23T

1. Mean: E(X) = ¢/(0)
#'(0) = (—)(=2)(1 - 26)"%!
E(X)=¢'(0)=n
2. Variance: V(X) = E(X?) - (E(X))*
E(X?) = ¢"(0)

¢(0) = (=)=} = D221 - 20)75"

V(X) = B(X?) — (E(X))* = ¢"(0) - (¢'(0)

=n(n+2)-n’=2n
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29) eXp(_iy)l 26°
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Sum of Bernoulli Random Variables: X, X, ---, X,, are mutually indepen-
dently and identically distributed as Bernoulli random variable with parameter p.
Then, the probability function of ¥ = X; + X, + - -- + X,, is B(n, p).

Proof: The moment-generating function of X;, ¢;(6), is:

¢ =pe” +1-p

205

Sum of Two Normal Random Variables: X ~ N(yl,a'f) and Y ~ N(ﬂz,u’%).
X is independent of Y.

Then, aX + bY ~ N(ap; + bpo, a*o} + b*a%), where a are b are constant.

Proof: Suppose tha the moment-generating functions of X and Y are given by
$.(6) and ¢,(6).
1
0:(6) = expluit + 5076°)

1
¢,(0) = exp(,u20 + 50'562)

207

Sum of Two x> Random Variables: X ~ y?(n) and Y ~ y*(m). X is indepen-
dentof Y.
Then, Z =X + Y ~ x*(n + m)

Proof:
Let ¢,(0) and ¢,(0) be the moment-generating functions of X and Y.
¢,(6) and ¢,(6) are given by:

1—20) ’

0,0 = (—=)*.

¢:(0) = ( 5

209

The moment-generating function of Y, ¢,(6), is:

¢‘(0) — E(eOY) — E(e()()ﬁ +X2+--~+X,,))
= E(¢"ME(E™)- - E(™) = ¢1(0)¢2(60) - - - 6,(0)

= (¢®)" = (pe’ + 1= p)',

which is the moment-generating function of B(n, p).

Note:

In the third equality, X;, X5, - - -, X), are mutually independent.
In the fifth equality, X;, Xp, - - -, X, are identically distributed.
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The moment-generating function of W = aX + bY is:

$.,(0) = E(e™) = E("“X*") = E(e“™)E("™) = ¢.(ab)$,(b6)
1 1
= exp(ui(at) + 5Uf(ae)z) x exp(ua(b6) + 505(170)2)

1
= exp((apl + buy)0 + E(azo'f + bzoﬁ)ﬂz)

which is the moment-generating function of normal distribution with mean ay; +bu,
and variance @’c” + b’02.

Therefore, aX + bY ~ N(au; + by, a*c? + b*03)
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The moment-generating function of Z = X + Y is:

¢-(0) = B(e”) = E(¢"*™) = E(¢"™)E(e™) = ¢,(6)¢,(6)
1oy 1o 1
(=) =) ===

which is the moment-generating function of y?(n + m) distribution. Therefore, Z ~

x2(n +m).

Note:

In the third equality, X and Y are independent.
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5.2 Multivariate Cases

Bivariate Case: As discussed in Section 3.2, for two random variables X and Y,
the moment-generating function is defined as ¢(6;,6,) = E(e”**%Y). Some useful

and important theorems and remarks are shown as follows.

211

Taking the jth derivative of ¢(6,,6,) with respect to 8, and at the same time

the kth derivative with respect to 6,, we have the following expression:

Jj+k
o az/(g; - 6) f f AT E (x,5) dx dy.

Evaluating the above equation at (6;,6,) = (0,0), we can easily obtain:

37 (0,0)

Xy o (x,y) dx dy = B(X/YY).
el I IRER O L
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3. Theorem: Let ¢(6;,06,) be the moment-generating function of (X, Y).

The moment-generating function of X is given by ¢;(6;) and that of Y is
$2(62).

Then, we have the following facts:

#1(61) = ¢(61,0),  ¢2(62) = ¢(0, 62).

215

1. Theorem: Consider two random variables X and Y. Let ¢(6;,6,) be the

moment-generating function of X and Y. Then, we have the following result:

37 ¢(0, 0)

: = E(X/Y%).
96]06%

Proof:

Let f,(x,y) be the probability density function of X and Y. From the defini-

tion, ¢(6;, 6,) is written as:

$(6),0,) = E("***") = f f M (x, y) dx dy.

212

2. Remark: Let (X;,Y;) be a pair of random variables. Suppose that the

moment-generating function of (X, Y;) is equivalent to that of (X5, ¥»). Then,

(X1, Y1) has the same distribution function as (X5, Y>).
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Proof:

Again, the definition of the moment-generating function of X and Y is repre-

sented as:

¢(91’ 92) — E(eH|X+HzY) — f f 69'X+sz,fx)v(x, )7) dx dy.

When ¢(6,, 6,) is evaluated at 6, = 0, ¢(6;, 0) is rewritten as follows:

$(61,0) = E(e"Y) = f ) f we”'-‘fn(x,w dx dy

= f - e"( f ) Fo(x.y) dy) dx
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_ f e Fu(x) dx = E(Y) = ¢,(6)). 4. Theorem: The moment-generating function of (X, Y) is given by ¢(6,, 6).
Let ¢1(6,) and ¢,(6,) be the moment-generating functions of X and Y, respec-
Thus, we obtain the result: ¢(6;,0) = ¢,(6,). el
tively.

Similarly, ¢(0, 8,) = ¢-(6,) can be derived.
3, 6(0,62) = 6:(82) If X is independent of Y, we have:

$(01,602) = $1(01)2(62).

217 218

Proof: Multivariate Case:  For multivariate random variables X{, X5, - - -, X,,, the moment-
From the definition of ¢(6;,6,), the moment-generating function of X and Y generating function is defined as:

is rewritten as follows:
(01,0, -+, 0,) = E(e Nk

@01, 0,) = E(e"¥%") = E(e")E(e™") = ¢1(61)¢2(62).

The second equality holds because X is independent of Y.

219 220
1. Theorem: If the multivariate random variables X;, X, - - -, X, are mutually Proof:
independent, From the definition of the moment-generating function in the multivariate
the moment-generating function of X, X, - -, X, denoted by ¢(6,, 6,, - - -, cases, we obtain the following:

6,), is given by: B(O1,6s,- -+, 6,) = E( X1 0Xor40,X,)

B(01,62, -+, 0,) = $1(01)$2(62) - - - $u(6n), = E(e")E(e"¥2) - . E(e¥r)

where ¢,(6) = E(eBX,). = $1(01)92(62) - - - ¢,(6,,).

221 222



2. Theorem: Suppose that the multivariate random variables X;, X5, - - -, X,, are

mutually independently and identically distributed.
Suppose that X; ~ N(u, o72).
Let us define & = )", a;X;, where a;, i = 1,2,---,n, are assumed to be

known.

Then, o ~ N(u Yy ai, 0% Y1 a?).

223

Let ¢, be the moment-generating function of /1.

0(6) = E(¢") = B> %) = [ [ E(e"™)

i=1

= l_I ¢ (a;0) = 1_[ exp(ua;f + (rzazﬁz)

i=
n

= exp(yZa6+ 57 Za?@z)

i=1
which is equivalent to the moment-generating function of the normal distri-

bution with mean p Y/, @; and variance o 3" where u and o in ¢.(6)

xlz’

is simply replaced by u Y- a; and 0 3L, a? in ¢(6), respectively.
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6 Law of Large Numbers (x1#{®M;%H|) and Central
Limit Theorem (5103 % R & )

6.1 Chebyshev’s Inequality (F = E > = 7DFEN)

227

Proof:

From Example 1.8 (p.111) and Example 1.9 (p.147), it is shown that the
moment-generating function of X is given by: ¢.(6) = exp(u6+ 30°6%), when

X is normally distributed as X ~ N(u, o/2).

224

Moreover, note as follows.

When a; = 1/nis taken foralli = 1,2,---,n, i.ec., when i = X is taken, i = X
is normally distributed as: X ~ N(u, 02/n).
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Theorem: Let g(X) be a nonnegative function of the random variable X, i.e.,
g(X)>0.

If E(g(X)) exists, then we have:
E(g(X
P(g(X) 2 k) < —(gli ), ©)

for a positive constant value k.
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Proof:

We define the discrete random variable U as follows:
1, ifgX)=>k,
0, if g(X) <k.

U=

Thus, the discrete random variable U takes O or 1.

Suppose that the probability function of U is given by:
Sfw) = P(U = w),
where P(U = u) is represented as:
P(U =1) = P(g(X) > k),
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where E(U) is given by:

1
E(U):ZuP(U:u):1><P(U:1)+0><P(U:0)
u=0

=PWU =1) = P(g(X) > k). (8)
Accordingly, substituting equation (8) into equation (7), we have the following in-

equality:

PEX) 2 k) < @-
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Proof:
Take g(X) = (X — u)* and k = 2%0>. Then, we have:

P((X - p)? = 0% < 15(;(27;7#)2

which implies P(IX — u| > Ao) < %

Note that E(X — )’ = V(X) = 0.

Since we have P(IX — u| > Ao) + P(|X — u| < A0) = 1, we can derive the following
inequality:

1
POX —pl < d0) 2 1= . )
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P(U =0) = P(g(X) < k).
Then, in spite of the value which U takes, the following equation always holds:
g(X) = kU,

which implies that we have g(X) > k when U = 1 and g(X) > 0 when U = 0, where
k is a positive constant value.

Therefore, taking the expectation on both sides, we obtain:

E(g(X)) > kE(U), ()
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Chebyshev’s Inequality: Assume that E(X) = u, V(X) = ¢?, and A is a positive

constant value. Then, we have the following inequality:
1
P(X —pl 2 20) < .

or equivalently,
1
P(|X—/1|</{0')21—ﬁ,

which is called Chebyshev’s inequality.
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An Interpretation of Chebyshev’s inequality: 1/4% is an upper bound for the
probability P(|X — u| > Ao).

Equation (9) is rewritten as:
1
Plu—do<X<u+do)=> I—P.

That is, the probability that X falls within Ao units of u is greater than or equal to
1-1/2%
Taking an example of A = 2, the probability that X falls within two standard devia-

tions of its mean is at least 0.75.
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Furthermore, note as follows.
Taking € = Ao, we obtain as follows:

2

P(X-pz2e<Z,
€

P(X —EX)| =€) < @ (10)

which inequality is used in the next section.
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6.2 Law of Large Numbers (3147 ;%8/) and Convergence in
Probability (FEEIXH)

Law of Large Numbers 1: Assume that X;, X5, ---, X, are mutually indepen-
dently and identically distributed with mean E(X;) = u for all i.
Supopose that the moment-generating function of X; is finite.

- 1
Define X, = - ) X.
efine n;

Then, X, — pasn —> co.
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which is the following probability function:

1 if x =p,
Fx) = rrsH

0 otherwise.

00) = )" f(x) = M fwy = "
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Remark: Equation (10) can be derived when we take g(X) = (X — )%, u = E(X)
and k = €’ in equation (6).

Even when we have u # E(X), the following inequality still hold:

B(X - w?)

P(X—-pul>e < 5 .
€

Note that E((X — u)?) represents the mean square error (MSE).

When u = E(X), the mean square error reduces to the variance.
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Proof: The moment-generating function is written as:

e Lo L
¢O) =1+p60+ 5.‘1292 + ;ﬂﬁ} o
=1+m0+ 0@

where g, = E(X¥) for all k. That is, all the moments exist.

n 2 n
$:(0) = (¢(g)) =(1+ uis + 0(%))

=(1 +u’1§ + 0(%))” =(a+ x)%)”“*”‘”’”

— exp(ud) asx — 0,
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Law of Large Numbers 2: Assume that X, X, ---, X, are mutually indepen-
dently and identically distributed with mean E(X;) = u and variance V(X;) = 0> <
oo for all i.

Then, for any positive value €, as n — oo, we have the following result:
P(X,—ulze) — 0,

_ 1 <
where X, = — Xi.

We say that X,, converges in probability to .
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Proof:

Using (10), Chebyshev’s inequality is represented as follows:

P, - BRI 2 0 < V57,

where X in (10) is replaced by X,,.
- B 2
We know E(X,) = pand V(X,,) = 0-—, which are substituted into the above inequal-
n
ity.

Then, we obtain:
2

— o
POX, — 2 ) < —.
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Theorem: Inthe case where X;, X5, - - -, X,, are not identically distributed and they

are not mutually independently distributed, define:

my = E(i X), V= V(i Xy,
i=1 i=1

and assume that

m & v 1 n
1 - _E X;) < oo, L=V X;) < oo,
n n (; ) « n n (; ) .

— — 0, asn—> oo,
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Proof:

Remember Chebyshev’s inequality:

V(X)
€2

P(X -EX)| =€) <

5

Replace X, E(X) and V(X)
by X, E(%,) = ™ and V(X,) = 2.
n n
Then, we obtain:
‘/Il
n2e?’

P(X, - %I >e) <
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Accordingly, when n — oo, the following equation holds:
P(X,—ul>¢) < — — 0.
ne
That is, X, — u is obtained as n — oo, which is written as: plim X, = u.
This theorem is called the law of large numbers.
The condition P(\?n — | > €) — 0 or equivalently P(W” —u| <€) — lisused as
the definition of convergence in probability (FEZRILE).

In this case, we say that X,, converges in probability to y.
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Then, we obtain the following result:

n
2,’:1 Xi—m,
n

I . L . om
That is, X,, converges in probability to lim —.
e

This theorem is also called the law of large numbers.
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As n goes to infinity,

Vs

— 0.
n2e2

P(X, - 22> €) <

_ om
Therefore, X, — lim — as n — oo.

n—e 1
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6.3 Central Limit Theorem (4 /(>4 R E#) and Convergence in
Distribution (£ 1 iXZR)

Central Limit Theorem: X;, X, ---, X, are mutually independently and iden-
tically distributed with E(X;) = u and V(X;) = o2 for all i. Both u and o are
finite.

Under the above assumptions, when n — oo, we have:

X, —u f 1 i,
P <x) — —-e 2" du,
((r/\/ﬁ ) - V21

which is called the central limit theorem.
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Using E(Y;) = 0 and V(Y;) = 1, the moment-generating function of Y;, ¢(0), is
rewritten as:

1 1
_ Yoy _ V22 303 ...
#(0) = E(e )_E(1+Y,-9+2Y,.0 S )

1
=1+ 592 +0(6%).

In the second equality, " is approximated by the Taylor series expansion around

6=0.
249
Define Z as:
] n
Z=— Y;.
Vi s

Then, the moment-generating function of Z, i.e., ¢.(6), is given by:

0= B = (e 37) = [ () = (o)
i=1

2 3 n 2 3\
=(1+%%+0<%)) =(1+%%+0(n*%)).

‘We consider that n goes to infinity.

Therefore, O(Q—i) indicates a function of n3.
n?
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Proof:

X — .
Define ¥; = 7#‘ We can rewrite as follows:
o

X,

T R
:72 :75 Y.
o/Nn Ango Vi &

Since Y, Y, ---, Y, are mutually independently and identically distributed, the

moment-generating function of Y; is identical for all 7, which is denoted by ¢(6).
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(*) Remark:

O(x) implies that it is a polynomial function of x and the higher-order terms but it
is dominated by x.

In this case, O(6?) is a function of 63, &*, - - -.

Since the moment-generating function is conventionally evaluated at 6 = 0, 6° is
the largest value of 6°, 6%, - -- and accordingly O(6°) is dominated by 6° (in other

words, 6%, 6, - - - are small enough, compared with 6%).
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. 16% 3
Moreover, consider x = —— + O(n"2).
n

16 ;
Multiply n/x on both sides of x = >= + o).
n

1,1
Then, we obtain n = 7(76‘2 + O(n’%)).

x\2
Substitute n = —(502 + O(n’%)) into the moment-generating function of Z, i.e.,

X

¢:(0).
Then, we obtain:

16° 3\ 2 1
6:0) = (14 = + 0@ )" = (1 + x)iE+00D
2n

2 1
L+0m™2) 2

=((1+x7) — 7.
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Note that x — 0 when n —> oo and that lgr(} (1+x)'* = e as in Section 2.3 (p.35).
Furthermore, we have O(n’%) —> Qasn — oo.

Since ¢,(6) = % is the moment-generating function of the standard normal distri-
bution (see p.110 in Section 3.1 for the moment-generating function of the standard

normal probability density), we have:

Y,, Y fx 1 1.2
P <x) — e 2" du,
(cr/ a ) - V21
or equivalently, .
Xy —u
o/Nn

— N(0,1).
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Corollary 1: When E(X;) = u, V(X;) = ¢ and X,, = (1/n) Y, X;, note that
X, —EX,) _ Xu—p

Wy o

Therefore, we can rewrite the above theorem as:

P(iXi,, —B(X,) < x) — fX ! e du.

YVX,) \Z
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Summary: Let X, X, -+, X,,, - - - be a sequence of random variables. Let X be a

random variable. Let F,, be the distribution function of X, and F be that of X.

e X, converges in probability to X if lim P(|X, — X| > €) = 0 or lim P(|X, — X| <
n—oo n—eo

€)= 1forall e > 0.

Equivalently, we write X, —o X.

e X, converges in distribution to X (or F) if lim F,(x) = F(x) for all x.

Equivalently, we write X, 2, Xor X, 2, F.
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X,

We say that K converges in distribution to N(0, 1).
n

a,
= Convergence in distribution (£ % 4{3)

The following expression is also possible:

VX, — ) — N(O,07). (11)
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Corollary 2: Consider the case where X;, X5, ---, X, are not identically dis-

tributed and they are not mutually independently distributed.
Assume that

o e
lim nV(X,) = 0> < o0, where X, = — Z Xi.
n—co n L
Then, when n — oo, we have:

P(Xi"_E(X“) <x)— f L -4 gy,
V(X,) - V2x
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7 Statistical Inference

7.1 Point Estimation (= HE)

Suppose that the underlying distribution is known but the parameter # included in
the distribution is not known.
The distribution function of population is given by f(x; 6).

Let xy, x2, - - -, x,, be the n observed data drawn from the population distribution.
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Consider estimating the parameter 6 using the n observed data.

Let 8,(x1, X2, - - -, X,) be a function of the observed data x, x2, - - -, X,,.
9,l(x,, Xz, *++, X,) is constructed to estimate the parameter 6.

9,,(x1, Xz, - -+, X,) takes a certain value given the n observed data.

0,(x1, X2, - -+, xp) is called the point estimate of 6, or simply the estimate of 6.
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A point estimate of population variance o is:
|
A2 _ 2 —
O(X1, Xg,0 0o, X)) =57 = 7Z(xi %P
n—1 e

An alternative point estimate of population variance o7 is:

_ IR _
O’%(X]sxb”'axn) =5 = ;;(Xi—x)z-
261
Let X;, X5, ---, X, be a subset of population, which are regarded as the random

variables and are assumed to be mutually independent.

Xy, X2, - -+, X, are taken as the experimental values of the random variables X, X»,
- X

In statistics, we consider that n-variate random variables X, X, - -, X, take the

experimental values xi, xa, - - -, x, by chance.

263

Example 1.11:  Consider the case of § = (u, 0%), where the unknown parameters

contained in population is given by mean and variance.
A point estimate of population mean y is given by:

[ (xy, X, 000, X)) EX = *Zx:n
n i=1
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7.2 Statistic, Estimate and Estimator ({512, #TE #HTE)

The underlying distribution of population is assumed to be known, but the parame-

ter 6, which characterizes the underlying distribution, is unknown.

The probability density function of population is given by f(x;6).
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There, the experimental values and the actually observed data series are used in the

same meaning.
9,,(x1, Xz, - -+, X,) denotes the point estimate of 6.

In the case where the observed data x;, x», - - -, x, are replaced by the corresponding
random variables X;, X, - -, X,, a function of X;, X, -+, Xy, i.e., 0(X;, Xa, -+,
X,,), is called the estimator (¥ =) of 6, which should be distinguished from the

estimate (HETEE) of 0, i.e., (x|, X2, - -, X).
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Example 1.12: Let X;, X, ---, X, denote a random sample of n from a given

distribution f(x;6).
Consider the case of 6 = (u, o).

- 1< _ 1
The estimator of u is given by X = — E X;, while the estimate of yis x = — E X;.
= =

1 < —
The estimator of o2 is S = - Z(X,- — X)? and the estimate of o2 is s> =
P
in1

1< >
n_];(x,-—x)A
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We need to choose one out of the numerous estimators of 6.

The problem of choosing an optimal estimator out of the numerous estimators is

discussed in Sections 7.4 and 7.5.1.

In addition, note as follows.
A function of random variables is called a statistic ({5t &). The statistic for esti-

mation of the parameter is called an estimator.

Therefore, an estimator is a family of a statistic.
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1. The estimator of population mean y is:
&

o X=-
ni:

X;.

2. The estimators of population variance o are:

L&

o 52 =— Z(Xi — )%, when g is known,
=

1 n _
o §2= Z(X[ -X)2
i=1

n—1~4%

La
¢ 5= (X=X
i=1

269

There are numerous estimators and estimates of 6.

IR X, + X, .
All of 7ZX,-, ! 7 median of (X, X5, --+, X,,) and so on are taken as the
n
=1

estimators of p.

Of course, they are called the estimates of § when X; is replaced by x; for all i.

n 2
1 — 1 _

2 _ 2 e 2 _ L e . 2
Both §° = pa ) l(X, X) and §* = . E (X; — X)” are the estimators of o=,
=

i=1
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7.3 Estimation of Mean and Variance
Suppose that the population distribution is given by f(x; 6).

The random sample X;, X;, - -, X,, are assumed to be drawn from the population

distribution f(x; @), where 6 = (u, 0?).

Therefore, we can assume that X;, X5, - - -, X,, are mutually independently and iden-
tically distributed, where “identically” implies E(X;) = g and V(X;) = o2 for all
i

Consider the estimators of § = (u, 0™2) as follows.
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Properties of }: From Theorem on p.138, mean and variance of X are obtained

as follows:

0_2

EX) = u, VX) = o

Properties of $*2, S? and $**?:  The expectation of § *? is:

B = B 06— w) = > B0 - )
i=1 1

i=

n

:%ZV(XI»):%ZO'Z:U'Z.

i=1
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Next, the expectation of S? is given by:

E(S?)
= 15(n%1 Z:(X[ - Y)Z) = i 1 E(Z(X[ _ y)z)
- T = = =)
= 1 1E(§((Xf - =20 = (X = ) + (X - )
= 1 F(Z:(Xi -’ =2(X - ) 1 X =)+ n(X - w?)

i
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Finally, the expectation of S*2 is represented by:

E(S*2) = E(% ;(x, -X7) = E(%n%1 ;(x,» - X7?)

-1 -1 -1
(s =Ry =t 2 0
n n n

Summarizing the above results, we obtain as follows:

2 2

-1
ESY =0, EBEH=0 ES)="—0?z02
n
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The desired properties of 6, are:
o unbiasedness (1),
o efficiency (BZI1%).
o consistency (—E%) and

o sufficiency (+%1%). «— Not discussed in this class.
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1 " _
=n_1E(§<X;—m2—n(X—m2)

n I v n —
= —8(- ;m =) = ——E(X = p?)
on n oo’
Ta-10 Tn-1n

S (X; — p) = n(X — ) is used in the sixth equality.
1 n
E(- X — )2 = B(S*?) = o and
(n;(l w’) =E(S™) = o an
2

E((X - w? = V(X) = Z are required in the eighth equality.
n
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7.4 Point Estimation: Optimality

6 denotes the parameter to be estimated.

én(Xl, X,, - -+, X,,) represents the estimator of 6, while 9,,():], Xa, *++, X,) indicates

the estimate of 6.
Hereafter, in the case of no confusion, 9,,(X 1, X, -+, X,,) is simply written as (:),,.

As discussed above, there are numerous candidates of the estimator 6,,.

274

Unbiasedness (=& 1¥): One of the desirable features that the estimator of the

parameter should have is given by:
E(6,) = 6, (12)

which implies that 8, is distributed around 6.
When (12) holds, 6, is called the unbiased estimator (F{RHETE &) of 6.

E(6,) — 6 is defined as bias (IR Y).
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As an example of unbiasedness, consider the case of 6 = (u, o).

Suppose that X, X», - -+, X, are mutually independently and identically distributed

with mean g and variance 0.

Consider the following estimators of u and o2

1. The estimator of y is:
X;.

i=1

o X =

S| =
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Efficiency (%1): Consider two estimators, 8, and 6,.

Both are assumed to be unbiased.

That is, E(8,) = 6 and E(8,) = 6.

When V(8,) < V(E,,), we say that 6, is more efficient than 5,,.

The unbiased estimator with the least variance is known as the efficient estimator
(AMHEE).

‘We have the case where an efficient estimator does not exist.

In order to find the efficient estimator, we utilize Cramer-Rao inequality (¥ 5

A=)b - SHDOFER).
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which is known as the Cramer-Rao inequality (¥ 5 A —JL + S+ DFER).
When there exists the unbiased estimator 6, such that the equality in (13) holds,
6, becomes the unbiased estimator with minimum variance, which is the efficient
estimator (BN #EE).

a(6)

—— is called the Cramer-Rao lower bound (¥ 5 A —JL + S5+ D TIR).
n
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2. The estimators of o are:

1 < - 1< -
$2=—— ) (X, - X)%, §2= - (X, - X)~.
. n_1;< ) . n;< )

Since we have obtained E(X) = u and E(S2) = 02, X and S 2 are unbiased estimators
of y and 0.

We have obtained the result E(S*?) # ¢ and therefore S* is not an unbiased
estimator of 0.

According to the criterion of unbiasedness, S is preferred to S for estimation of

o’
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Suppose that X, X», - -+, X, are mutually independently and identically distributed
and the distribution of X; is f(x;; 6).
For any unbiased estimator of 6, denoted by d,,, it is known that we have the follow-

ing inequality:

V@b, = %W), (9
here () = : - :
where o*(0) = , (610gf(x§9))2 - v <610gf(X;9)))
o 90
1
STy "
¢ )
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Proof of the Cramer-Rao inequality: We prove the above inequality and the

equalities in o(6).

The likelihood function (£ EERI%) 1(0; x) = I(0; x,, X2, - - -, x,) is a joint density of
X1, Xo, -0, X

That is, 1(0; x) = I(0; x1, X2, - -+, x,) = [12, f(x:360)

See Section 7.5.1 for the likelihood function (£ ERBS%%).
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The integration of /(6; x;, x,, - - -, x,,) with respect to x;, x,, - - -, X, is equal to one.

That is, we have the following equation:
1= fl(H;x) dx, (15)

where the likelihood function /(6; x) is given by /(6; x) = []%, f(x;;6) and f coedx

implies n-tuple integral.
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Now, let 8, be an estimator of 6. The definition of the mathematical expectation of
the estimator 6, is represented as:

E@,) = f 0,1(6; x) dx. a7
Differentiating equation (17) with respect to 6 on both sides, we can rewrite as

follows:

9E@,) _ fénaz(a;x) e f@)nﬁlogl(e;x)l(e;x) W

a0 a0 a0
A ~ \,0logl(6; dlog (6,
- f (8, - E@)( °gﬂé D gy Oga; )6 ) dx
~ 0logl(0;X)
= Cov(b T). (18)
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Taking the square on both sides of equation (18), we obtain the following expres-

sion:

(BE(@)H))Z _ (Cov(@n, dlogl(6; X) dlog(8; X))

2
)) = pPV@)V(

00 a0 a0
~ dlogl(6; X)
<VO)V|———|, 19
aov(2eto0) w
N dlogl(B; X
where p denotes the correlation coefficient between 6, and %)‘
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Differentiating both sides of equation (15) with respect to 6, we obtain the following

equation:

_(olex) 1 ole;x),
0—f 20 dx_fil((?;x) 50 1(6; x) dx

_ [ 0loglt;x), _ (0log(6; X)
- f TR 00 d = B T, (16)

dlogl(0; X) .

which implies that the expectation of 20 is equal to zero.

dl 1
In the third equality, note that OBX _ -
X

T
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log x

1
In the second equality, = — is utilized.
x

dlogl(6; X)

The third equality holds because of E( 50

) = 0 from equation (16).

For simplicity of discussion, suppose that 6 is a scalar.
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Note that we have the definition of p is given by:
~ 0logl(6; X)
Cov(ty, ———
o ov(,, L1210

T(@,,) V(ﬂ log I(6; X))

00

Moreover, we have —1 < p < 1 (i.e., p*> < 1).

Then, the inequality (19) is obtained, which is rewritten as:

OE(D,)\2
50 )

Alogl(0; X)
V( Og@g )

Vb, > . (20)
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When E(8,) = 6, i.e., when 0, is an unbiased estimator of 6, the numerator in the

right-hand side of equation (20) is equal to one.

Therefore, we have the following result:

V(&) >

1

1
V(a log I(

00

H;X))

- E((alog 1(9;)())2)‘

a0

log 1(6; X) ,

Note that we have V(alOg 16; X))

7]
dlog I(6; X)) o

cause of E( 70

Since X;, i = 1,2, -, n, are mutually independent, the second equality holds.

X,

The third equality holds because X,

- E((a

289

a0

Therefore, we obtain the following inequality:

1

1

) ) in the equality above, be-

X, are identically distributed.

a*6)

V(@) >

E(<Blog 1(o; X))z

00

which is equivalent to (13).

Next, we prove the equalities in (14),

)

ie.,

((E)logf(X a))) n

00

&*log f(X;
_E( Era

or equivalently,

9))
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00

E(alogf(X; 9)) —o.

00

Again, differentiating equation (21) with respect to 6,

2 .
f%f(x;e) dx+f

& log f(x;6)
fiaez f(x;G)dx+f( 2

dlog f(x;0) df(x; 0)

00

alng(Xse))zf(xg) dx=0

dlog f(x:6)

(82 log f(x;6)
062

)+
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00

_ E((ﬁlogf(X; 9))2)

dx =0,
00

)2) =0.

Moreover, the denominator in the right-hand side of the above inequality is rewrit-

ten as follows:

( (’)logl(é) X) )

31 f(X,,e) dlog f(X;; 0)\2
T I (Cesy

_ nE((ﬁlogge(X,H)) ) _ nI:(ﬁlogé/‘;(x; 9))2‘70()(; o) dx.

In the first equality, log /(0; X) = Z log f(X;; ) is utilized.

i=1
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dlog f(X;6)
= (oL L)

Differentiating f f(x;0) dx = 1 with respect to 6, we obtain as follows:

ofx0)
IT dx =0.

‘We assume that the range of x does not depend on the parameter 6 and that

exists.
The above equation is rewritten as:

fﬁlogf(xz 0)

50 f(x;0)dx =0
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Thus, we obtain:

9 log f(x;6) dlog f(x; 0)\2
(TS < (TS0

Moreover, from equation (22), the following equation is derived.

dlog f(x; 6) dlog f(x; 6)
E(( ogagx )2):V( ogaex )

Therefore, we have:

06? a0 00

_ E(ﬁz log f(X; 6) )= E((alog [ e>)z) _ V(alog f&x: e>)_
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0f(x;0)
00
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Thus, the Cramer-Rao inequality is derived as:

2
Vo= T2,
where
*(0) = L = L

E((ﬁlogge(X; 9))2) V((alogge(x; 9)))

N

E(32 loigz(x; 9))'
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Because X; is normally distributed with mean y and variance o2, the density func-

tion of X; is given by:

e oy
JEIE Wﬂp( 53— 7).

The Cramer-Rao inequality is represented as:

1

V0 2 — Ay
nE(( og f( ,ﬂ))z)

o
where the logarithm of f(X;u) is written as:

1 1
log f(X;p) = ) log(2n0?) = E(X —wy

297

From (A) and (B), variance of X is equal to the lower bound of Cramer-Rao inequal-
ity, i.e., V(X) = O——, which implies that the equality included in the Cramer-Rao
n

inequality holds.

Therefore, we can conclude that the sample mean X is an efficient estimator of H.
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Example 1.13a (Efficient Estimator of p):  Suppose that X;, X,, - - -, X,, are mu-
tually independently, identically and normally distributed with mean y and variance

o’

Then, we show that X is an efficient estimator of u.

2

V(X)is given by U—, which does not depend on the distribution of X;,i = 1,2,---,n.
n

(A)
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The partial derivative of f(X;u) with respect to u is:

dlog f(X;u) 1
% = X - p.
n o
The Cramer-Rao inequality in this case is written as:
1
(-
o

1
- T (B)

1 2
n—E(X ~ ")

VX) >
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Example 1.13b (Efficient Estimator of 0?):  Suppose that X;, X,, - - -, X,, are mu-
tually independently, identically and normally distributed with mean y and variance

o’

Is S is an efficient estimator of o>?

E@S?) =02 ... Unbiased estimator

2, 4
Under normality assumption, V(S?) is given by il T because V(U) = 2(n — 1)

T
(n—1)S?

from U = 5 ~X2(n - 1).
o



Because X; is normally distributed with mean y and variance o2, the density func-

tion of X; is given by:

2 1 1
[ 07) = \/77 exp(—ﬁ(x —/1)2).

The Cramer-Rao inequality is represented as:

V(s?) > 1, — = ~ ! —,
E((élogj(X; o-—))z) —nE(a log f(X; 0 ))
" do? 0(0?)?

where the logarithm of f(X; o) is written as:

1 1 1
log f(X; o) = -3 log(27) — 7 10g(0’2) - ﬁ(x - H)2~
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From (A) and (B), variance of S? is not equal to the lower bound of Cramer-Rao
204 20

inequality, i.e., V(§?) = —— > =2
n-1 n

Therefore, we can conclude that the sample unbiased variance S2 is not an efficient

estimator of 02,
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Utilizing Theorem on p.133, when E(X;) = u and V(X;) = o for all i, we have:
E@) = uZa; and V() = azzaf.
i=1 i=1

Since /i is linear in X, 2 is called a linear estimator (¥ € &) of p.

n
In order for 1 to be unbiased, we need to have the condition: E(@1) = u Z a=u

i=1
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The partial derivative of f(X;c?) with respect to o is:

dlog f(X:0?) 1 1 N
do? T 20'4(X mH
The 2nd partial derivative of f(X;o?) with respect to o is:

Flog f(X;0%) _ 1 1 >
e S5 X
A(o2) 204 o
The Cramer-Rao inequality in this case is written as:

4
V(s?) > ! L (B)

1 2
—nE i ;(X — W) )
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Example 1.14: Minimum Variance Linear Unbiased Estimator (5/N 78 #& 7
TMRE#EEE):  Suppose that X;, Xa, - - -, X, are mutually independently and identi-
cally distributed with mean g and variance o (note that the normality assumption

is excluded from Example 1.13).

n
Consider the following linear estimator: ji = Z a; X;.

i=1

Then, we want to show f (i.e., X) is a minimum variance linear unbiased esti-

1 _
mator if a; = — forall i, i.e., if & = X.
n
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That is, if Z a; = 1 is satisfied, &t gives us a linear unbiased estimator (&7, 1@

HES).

i=1

Thus, as mentioned in Example 1.12 of Section 7.2, there are numerous unbiased

estimators.

n
The variance of /1 is given by o Z a
P

2
i
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n n
‘We obtain the value of @; which minimizes Z a? with the constraint Z a; = 1.

i=1 i=1

Construct the Lagrange function as follows:
1 n
L= E;ai +A01 =) a,

i=1

where A denotes the Lagrange multiplier.

The % in the first term makes computation easier.
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The minimum variance linear unbiased estimator is different from the efficient
estimator.

The former does not requires the normality assumption.

The latter gives us the unbiased estimator which variance is equal to the Cramer-
Rao lower bound, which is not restricted to a class of the linear unbiased estimators.
Under normality assumption, he linear unbiased minimum variance estimator leads
to the efficient estimator.

Note that the efficient estimator does not necessarily exist.
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Example 1.15:  Suppose that X;, X5, ---, X,, are mutually independently and
identically distributed with mean y and variance o

Assume that o is known.

Then, it is shown that X is a consistent estimator of u.

For RV X, Chebyshev’s inequality is given by:

P(X-EX)| 26 < g

Here, replacing X by X, we obtain E(X) and V(X) as follows:

o2

EX) =pu VX = o
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For minimization, the partial derivatives of L with respect to a; and A are equal to
zero, i.e.,
oL
da;

oL Z
a:l*Zai:O.

i=1

ai—A1=0, i=1,2,---,n,

. . 1. .
Solving the above equations, a; = 4 = — is obtained.
n
When g; = — for all i, 1 has minimum variance in a class of linear unbiased estima-
n
tors.

X is a minimum variance linear unbiased estimator.
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Consistency (—E(f4£): Let , be an estimator of 6.

Suppose that for any € > 0 we have the following:
P, —6l26) — 0, as n — oo,

which implies that § —s 6 as n — co.

We say that 6, is a consistent estimator (—EHEE 2) of 6.
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because E(X;) = p and V(X;) = 0> < oo for all i.

Then, when n — oo, we obtain the following result:
2
— o
P(|X—p|25)s—2 — 0,
ne

which implies that X —s p as n — co.

Therefore, X is a consistent estimator of u.
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Summary:

When the distribution of X; is not assumed for all i, X is an minimum variance

linear unbiased and consistent estimator of y.

When the distribution of X; is assumed to be normal for all 7, X leads to an efficient

and consistent estimator of y.
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E(U)=n-1and V(U) = 2(n - ).

—1)s?

V() = V(%) =2(n-1)
e
%V(SZ) =2n-1)
V(S?) = 20"
n—1
2_ o2 2
PUst -z B 2

€ T (n- e
which implies that S*> — ¢ as n — co.

Threfore, S? is a consistent estimator of o~2.
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—1 2 —-1 2 —-1 2
From % ~ ,\/z(n — 1), we obtain E(%) =n-1and V(%) =
2(n—1).
2 2 2 20" ;
Therefore, E(S*) = 0 and V(§*) = ] can be derived.
n—
317

Example 1.16a:  Suppose that X;, X, - - -, X,, are mutually independently, identi-

cally and normally distributed with mean x and variance .
. ) 1 ¢ =0 L . . 5
Consider S° = Py E (X; — X)~, which is an unbiased estimator of o-*.
n—
i=1

‘We obtain the following Chebyshev’s inequality:

E(S? - o))
e ’

P(S*—c? 2 e) <

We compute E((S? — 02)?) = V(S?).

Q2
y= DS J?S ~ - 1).
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Example 1.16b:  Suppose that X;, X», - - -, X,, are mutually independently, identi-

cally and normally distributed with mean x and variance .

1 v —
Consider § 2 = — Z(X,» — X)?, which is an estimate of o2
n

i=1
‘We obtain the following Chebyshev’s inequality:

E((S 2 0_2)2)

P(S*™ =0 2 €) < 5

€
We compute E((S*? — 02)?).

1 ¢ -
Define §2 = —— Z(X,- — X)? as an estimator o2.
n—1 =
316
-1
Using 52 = 2~ 52, we have the following:
n
-1 2
E(S*2 — 22y (% §2_ g2
(« o) = E((——=5*- 7))

—-1 2
(s o)

e 4
=0 D g5 oo+ 2

n n

— 1) 4 n-1
- — S vis? + <= G- s ).
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Therefore, as n — oo, we obtain:

1 2n-1
PIS™ - 26 < —27( " 5 )0'4
e n

— 0.

Because S 2 — o2, §**2 is a consistent estimator of ¢2.

§*2 is biased (see Section 7.3, p.273), but is is consistent.
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7.5.1 Maximum Likelihood Estimator (R X HE &)

In Section 7.4, the properties of the estimators X and S are discussed.

It is shown that X is an unbiased, efficient and consistent estimator of p under

normality assumption and that S is an unbiased and consistent estimator of 2.

The parameter 6 is included in the underlying distribution f(x; 6).
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The joint density function of X, X5, - - -, X, is given by:

f x50 = [ ] £ 0),

i=1
where 6 denotes the unknown parameter.
Given the actually observed data x;, x, - - -, X, the joint density f(x;, X2, - -+, X,;6)

is regarded as a function of 6, i.e.,
n
1(0) = 1(0; x) = 1(0; x1, %2, -+, X) = l—[f(xi;e)»
i=1
1(#) is called the likelihood function (7 EERE%%).
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7.5 Estimation Methods

o Maximum Likelihood Estimation Method (&£ # 7 %)
o Least Squares Estimation Method (§/N = &%)

o Method of Moment (F§32;%)
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6 = (u, 0?) in the case of the normal distribution.
Now, in more general cases, we want to consider how to estimate 6.
The maximum likelihood estimator (57 E &) gives us one of the solutions.

Let X;, X5, - -+, X,, be mutually independently and identically distributed random

samples.

X; has the probability density function f(x; 6).
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Let 8, be the 6 which maximizes the likelihood function.
Given data xj, X2, ---, X, 9,,(x|, X3, *++, X,) is called the maximum likelihood
estimate (MLE, £ £ 3 % {i5).
Replacing x;, xa, -+, x, by X, Xa, -+, X, 0, = 0,(X,, Xy, ---, X,) is called the
maximum likelihood estimator (MLE, & L #E£).
That is, solving the following equation:

ale

E 8, = 6,(X,, X5, -+, X,) is obtained.
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Example 1.17a:  Suppose that X;, X,, - - -, X,, are mutually independently, identi-

cally and normally distributed with mean x and variance 2.
We derive the maximum likelihood estimators of y and 0.

The joint density (or the likelihood function) of X, X5, - - -, X,, is:
n
fea o, xip o) = [ e
i=1

= ]L[(zer)*”z exp(—ﬁ(xi -w?)

i=1
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For maximization of the likelihood function, differentiating the log-likelihood func-
tion log I(u, %) with respect to i and o2, the first derivatives should be equal to zero,

ie.,

0log l(u, o 1 <
w:QZm—pho,
i=1

ou
dlog l(u, o?) nl 1 <« )
T T g g L =0
i=1

Let 2 and 62 be the solution which satisfies the above two equations.
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Since E(X) = u, the maximum likelihood estimator of y, X, is an unbiased estima-

tor.

We have checked that X is efficient and consistent.

n—1 . . .
However, because of E(S**?) = — 02 # ¢ as shown in Section 7.3, the maxi-
n

mum likelihood estimator of o2, § **2, is not an unbiased estimator.

We have checked that S **? is inefficient but consistent.
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202 £

= o) exp(- 5 Zn](xi -y
i=1
= l(u, o).

The logarithm of the likelihood function is given by:

n

n n 5 1
log I(, 02) = ~5 log(2m) = S log(e?) ~ 5 i -,

i=1

which is called the log-likelihood function (%t R %k).
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Solving the two equations, we obtain the maximum likelihood estimates as follows:

L L
2 _ L a2 b =2 2
a—n;(x, ) —n;m 0% =572

Replacing x; by X; fori = 1,2, - -, n, the maximum likelihood estimators of u and

o2 are given by X and S **2,
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Example 1.17b:  Suppose that X, X, ---, X, are mutually independently and

identically distributed as Bernoulli random variables with parameter p.
We derive the maximum likelihood estimators of p.
The joint density (or the likelihood function) of X;, X5, - - -, X, is:

[ 3, nip) = [ [ fesp = [ [ pra - p)'=
i=1 i=1

= ,;ZL Nl - p)’l*Zi’:u—*t =1(p).
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The log-likelihood function is given by:

n

log(p) = () x)log(p) + (n = Y x;)log(1 = p).

= =1
For maximization of the likelihood function, differentiating the log-likelihood func-

tion log /(p) with respect to p , the first derivatives should be equal to zero, i.e.,

dlogl(p) 1 v 1
— == ) Xi- (n—-) x)
dp P Z‘ l-p Z

Let p be the solution which satisfies the above equation.
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@ We check whether p is unbiased.
_ L L
E@) =EX) =E(- Y X)=- Y B(X)=
(7 =E®) (nZ ) n;u P

1
Remember that E(X;) = Z xipYi(1 = p)'=% = p, where x; takes 0 or 1.
xi=0

Thus, p is an unbiased estimator of p.
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‘We need to check whether the equality holds.
v =vE = 2vSTx = L v
- = e i=1 X_”zizl I
AN p(-p)
= EZ”“ - =
p
Note as follows:

1
V) = B(X; = pP) = ) (6= pPp"(1 = p)'™ = p(1 = p).
x=0
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‘We obtain the maximum likelihood estimates as follows:

1 &
=XxX=- Xi»
n <
i=1

Replacing x; by X; for i = 1,2,---,n, the maximum likelihood estimator of p is
n

1
-3'x.
n

i=1

givenby p=X =

332

@ Next, we check whether p is efficient.
From Cramer-Rao inequality,
1

d’log f(X;
.

Vip) =z -

fX:p)=p*1-p)'¥

log f(X; p) = Xlog(p) + (1 - X)log(1 - p)
dlog f(X:p) _ X 1-X

dp p l1-p
dlogfX;p) X 1-X
>~ pr (-pp
334

The Cramer-Rao lower bound is:

1 1
- 2 AR X 1-X
e I
_ 1 _ 1 _p(d-p
- EX) 1-EX), /I 1\ n
e A

which is equal to V(p).

Thus, p is an efficient estimator of p.
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@ We check whether p is consistent.

From Chebyshev’s inequality,

E((p - p)? 1-
P(V,_mze)ngu_

ne?
Asn — oo, P(IJp— pl =€) — 0.

That is, p converges in probability to p.

Thus, p is a consistent estimator of p.
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Efficient estimator <= The variance of the estimator is equal to the Cramer-Rao

lower bound.

For large sample (K4ZA), asn —> oo, the maximum likelihood estimator of 6,

6,,, has the following property:
Vi@, - 0) — N(©O,0(©)), (23)

where

%0 = 1 S —
dlog f(X;0)\2 & log f(X;0)
) o)

339

Note that the properties of n — oo are called the asymptotic properties, which

include consistency, asymptotic normality and so on.

By normalizing, as n —> oo, we obtain as follows:

Vi =6 _ b6 o
a(6) a(0)/ \n

(6, — ) has the distribution, which does not depend on n.

\/ﬁ(@,, —0) = O(1) is written, where O() is a function n.

That is, 8, — 60 = n7'"/2 x O(1) = O(n~"2).
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Properties of Maximum Likelihood Estimator: For small sample (/MZX), the

MLE has the following properties.

e MLE is not necessarily unbiased in general, but we often have the case where we
can construct the unbiased estimator by an appropriate transformation.

For instance, the MLE of ¢, S **2, is not unbiased.

n . . .
However, 1S *2 = 5§ is an unbiased estimator of 2.
e

e If the efficient estimator exists, the maximum likelihood estimator is efficient.
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(23) indicates that the MLE has consistency, asymptotic unbiasedness (& if R
%), asymptotic efficiency (EZH 3h1%) and asymptotic normality (7L EFRTE).

Asymptotic normality of the MLE comes from the central limit theorem discussed

in Section 6.3.

Even though the underlying distribution is not normal, i.e., even though f(x;6) is

not normal, the MLE is asymptotically normally distributed.
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As another representation, when # is large, we can approximate the distribution of

0, as follows:

2
~ (2
8, ~nN(e. < ( )).
n
This implies that when n — oo, , approaches the lower bound of Cramer-Rao
. G
inequality: ——.
n

This property is called an asymptotic efficiency.
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Moreover, replacing 6 in variance o->(6) by f,, whenn —> oo, we have the follow-

ing property:

0,-6
(@) Vn

Practically, when 7 is large, we approximately use:

—s N(0,1). 24)

8, ~ N(e. ”2’(1@”)). 25)
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By the Taylor series expansion around 6, = 6,

Zal()gf(xne)

dlog f(X,,H) 0*log f(X;;6)
i 2 Z F 2 Z B

& log f(X,,G) )
2‘(2 6> O =0+
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Therefore,

‘9»1 - 9)

Z 610gf(X,,0) B Z 0? logf(X,,G)
Vil e

i=1

510gf(Xn9)

which implies that the asy. dist. of — Z is equivalent to that of

2
Zé logf(X,,H)(g —o).

i=1
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Proof of (23): By the central limit theorem (11) on p.254,

1 ol f(X,, 0) 1
Z = NO. ) (26)

where 02(6) is defined in (14), i.e., V(W) = 0_21(9).

Note that E(w) =0.
00

dlog f(X;;0)

70 as the ith random variable.

Apply the central limit theorem, taking
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The third and above terms in the right-hand side are:

& 10gf(X‘,9) 2,
zufZ T =02+ — 0.

It can be shown that the sum of the above terms is equal to O(n~"/?).
& log f(X;; 6) & log f(X;: 6)
Note that — ‘le 20 — E( 0

In addition, for now, we consider \/ﬁ(é’ —-0)? — 0asn — oo. Actually, we

obtain (8, — 6)* = O(n~'/?) from 6, — 6 = O(n~"7?).

) from Chebyshev’s inequality.
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From (26) and the above equations, we obtain:

8 log f(X;10) 1
Z 7 V@, -6 — N(0 ,Uz—w)).

The law of large numbers indicates as follows:

1 < & log f(X;:0) Plog f(Xi:0)y 1
w2 a0 — K o6 )= o)’

where the last equality comes from (14).
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Thus, we have the following relationship: 7.5.2 Least Squares Estimation Method (/N Z %)

1 z": & logaggX,-; 0) Vi(d, — 6) —> 21(9) V@@, - 0) X1, Xa, - - -, X,, are mutually independently distributed with mean p.
n 4 o
i=1 : Xy, X2, -+ -, X, are generated from Xy, X, - - -, X, respectively.
- N(O’ 0_2(9)) Solve the following problem:
Therefore, the asymptotic normality of the maximum likelihood estimator is ob- min S () where S (u) = Zn:( xi— )P
tained as follows: . =
Vb, — 6 — N, >()). Let /1 be the least squares estimate of .
Thus, (23) is obtained. Bw _o o a4l Z N
du n&
i=1
349 350
The least squares estimator is given by: 7.5.3 Method of Moment (F538;%)
j= 1< X, The distribution of X; is f(x; 6).
n 4
= Let y1; be the kth moment.
which is equivalent to MLE. From the definition of the kth moment,
E(XH) =
where g, depends on 6.
Let f; be the estimate of the kth moment.
E(X*) ~ lzn:xk =g
n L k
351 352
The estimator of g is: Estimates:
1Y RS 1<
=) X ==Y x=% Papr=-3 2
=1 = =
1< 1< 1<
2 FP=- )N ) BT =) (=D
Example: 0 = (u,0%): Because we have two parameters, we use the 1st and 2nd T i T i T i
=1 i=1 i=1
moments.
uy=EX)=pu Estimators:
;o 2y _ 2_ 2 2 1 & _ 1 < —
o = BOC) = VX) + (BX)P = 02 + 4 p=1¥x=%x PERED
n n
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7.6 Interval Estimation

In Sections 7.1 —7.5.1, the point estimation is discussed.
It is important to know where the true parameter value of 6 is likely to lie.

Suppose that the population distribution is given by f(x; 6).
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Now, we replace the random variables X;, X», - - -, X,, by the experimental values x;,
X, ey X

Then, we say that the interval:
(HL(xlyxz,“',Xn), HU(Xl,Xz,"',Xn))

is called the 100 x (1 — @)% confidence interval ({S8X ) of 4.

Thus, estimating the interval is known as the interval estimation (R85 ), which
is distinguished from the point estimation.

In the interval, 6;(x;, x,, - -+, x,) is known as the lower bound of the confidence

interval, while 0y(x;, x,, - - -, x,,) is the upper bound of the confidence interval.
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Interval Estimation of }: Let X, X5, ---, X, be mutually independently and
identically distributed random variables.
X; has a distribution with mean g and variance 0.

From the central limit theorem,
X-p
—— — N(O,1).
o/~Nn ¢
Replacing o by its estimator S (or S **2),

%
A7 N, ).

S/+n
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Using the random sample X, X, - - -, X,, drawn from the population distribution, we

construct the two statistics, say, 8y(X1, Xz, - -+, X,) and 6,.(X;, X, - - -, X,,), Where
P(OL(X1, X35+, X,) <0 < Oy(X1, Xp, -+, X)) = 1 —a. (27)

(27) implies that 6 lies on the interval (6,(X;, Xa. -+, X,), 0y(X1, Xa, - -+, X)) with
probability 1 — a.
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Given probability a, the 6,(X;, X, - -+, X,,) and 0y(X;, Xz, - - -, X,,) which satisfies
equation (27) are not unique.

For estimation of the unknown parameter 6, it is more optimal to minimize the
width of the confidence interval.

Therefore, we should choose 6, and 6, which minimizes the width 6,(X;, X, - - -,

X)) —0L(Xy, Xa, -+, Xp).
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Therefore, when 7 is large enough,

H <z =1-a,

S/\n

where z* and 7 (z" < ) are percent points from the standard normal density

P(z" <

function.

Solving the inequality above with respect to u, the following expression is obtained.

P(Y— *i <y<f—z*i)= 1-a,

Y vn
where 6, and § correspond to X — z** 5 and X — z* 5 respectivel
- — -, .
L U p vn Vi p y
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The length of the confidence interval is given by:
A A N
Oy -0, = —(" -2,
v — 0L \/ﬁ( )

which should be minimized subject to:
f fx)dx=1-aq,

FEZ)-F@)=1-a,

where F(-) denotes the standard normal cumulative distribution function.
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for large n.
For now, we do not impose any assumptions on the distribution of X;.

If we assume that X; is normal, ?/7_\/'; has a ¢ distribution with n — 1 degrees of
freedom for any n.

Therefore, 100 x (1 — @)% confidence interval of u is given by:

2 Rt tepn— D=

Vi \/ﬁ)’

where #,/,(n — 1) denotes the 100 X @/2 percent point of the ¢ distribution with n — 1

(¥~ tapn = 1)

degrees of freedom.
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8 Testing Hypothesis ({R 742 E)

8.1 Basic Concepts in Testing Hypothesis

Given the population distribution f(x; 6), we want to judge from the observed values
X1, X2, - -+, X, Whether the hypothesis on the parameter 6, e.g. 6 = 6, is correct or
not.

The hypothesis that we want to test is called the null hypothesis (J&#&{& %), which
is denoted by Hy : 0 = 6,.
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Solving the minimization problem above, we can obtain the conditions that f(z*) =
f(z™) for z* < z* and that f(x) is symmetric.
Therefore, we have:

—-f=z"= Za/2s
where z,/, denotes the 100 X /2 percent point from the standard normal density
function.
Accordingly, replacing the estimators X and S? by their estimates X and s2, the

100 X (1 — @)% confidence interval of u is approximately represented as:

_ s _ K
X=Zap—= X+ Zap——=),
( 2 Nz 2 \/ﬁ)
362
Interval Estimation of 9,,: Let X;, X,, -+, X, be mutually independently and

identically distributed random variables.
X; has the probability density function f(x;; 6).
Suppose that 6, represents the maximum likelihood estimator of 6.

From (25), we can approximate the 100 x (I — @)% confidence interval of 6 as

follows: R R
5 a0, » o(6,)
(9»1 - Za/2Wa O + Zap N )
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The hypothesis against the null hypothesis, e.g. 6 # 0y, is called the alternative
hypothesis (33 {% %), which is denoted by H, : 6 # 6.
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Type I and Type II Errors ((5—fMD3RY, HZFEMDERY): When we test the
null hypothesis Hy, as shown in Table 1 we have four cases, i.e.,

(i) we accept H, when H is true,

(i) we reject Hy when Hy, is true,

(iii) we accept Hy when H, is false, and

(iv) we reject Hy when H,, is false.

(i) and (iv) are correct judgments, while (ii) and (iii) are not correct.
(ii) is called a type I error (35—FEM35 Y)) and (iii) is called a type II error (35—
BDRY).
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Table 1: Type I and Type II Errors

H, is true. H, is false.
Acceptance of H, | Correct judgment Type II Error
EEDRY
(Probability )
Rejection of Hy Type I Error Correct judgment
E—FENRY (1 -8 = Power)
(Probability o B A
= Significance Level)
BEKE
369

we consider that Hj is not likely to occur and we reject Hy.

371

The probability which a type I error occurs is called the significance level (5 &
JK#E), which is denoted by a, and the probability of committing a type II error is
denoted by .

Probability of (iv) is called the power (¥ 77) or the power function (& H /1R

#), because it is a function of the parameter 6.
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Testing Procedures: The testing procedure is summarized as follows.

1. Construct the null hypothesis (H) on the parameter.

2. Consider an appropriate statistic, which is called a test statistic (&% F &t
).
Derive a distribution function of the test statistic when H, is true.

3. From the observed data, compute the observed value of the test statistic.

4. Compare the distribution and the observed value of the test statistic.

When the observed value of the test statistic is in the tails of the distribution,
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The region that H is unlikely to occur and accordingly H, is rejected is called the

rejection region (Z#1) or the critical region, denoted by R.

Conversely, the region that Hj is likely to occur and accordingly Hj is accepted is

called the acceptance region (%R 1), denoted by A.

Using the rejection region R and the acceptance region A, the type I and II errors

and the power are formulated as follows.

Suppose that the test statistic is give by 7' = T(X1, X5, - -+, X,,).

372



The probability of committing a type I error ((5—f&M32Y)), i.e., the significance
level (BEK#) a, is given by:

P(T(Xy,X,,---,X,) € RIH, is true) = a,
which is the probability that rejects Hy when H, is true.

Conventionally, the significance level @ = 0.1, 0.05, 0.01 is chosen in practice.
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8.2 Power Function (& H1B9%k)
Let X;, X, - -+, X,, be mutually independently, identically and normally distributed
with mean y and variance o7

Assume that o is known.

In Figure 3, we consider:
the null hypothesis Hy : u = po,
the alternative hypothesis H; : p =y,

where p; > o is taken.
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The dark shadow area (probability ) corresponds to the probability of a type I er-
ror, i.e., the significance level, while the light shadow area (probability 3) indicates

the probability of a type II error.

The probability of the right-hand side of f* in the distribution under H; represents

the power of the test, i.e., | — .
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The probability of committing a type Il error (55 —f&M3i& V), i.e., B, is represented
as:

P(T(X), X5, -, X,) € AlH, is not true) = 3,

which corresponds to the probability that accepts Hy when Hy is not true.

The power (% 51, F£7zIX, HEH)is defined as 1 - 3,
P(T(X1,X,, -+, X,) € RIHy is not true) = 1 — 3,
which is the probability that rejects Hy when H, is not true.

374

Figure 3: Type I Error (@) and Type II Error (8)

As ais small, i.e.,
as f* goes to right,
S8 becomes large.

The distribution under

the null hypothesis (Hy) B The distribution

under the alternative
hypothesis (H;)

Ho [

Acceptance region Rejection region
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The distribution of sample mean X is given by:

2
= o
X ~ N\, —).
()
By normalization, we have:
X-u
~ N(O,1).
o/ 0,1
Therefore, under the null hypothesis Hy : p = py, we obtain:
X- Ho
~ N(O, 1),
o/ 0,1
where u is replaced by .
378



Since the significance level « is the probability which rejects Hy when H is true, it
is given by:

a= P(Y > 1o + zal),

v

where z, denotes 100 x @ percent point of N(0, 1).

s P - a
Therefore, the rejection region is given by: X > po + z,—.

n
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8.3 Small Sample Test (/MERIRTE)
8.3.1 Testing Hypothesis on Mean
Known o%: Let X;, X, ---, X, be mutually independently, identically and nor-

mally distributed with y and 0.
Consider testing the null hypothesis Hy : p = pp.
When the null hypothesis Hj is true, the distribution of X is:

X o
a/\Nn

~ N, 1).
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2. The alternative hypothesis H; : p > 1o (one-sided test, F{RI{RE): We
X — o X — o
a/\n a/\n

hypothesis Hy : u = o at the significance level a.

have: P( > z,,) = . Therefore, when > 74, We reject the null

3. The alternative hypothesis H; : u # u, (two-sided test, F{HIIRTE): We

X —po X — o

a/n o/ n

null hypothesis Hy : u = py at the significance level a.

have: P( > Zq/2, We reject the

> zn/z) = «@. Therefore, when
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Since the power 1 — B is the probability which rejects Hy when H| is true, it is given

by:

)_ (Y_ﬂl ﬂO_ﬂl+2)

— o
==X >+ o) = P > e+

1 Y*#1 Ho — i _q_ (Mo
=1 P(T/\/ﬁ< iy +2)=1 F(O_/\/ﬁ+z(,),

where F(-) represents the standard normal cumulative distribution function, which

is given by:
x 1
F(x) = f Qn)~'? exp(—irz) dr.

The power function is a function of y,, given g and a.
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Y—llo
o/\n

Depending on the alternative hypothesis, we have the three cases.

Therefore, the test statistic is given by:

1. The alternative hypothesis H : u < yo (one-sided test, FrAI#&E): We
X — o X — o
o/ n o/ n
null hypothesis Hy : u = py at the significance level a.

have: P(

< —zn) = a. Therefore, when

< —Z,, we reject the
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Unknown o?: Let X;, X5, ---, X, be mutually independently, identically and
normally distributed with u and 2.

Test the null hypothesis Hy : u = po.

When the null hypothesis Hy is true, the distribution of X is given by:

Y_#O

S/ \n

~tn—1).

X*Ho

S/ \n

Therefore, the test statistic is given by:
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8.3.2 Testing Hypothesis on Variance

Testing Hypothesis on Variance: Let X;, X5, - - -, X, be mutually independently,
identically and normally distributed with g and o2
Test the null hypothesis Hy : 0 = 02.

When the null hypothesis Hy is true, the distribution of S? is given by:
(n—1S?

5 X1
o

Testing Equality of Two Variances: Let X, X,, ---, X, be mutually indepen-

dently, identically and normally distributed with z, and o2.
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Then, the ratio of two y? random variables divided by degrees of freedom is:

- 1Ss?
(n 0—2) "/(n— 1

W~F(ﬂ*l,m71)

Therefore, under the null hypothesis Hy : 02 = 073,
2

S F(n-1 1
- ~Fn-1,m-
3
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8.4.1 Wald Test (7 )L F1&7E)

From (24), under the null hypothesis Hy : 6 = 6, (scalar case), asn —> oo, the
maximum likelihood estimator 8, is distributed as:
6, — 6,
=R N, 1).
a6,/ n

Or, equivalently, A
( 0, — 0o

) )
el
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Let Yy, Y3, - -+, ¥,, be mutually independently, identically and normally distributed
with 4, and 2.

Test the null hypothesis Hy : o = 0.

n-1s2 S B S P
0'75) ~x*(n—1), whereS?= m;(xi -X)
(m-1s? | LI G PSP
TN/\/(m—l), whereszm;(Yi—Y)

Both are independent.
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8.4 Large Sample Test (KiZARIRTE)

o Wald Test (7 )L F#E5E)
o Likelihood Ratio Test (£ FELLIRTE)

o Lagrange Multiplier Test (575 > ¥ = ZHRTE)

— Skipped in this class.
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For Hy : 0 = 6y and H, : 6 # 6,, replacing X,, ---, X, in 0, by the observed values

X1, -+, Xy, the testing procedure is as follows.

6, — 6
B,/ Vn

significance level a.

2
When we have: ( ) > x*(1), we reject the null hypothesis Hy at the

x2(1) denotes the 100X @ % point of the y? distribution with one degree of freedom.

This testing procedure is called the Wald test (7 )L F1&7E).
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Example 1.18: X, X,, ---, X, are mutually independently, identically and expo-

nentially distributed.

Consider the following exponential probability density function:
Sley) =ye™,

for 0 < x < co.

Using the Wald test, we want to test the null hypothesis Hy : y = y, against the

alternative hypothesis H, : y # .
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Therefore, under the null hypothesis Hy : ¥ = yo, when n is large enough, we have
the following distribution:
( Vu =0
o)/ Vn

As for the null hypothesis Hj : y = 7y, against the alternative hypothesis H; : y #

) — £

Yo, if we have:
( Yu = Y0
@)/ Nn

we can reject Hy at the significance level a.

) > 2.

We need to derive o*(y) and ¥, for the testing procedure.
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likelihood function [(y) is given by:

I(y) = ]_[ fGiy) = ]_[ ye = e RN

i=1 i=1

Therefore, the log-likelihood function is written as:

log l(y) = nlog(y) =y ), %i.

=1
‘We obtain the value of y which maximizes log I(y).

Solving the following equation:

n

dloglly) n
Loet _ Ny
dy Y Z

i=1
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Generally, as n —> oo, the distribution of the maximum likelihood estimator of
the parameter vy, ¥,, is asymptotically represented as:
u—vy
———— — N, 1),
oG/ Nn

or, equivalently
( j\/n -y

V) ),
o)/ \n

where

. -1 2 ) _
"o () )

392

First, o(y) is given by:

S S, 78
Note that the first- and the second-derivatives of log f(X;vy) with respect to y are
given by:
dlog f(X;y) _ 1
—5 = "

dlog f(X;y) _ 1
dyz - ,yz'
Next, the maximum likelihood estimator of v, i.e., ¥, is obtained as follows.

Since X, X, --+, X, are mutually independently and identically distributed, the
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the MLE of v, ,, is represented as:

Then, we have the following:

Yamy _ v
o@/Nn /N

— N, 1),

where ¥, is given by 1/X.

Or, equivalently,

( ?n_'y )2 _ 'i’n_'y
0’(%)/@ Yl \/ﬁ
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For Hy : y = yo and H, : y # 7, when we have:

(;’—’ /_$)2 > 20,

we reject Hy at the significance level a.
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Since we take the null hypothesis as Hy : 6; = 6], the number of restrictions is

given by k;, which is equal to the dimension of 6.

The likelihood function is written as:
1(61,6,) = l_[ f(xi: 601, 6,).
i=1

Let (51, 52) be the maximum likelihood estimator of (6;, 6,).

399

Let 8, be the maximum likelihood estimator of #, under the null hypothesis Hj :

6 =6

That is, 6, is a solution of the following equation:

aneL.6) _
692

The solution 6, is called the constrained maximum likelihood estimator (/5
ERAHTEE) of 6, because the likelihood function is maximized with respect to

6, subject to the constraint 6, = 6].

401

8.4.2 Likelihood Ratio Test (£ EELLIRTE)

Suppose that the population distribution is given by f(x; 6), where 6 = (6;,6,).

Consider testing the null hypothesis 6; = 6} against the alternative hypothesis H; :
60, # 6], using the observed values (xy, - - -, x,,) corresponding to the random sample

(X1, o5 X
Let 6, and 6, be 1 X k; and 1 X k, vectors, respectively.

6 = (6,,0,) denotes a 1 x (k| + k,) vector.
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That is, (51, [9-2) indicates the solution of (6, 6,), obtained from the following equa-
tions:
0l(6,,0,) _ ol(01,6,) _

89, 0, 06,

The solution (51, 52) is called the unconstrained maximum likelihood estimator

(Fl#97% LERAHETER), because the null hypothesis Hy : 6, = 6] is not taken into

0.

account.
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Define A as follows: R
16}, 6,)
A= ——,
(61, 6,)
which is called the likelihood ratio (£ ELt).

As n goes to infinity, it is known that we have:
~2log() — x(k)),

where k; denotes the number of the constraints.
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Let x2(k;) be the 100 X a percent point from the chi-square distribution with k;

degrees of freedom.

When -21log(2) > /\/i(kl), we reject the null hypothesis Hy : 6; = 6] at the signifi-

cance level a.
This test is called the likelihood ratio test (& LLA2 )
If —21og(A) is close to zero, we accept the null hypothesis.

When (¢°, 6,) is close to (6;,6,), —2log(1) approaches zero.
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The likelihood ratio is given by:

_ 1)
G’

where ¥, is derived in Example 1.18, i.e.,

N n 1
W=y =
SaXi X

Since the number of the constraint is equal to one, as the sample size n goes to
infinity we have the following asymptotic distribution:
—2logd — x*(1).
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Example 1.20:  Suppose that X, X5, - - -, X,, are mutually independently, identi-

cally and normally distributed with mean u and variance 0.

The normal probability density function with mean y and variance o? is given by:

1
[ o?) = ———=e3
2no?

(x=p)*

By the likelihood ratio test, we test the null hypothesis Hy : u = yo against the

alternative hypothesis Hy : pt # (.
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Example 1.19: X, X,, - -, X, are mutually independently, identically and expo-

nentially distributed.

Consider the exponential probability density function:
Sley) =ye™,

for 0 < x < co.

Using the likelihood ratio test, we test the null hypothesis Hy : y = 7y, against the

alternative hypothesis H, : y # yo.
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The likelihood ratio is computed as follows:

B (o) B yge—‘/nZXl

A= T
G~ Tae”

If —2log A > x%(1), we reject the null hypothesis Hy : y = v, at the significance

level a.
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The likelihood ratio is given by:

1= U, )
Tl 6?)

where 2 is the constrained maximum likelihood estimator with the constraint u =

Mo, while (i1, %) denotes the unconstrained maximum likelihood estimator.

In this case, since the number of the constraint is one, the asymptotic distribution is
as follows:

—2logd — XZ(I)A
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We derive I(uo, %) and I(1, 6%).  I(u, %) is written as:

1, 0%) = flxr, 5, o) = || fo o)
i=1
n l l )
= I,J o2 CXP(—TU_Z(XI -1 )

1
— (202 o ).
@re) " exp(-5,- > (i - )
The log-likelihood function log /(u, o™2) is represented as:
o1 n 2 1< 2
log l(u, o) = 3 log(2m) — 3 log(c) — 252 g] (xi =)
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Therefore, replacing o by 72, I(uo, ) is written as:

0, ) = (75°) " exp(5 > 05— o))
i=1

= 2n52)™"? cxp(—g).
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Thus, the likelihood ratio is given by:

~2\-n/2 _n
- o, ) ~ Q2ro*) exp( 2)

T l@poY (27rﬁ'2)’”/zexp(—g)

Asymptotically, we have:
—2log A = n(log 7> — log %) — x*(1).
When —21og A > y2(1), we reject the null hypothesis Hy : u = p at the significance

level a.
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For the numerator of the likelihood ratio, under the constraint u = p, maximize

log I(uy, o) with respect to o2,

Since we obtain the first-derivative:

dloglup,0)  nl 1 ¢ >
T =3 g L =0
i=1

the constrained maximum likelihood estimate & is:

— IS
o= ;;(xz—ﬂo)z-
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For the denominator of the likelihood ratio, because the unconstrained maximum
likelihood estimates are obtained as:
L 1< o 1Y i — )
:7§x-, szgx-— s
Hoh i=1 l i o
I(f1, 5%) is written as:
1 n
A ADY A2\ -n/2 _ a2
13.0%) = n6%) " exp(~5 5 D i = )

i=1

= Qn¢*)™"? exp(—g).
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Exam

July 31, 2012

60-70% from 16 exercises (in my Web) and two homeworks
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