Defining C = D + (X’X)"'X’, V(E) is rewritten as:
V(@B) = >CC’' = ¥ (D + (X'X)'X)(D + (X'X)"' XY
Moreover, because EIS unbiased, we have the following:
CX =1L =D+XX)"'X)X =DX +I.
Therefore, we have the following condition:

DX =0.
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Note as follows:
= A is positive definite when d’Ad > 0 exceptd = 0.

= The ith diagonal element of A, i.e., a;, is positive (choose d such that the

ith element of d is one and the other elements are zeros).
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Note that X(X’X)™' X" is symmetric and idempotent, i.e., A’A = A.

WXX'X) ' X'u

= ~ (XX x)7' X))

The degree of freedom is given by:
tr(X(X'X) ' X") = (X' X)"'X'X) = tr([y) = k

Therefore, we obtain:

WXX'X) ' X'u

— ~x*(k)
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Accordingly, V(ﬁ) is rewritten as:

V(@B) = 02CC’ = (D + (X'X)"'X)(D + (X'X)"' XY

=X (X’X)" + 0?DD’ = V(B) + o> DD’

Thus, V(E) — V(B) is a positive definite matrix.
= V(B) - V(B) >0

= [ is a minimum variance (i.e., best) linear unbiased estimator of 3.
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F Distribution (Hy : g = 0):
1. If u ~ N(0, 01,), then B ~ N(B, 2(X'X)™") .
Therefore, w ~ )(z(k).
2. Proof:
Using B — B = (X’X)"' X"u, we obtain:
B=PXXPB-p) = (XX)Xuy XXX X)X

=W XX X)X XX'X) ' X u=u'XX'X)"' X'u
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3. (*) Formula:

Suppose that X ~ N(0, I;).
If A is symmetric and idempotent, i.e., A’A = A, then X’AX ~ y*(tr(A)).

1
Here, X = —u ~ N(0, I,)) from u ~ N(0, 01,), and A = X(X'X)"'X".
[oa
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4. Sum of Residuals: e is rewritten as:
e=I,—XX'X)'X)u.
Therefore, the sum of residuals is given by:
de=u'(l, - X(X'X)"' X )u.
Note that I, — X(X’X)~' X" is symmetric and idempotent.

We obtain the following result:

‘e Wl - XX'X)'X
e R Uy - XXR) X' X (i, = XX X)™' X)),
lon -
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5. We show that 3 is independent of e.
Proof:
Because u ~ N(0, 021,), we show that Cov(e, B) = 0.
Cov(e,) =E(e(B-p)) = E((I,, - X(X’X)’IX')M((X’X)"X’u)’)
= E((I,, - X(X’X)"X’)uu’X(X’X)") = (I, - X(X'X)"" X)E(uu)X(X'X)™!

=1, - XX'X)' X)) L)XX'X)" = o, - XX'X) ' X)XX'X)™!

= XXX - XX X)X XX' X)) = 2XX'X) T - XX’ X)) = 0.

Therefore, 3 is independent of e.
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Note as follows:

G-pXXB-p) ),
P} / _ W XX'X)'X'ulk Flon—k
= il XXX Xu =y~ Fkn=h,

i—f/(n -k

because X(X'X)™'X"(I, - X(X'X)"'X") = 0.

(*) Formula:

When X ~ N(0,1,), A and B are n X n symmetric idempotent matrices, Rank(A) =

X'AX/G
tr(A) = G, Rank(B) = tr(B) = K and AB = 0, then /

220 R, K).
xexx " @K
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where the trace is:
tr(l, - X(X'X)"'X)=n—k.

Therefore, we have the following result:

e  (n-k)s?
i ~ X’ (n—k),

where
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6. Therefore, we obtain the following distribution:

B-BYXXB-B) uXX'X)'Xu
p= = p= ~x (k)
e w(l,—XX'X)"'X)u

T Kk

B is independent of e.

Accordingly, we can derive:

W/k ) )
o? _B-pXXB-Blk

ee 52
—[on=k)

F(k,n—k)
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Coefficient of Determination GRE{%%0), R?:

Y€
2 i =2

1. Definition of the Coefficient of Determination, R*: R?>=1—

n
2. Numerator: Z el =ce

i=1

z 1 1 1
3. Denominator: Z(y,» -2 =y, — —ii"Y I, — —ii")y = y'(I, — —ii")y
n n n

i=1
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(*) Remark

yi=y Vi y

yr—y yr y
wherei = (1,1,---,1).

4. In a matrix form, we can rewrite as:
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(RB = 1/ (RXCX)'R)”

F Distribution and Coefficient of Determination:

1 1 = This will be discussed later.
=y— i’y =, - i)y,
n n
Testing Linear Restrictions (F Distribution):

1. If u ~ N(O, 021,), then B ~ N(B, c2(X'X)™") .

e Consider testing the hypothesis Hy : RB = r.

2 -
’ _ Ll
Yy = i)y R: Gxk  rank@®) =G <k

RB ~ N(RB, *R(X’X)"'R’).

82

Lna
(RB—71) ~)(2(G).

Therefore, 5
[

Note that RB = r .

(a) When 8 ~ N(B,*(X’X)™"), the mean is:

E(RB) = RE(B) = RB.

(b) When 8 ~ N(B, 02(X’X)™"), the variance is:

V(RB) = E((RB - RB)(RB — RBY) = E(R(B - BB -P'R)
=RE((B-P)B-p))R =RVBR = c*RX'X)'R".
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