9.2 MLE: The Case of Multiple Regression Model I

1. Multivariate Normal Distribution:

The density function of X is:

1
S = @y 2R exp(—5 (- =7 (- ).
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Therefore, the log-likelihood function is:

. __n 2y _
log L(0;y,X) = 3 log(2mo~) s

Note that |Z]7'/2 = |02[,[7V/? = /2.

3. max logL(6;y,X)
4

(FOC) dlog L0y, X) _ 0
0*log L(6;y, X) .

SOC) —————

¢ ) 0006’
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variance - covariance matrix for unbiased estimators of 6 .

204

B B
For large n, we approximately obtain: ( ) ~N (( ) ,(
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X:nxlandX ~ N(u,X)

1
SO XB) (v~ XB).

is a negative definite matrix.

2. Regression model: y=XB8+u, u~ N(0,0%l,)

Transformation of Variables from u to y:

fulw) = @re*)™"? exp(-21 W)

p)
ou
KO) = £y = XB) |5
y
1
= Qo) exp(~5 (v = XB) (v - XB))
= L(6;y,X),
) ou
where 6 = (B, o), because of 67)’ =1,
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We obtain MLE of 8 and o
. - G =XBY(y-XB)
- X/X IX/ 2 _
B=XX)" Xy, & ’ )

where &7 is divided by n, not n — k.

4. Fisher’s information matrix is:

& log L(6; y, X))

e

The inverse of the information matrix, 1(6)~!, provides a lower bound of the
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9.3 MLE: The Case of Multiple Regression Model 11

1. Regression model: y=XB8+u, u~ N(0,0?Q)

Transformation of Variables from u to y:

A2AX'X)" 0 |
0 2(71'4 )) fuw) = Qro?)™|Q7 12 exp(—ﬁu'ﬁ’]u)
7]
)= 0= XP)| 3%
y
= o) R exp(-5 0~ XBY Q0 - X))
20"
= L@:y. X),
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I7]
where 6 = (3, 0), because of a—ul =1,
y
The log-likelihood function is:
1 1
log L(6; y,X) = -2 log(2r0?) - 5 log1Q - 5 (v - XB'Q™'(y - XB),
2 2 202
where 8 = (8, 0%).

2. max logL(6;y,X)

0
dlog L(0;y, X)
FOC) —————————==0
(FOC) o
(SOC) % is a negative definite matrix.
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9.4 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AR(p) Model (p ¥k H E.AlJ7E T /L)

Ve =GVt + Gayia o+ Ve + s

AR(1) Model: t=2,3,---,n,
Vo= ¢y + i, ~ NO,07)

where |¢| < 1 is assumed for now.
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To obtain the unconditional distribution f(y,), y, is rewritten as follows:

Vi =Gy +

2
=@V + U+ G-

=Gyt Pritey o+ Plu

=t Pt + Py when j goes to infinity.
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Then, we obtain MLE of 8 and o:

B=xax)xaly, -

3. Fisher’s information matrix is defined as:

0% log L(6;y, X))

10 = B oo

—_XBYQ (v — XB
52 U= XBYQ 6 - XB)

The inverse of the information matrix, 1(8)~!, provides a lower bound of the

variance - covariance matrix for unbiased estimators of 6, which is given by:

o (O'Z(X’Q"X)’] 0)

20
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To obtain the joint density function of yi,y2, -, Yu, f(Vns>Vn-1-

posed as follows:
SO yts-5y0) = ) ﬂf(y/lyﬂ, SV
=2

From y, = ¢y, + u,, we can obian:

EGily—1.- -2 y1) = diym1. - and - Vilyor, -,y = o2

Therefore, the conditional distribution f(y,|y,—1,- -, y;) is:
. o L 2
SOyt sy = WCXP —270_2(}1—1751):—1)
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The unconditional expectation and variance of y, is:

BOn=0. and V) =0*(1+¢{+¢]+--)

0_2

T 1-¢?

Therefore, the unconditional distribution of y, is given by:

SO =
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-+,¥1) is decom-

)

1 1 5
— o)
2ﬂ0.2/(1 _ ¢%) 202/(1 - ¢%)



Finally, the joint distribution of y;, y, - - -,y, is given by:

FOmyetseo0 = FOD | | fObvim-3)
=2
e R
- b 26D

ol ( 1 )
exp| =5 =0 = d1yi-1) )
L} V2ro? 202" !

X
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

. 5
Vi = X+ uy, U, = pu,_y + €, & ~ iid N(0,07).

The joint distribution of u,,, u,_y, - -, u; is:

n
. 2 . 2 . 2
Julttns thyys -+ urs p,0) = fulur; p, o7) ]_[ Sy, ugsp,07)
1=2
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= Qra? /(1 - pP) ' exp(— )(yl - xl,B)z)

1
2021 =72
Z(()’r = pyi-1) — (x, — th—l)ﬁ)z)

2

1=

1
2\ ~(n=1)/2 _
X(2no;) exp[ 207
. 1
= Qro?) (1 - p?) P exp (—TUA 1=y = A1 —p2x1/3>2)

n

) 1
x(@2mo)™ "2 exp [—ﬁ D0 = pyin) = (i = pxis )ﬁ’)z]

=2

. I IR ST
= r0?)"(1 - p*)' P exp (—z—ggm - xlﬁf) x exp[—frz o - x,ﬁ>2]

€ =2

184

The log-likelihood function is:

1 1
10g L(1, 073 Yy Y1+ 31) = =5 log2x0 /(1 = ¢]) = s————-31
0g L($1, 075 Y Yu1 1) 3 0g(2ro /(1 = ¢7)) 2(r2/(1—¢%)y1
I e
- log(2no?) - pys Z(y, — i)
=2

Maximize log L with respect to ¢; and 0.

Maximization Procedure:

e Newton-Raphson Method, or Method of Scoring

e Simple Grid Search (search maximization within the range -1 < p < 1,

changing the value of ¢; by 0.01)
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= Qro2/(1-p*) " exp (—muf)

e 1 <
x(2ra?) "V exp (—27)_2 Z(u, —pum)z].

€ 1=2

By transformation of variables from u,,, u,_1, - -, u; t0 y,, Yu_1, - -, y1, the joint dis-

tribution of y,, y,—1, -,y is:

SO Yuets Y10, 05 B)

u
= fuOu = XuBoYumt = XamtBe - Y1 = X185 . 02 ay,'
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