Econometrics 11
(Tue., 8:50-10:20)

TA Session (by Mr. Kinoshita):

Thu.,, 14:40 -16:10
Room # 605 (GE#EKFEIMREMTE)

1 Regression Analysis (El/&% #7)

1.1 Setup of the Model

When (x1,y1), (X2,¥2), - -+, (x5, y,) are available, suppose that there is a linear rela-

tionship between y and x, i.e.,
Vi =P+ Paxi + ui, (1)

fori=1,2,---,n. x; and y; denote the ith observations.

— Single (or simple) regression model (B [EFE 5 /L)

u; is the unobserved error term (F2ZIE) assumed to be a random variable with
mean zero and variance 0.

o is also a parameter to be estimated.

x; is assumed to be nonstochastic (JEFEZERY), but y; is stochastic (FEZ2 ) because

y; depends on the error u;.

The error terms u, uy, - - -, u, are assumed to be mutually independently and iden-

tically distributed, which is called iid.

It is assumed that «; has a distribution with mean zero, i.e., E(u;) = 0 is assumed.
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i is called the dependent variable (f£/EZ4H) or the explained variable (#E¢EAZE
#0), while x; is known as the independent variable (3232 ZZ %) or the explanatory

(or explaining) variable (tB3ZE k).
B = Intercept (F1F7) B, = Slope (E %)
1 and 3, are unknown parameters (/X5 * —%4, £%}) to be estimated.

1 and 3, are called the regression coefficients ([E]1F{%%).

4

Taking the expectation on both sides of (1), the expectation of y; is represented as:

E(yi) = EB1 + Baxi + w;) = B1 + Box; + ()
=B + paxi, 2

fori=1,2,---,n.
Using E(y;) we can rewrite (1) as y; = E(y;) + u;.

(2) represents the true regression line.



Let,[?] and ,32 be estimates of 8; and 3.

Replacing 3, and 3, by ,81 and Bz, (1) turns out to be:
:Bl +B2xi + e, 3)

fori=1,2,---,n, where ¢; is called the residual (F%Z).

The residual e; is taken as the experimental value (or realization) of u;.

Figure 1. True and Estimated Regression Lines ([El/ZE#R)

Distributions
of the Errors

$i =B +Boxi
(Estimated
Regression Line)

X

1.2 Ordinary Least Squares Estimation

Suppose that (x1,y1), (x2,y2), - - -, (x4, y,) are available.
For the regression model (1), we consider estimating 5, and 3,.
Replacing 8, and S, by their estimates 3, and f3,, remember that the residual ¢; is
given by:

e =yi— 9 =yi—Bi - Baxi.
The sum of squared residuals is defined as follows:

NENE 23,2 = Z(Yi —Bi =B’
i=1 i=1
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We define §; as follows:
Yi= ,81 +ﬁ2xi’ 4)

fori=1,2,---,n, which is interpreted as the predicted value (3;8{&) of y;.
(4) indicates the estimated regression line, which is different from (2).
Moreover, using ; we can rewrite (3) as y; = J; + e;.

(2) and (4) are displayed in Figure 1.

Consider the case of n = 6 for simplicity.
X indicates the observed data series.

The true regression line (2) is represented by the solid line, while the estimated

regression line (4) is drawn with the dotted line.
Based on the observed data, 8 and j3, are estimated as: 3; and j3,.

In the next section, we consider how to obtain the estimates of 8, and s, i.e., Bl

and ﬁ"Q.

It might be plausible to choose the B, and 3, which minimize the sum of squared
residuals, i.e., S(ﬁl,ﬁ’z).

This method is called the ordinary least squares estimation (/N _5;%, OLS).
To minimize S (B;,3,) with respect to 3; and 3,, we set the partial derivatives equal
to zero:

35(,31,,32)
P

35(5”’3 ) 2Zx,<>l Bi=Box) =0

22@‘ B = Bax) =



which yields the following two equations:

=B +Box, o)

xiyi = 5By + B ), 6)

i=1 i=1

wherey = — Zy, and X = le,'.

i=1
Multiplying (5) by X and subtracting (6), we can derive j3, as follows:

~ \

B = YLy Xiyi — nxy _ S (x; —f)()ii —)ﬂ. o

S a2 - nx it (xi = %)?

1.3 Properties of Least Squares Estimator

Equation (7) is rewritten as:

b= (i =0 =Y X (6 =Xy B Y X (xi = X)
A zz' (=22 X (g —x)?

Z TG —X)’Y Zw,y, ©)

. 1
In the third equality, Z(xi —X) = 0 is utilized because of x = — Z X
n
i=1 i=1
_NioX
Z?:](xi -x)? '

w; is nonstochastic because x; is assumed to be nonstochastic.

In the fourth equality, w; is defined as: w; =

15

From now on, we focus only on f3,, because usually 8, is more important than g, in
the regression model (1).

In order to obtain the properties of the least squares estimator 3,, we rewrite (9) as:
n n
B2 = Z wy; = Z Wi(Br + Boxi + ;)
i=1 i=1

:,81iwi+ﬁzzn:w,-x,»+zn:wiui:B2+Zn:w,»ui. (13)
=1 i=1 =1 =1

In the fourth equality of (13), (10) and (11) are utilized.

From (5), El is directly obtained as follows:
Bi=7-pox. ®

‘When the observed values are taken for y; and x; fori = 1,2,---,n, we say that,@l
and 3, are called the ordinary least squares estimates (or simply the least squares

estimates, fx/\ R H# EfE) of 81 and B,.

When y; fori = 1,2,-- -, n are regarded as the random sample, we say that 3, and 3,
are called the ordinary least squares estimators (or the least squares estimators,

RIN_FEHTEE) of B, and S,.
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w; has the following properties:

xi = Yini(xi — %)
w; = - == — =0, (10)

PIEDN, o e

n n —

— Z?:](Xt - X)z
X = (-3 =250 T o) 11
; wWiX; ; wi(x; = X) ST = (11)

N, v - VI (n-%? 1
i = m = = =on —. 12)
i=1 ¢ ; ( izl(x[ - x)z) (Z;’l:](xi - @2)2 Zi:l(xi - X)2 (

The first equality of (11) comes from (10).
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Mean and Variance of /Afzi uy, Uy, - -+, U, are assumed to be mutually indepen-
dently and identically distributed with mean zero and variance o2, but they are not
necessarily normal.

Remember that we do not need normality assumption to obtain mean and variance
but the normality assumption is required to test a hypothesis.

From (13), the expectation of [32 is derived as follows:

EBy) = BB + ) witt) = o + B wm)

i=1 i=1

=2+ ) wBw) = . (14)

i=1

18



It is shown from (14) that the ordinary least squares estimator 3, is an unbiased
estimator of 3.

From (13), the variance of ﬁz is computed as:

V(,Bz) =V + Zn: wil;) = V(Zn: W) = Zn: V(wu) = Z": w;zV(ui)
i=1 i=1 i=1 i=1

n 2

N T
-7 ;w" TG (15)

The third equality holds because u;, us, - - -, u, are mutually independent.
The last equality comes from (12).
Thus, E(3,) and V(8,) are given by (14) and (15).
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Furthermore, here we show that [32 has minimum variance within a class of the

linear unbiased estimators.

Consider the alternative linear unbiased estimator [32 as follows:

B = Zn: cyi = Zn:(wi + di)yi

i=1 i=1

where ¢; = w; + d; is defined and d; is nonstochastic.

21

Taking the expectation on both sides of the above equation, we obtain:
@) =fo+B1 Y di+Bs ) dixi+ ) | wEw) + ) diEw;)
i=1 i=1 i=1 i=1

=p2+p idi + B> idixi-
i=1 =1

Note that  d; is not a random variable and that E(«;) = 0.

Since [32 is assumed to be unbiased, we need the following conditions:

Z":d,- =0, Zn:d[x, =0.
i=1 i=1

23

Gauss-Markov Theorem (7™ X - <)La 7EH): It has been discussed above
that 3, is represented as (9), which implies that j, is a linear estimator, i.e., linear

iny;.
In addition, (14) indicates that 3, is an unbiased estimator.

Therefore, summarizing these two facts, it is shown that /3, is a linear unbiased

estimator (R N REER).

20

Then, 5’2 is transformed into:

n n

B = Z Ciyi = Z(W/ +d)(B1 + Boxi + u;)

i=1 i=1

n n n n n n
=5 Zwi +fgzzwixi + Zwiui + B Zdi +ﬁ22dixi + Zdiui
=1 =1 =1 i=1 =1 =1

n n n n
=B +p Z di + B> Z dixi + Z wilt; + Z diu;.
i=1 i=1 i=1 i=1

Equations (10) and (11) are used in the forth equality.

22

‘When these conditions hold, we can rewrite ,Bz as:
n
Bo=pr+ Z(wi + dpu;.
-1
The variance of 3, is derived as:

VB = V(B + Y (@i +diu) = V(Y (@i +dui) = )" V(i +du)
i=1 1

i=1 i i=
= i(wi +d)*V(u) = 0'2(2": W +2 Zn: w;d; + Zn: d?)
=1 i=1 i=1 =1
= (rz(Zn: W} + Z dh).
=1 =1

24



From unbiasedness of B,, using Y7, d; = 0 and Y%, d;x; = 0, we obtain:

=5 = =0,
i = %7 Zini (i = %)

- S =d; S xidi — X Y d;
Z w,‘d,‘ = =
=

which is utilized to obtain the variance of /3, in the third line of the above equation.

From (15), the variance ofﬁz is given by: V([i’z) =0’ LW

i

Therefore, we have:
V(B2) = V(Ba),

because of Y, d? > 0.

i
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Asymptotic Properties of 8,: We assume that as n goes to infinity we have the

following:
1 n
7Z(x,- 75)2 — m < oo,
n
i=1
where m is a constant value. From (12), we obtain:
& 1 1
2
ny w=——m-——=— — —.
Zl UmEL-%  m
Note that  f(x,) — f(m) when x, — m, called Slutsky’s theorem (X )L *Y F¥—

FE#), where m is a constant value and f(-) is a function.

27

Then, whenn — oo, we obtain the following result:

25n 2 2 52
LW Ty

. o
P(|By = Bal > €) < = — 0,

ne?

1 .
where Y, w? — 0 because n Y_; w? — — from the assumption.
m
Thus, we obtain the result that ﬁz — frasn — oo.

Therefore, we can conclude that Bz is a consistent estimator of 3;.
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When Y7 a',.2 =0,ie,whend, =d, =--- = d, = 0, we have the equality: V(3,)
= V().

Thus, in the case of d; =dy = --- =d, =0, Bz is equivalent to 3.

As shown above, the least squares estimator 3, gives us the minimum variance
linear unbiased estimator (F/N7EERFE R HEE =), or equivalently the best
linear unbiased estimator (R ER#EHARHEEE, BLUE), which is called the
Gauss-Markov theorem (A X - ¥)L3 7 EH).
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We show both consistency of 3, and asymptotic normality of (B, — ).
@ First, we prove that Bz is a consistent estimator of 3,.

Chebyshev’s inequality is given by:
2
o
P(X -l >e) < EE

where u = E(X) and 0 = V(X).
Replace X, E(X) and V(X) by:

0.2

b EGy =B and V@=*Y wi= ol
i (B2)=p2. and V(By) ‘T;‘” (=)

respectively.
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@ Next, we want to show that V(B — ) is asymptotically normal.
Note that [32 =Br+ D, wi; as in (13).

From the central limit theorem, asymptotic normality is shown as follows:

iy Will; = E(Z?’:l w;lt;) _ iy Will; _ Bz - B — N, 1),

WVEL 0 g\/z7:lwz o/ T (i — %

i

where E(Y1L, wity) = 0, V(ZI, wiy) = 02 T, w?, and 3Ly way = B, — B, are

substituted in the first and second equalities.

30



Moreover, we can rewrite as follows:

B - P _ N(Bs — ) _ VnBs = o) — N0, 1)
o/ \/Z?:l(-xi -%? o/ \/(l/n) Zie (6 = %) o/ Nm

or equivalently,

2
V(s = B) — N, %).

Thus, the asymptotic normality of (B, — 8,) is shown.
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Exact Distribution of 8,: We have shown asymptotic normality of va(B, — 82),
which is one of the large sample properties.

Now, we discuss the small sample properties of 3,.

In order to obtain the distribution of Bz in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is that u; ~ N(0, o).

Writing (13), again, f3, is represented as:
n
,Bz =B+ Z wil;.
i=1

First, we obtain the distribution of the second term in the above equation.

33

Moreover, replacing o by its estimator s> defined in (17), it is known that we have:
/3: —B — in-2),
D (xi = %)?
where t(n — 2) denotes ¢ distribution with n — 2 degrees of freedom.
Thus, under normality assumption on the error term u;, the #(n — 2) distribution is
used for the confidence interval and the testing hypothesis in small sample.
Or, taking the square on both sides,
By — 2
(&7327) ~F(,n-2),
27:1()@ -X)?

which will be proved later.

35

Finally, replacing o by its consistent estimator s, it is known as follows:

— BB v, (16)
s/ Zizl(xi - 32
where s? is defined as:
EIELE o iﬁ(y[—ﬁﬂ - By’ a7
n-2 " on=-2 < ’

i=1
which is a consistent and unbiased estimator of o>. —> Proved later.

Thus, using (16), in large sample we can construct the confidence interval and test

the hypothesis.

32

Using the moment-generating function, )7, w;u; is distributed as:

n n
Z wi; ~ N(O, o? Z w?).
i=1 i=1
Therefore, ﬁg is distributed as:
Br=pr+ Zwﬂl, ~N@B,, o* Z w?),
i=1 i=1

or equivalently,
B =B _ B =B ~ N©.1)

oy w2 ol D (x; = %)%

for any n.

34

Before going to multiple regression model (EEJFE T IL),

2 Some Formulas of Matrix Algebra

ay  dp -t dig
dzy dxp v ok

1. LetA=| | . o= lagl
an  ap o dig

which is a [ X k matrix, where a;; denotes ith row and jth column of A.

36



The transposed matrix (& 175!) of A, denoted by A’, is defined as:

ap  dz cccooap

i dyp dxp o dp

A= L .| = lagl,
ay  dop v dig

where the ith row of A’ is the ith column of A.

. (Ax) = XA,

where A and x are a [ X k matrix and a k X 1 vector, respectively.

37

Especially, when A is symmetric,

. Let A and B be k X k matrices, and I; be a k x k identity matrix (E£1751)

(one in the diagonal elements and zero in the other elements).

When AB = I, B is called the inverse matrix (i#1T3) of A, denoted by
B=A"".

That is, AA™' = A™'A = I;.

39

If A is a negative definite matrix (& fEE 5 175!), for any x except for
x =0 we have:

X'Ax < 0.

If A is a negative semidefinite matrix (EIE{BRE #F51T51), for any x except
for x = 0 we have:

X'Ax <0.

41

.a =a,

where a denotes a scalar.

da’'x
= a,
ox

where a and x are k X 1 vectors.

Ox'Ax
ox

where A and x are a k X k matrix and a k X 1 vector, respectively.

=(A+A)x,

38

. Let A be a k X k matrix and x be a k X 1 vector.

If A is a positive definite matrix (IE{BE #F51751), for any x except for
x =0 we have:

X' Ax > 0.

If A is a positive semidefinite matrix (JE& {E7E 5 1751), for any x except
for x = 0 we have:

X'Ax > 0.

40

Trace, Rank and etc.: A kxk, B:nxk, C:kxn.

k

1. The trace (k L—X) of A is: tr(A) = Zaﬁ, where A = [a;;] .

i=1

2. The rank (T > %, BE#) of A is the maximum number of linearly indepen-

dent column (or row) vectors of A, which is denoted by rank(A).

3. If A is an idempotent matrix (X Z%175), A = A .

42



4. If A is an idempotent and symmetric matrix, A = A> = A’A .
5. Ais idempotent if and only if the eigen values of A consist of 1 and 0.
6. If A is idempotent, rank(A) =tr(A) .

7. tt(BC) =tr(CB)

43

2. If X ~ N(u, Z), then (X — p)' (X — ) ~ x2(K).

Note that  X'X ~ y2(k) when X ~ N(O, ).

3. Xinx1,  Yimxl, X ~Npe2), Y ~Nu,%)

X is independent of Y, i.e., E((X — )Y — ,uy)’) = 0 in the case of normal

random variables.

=y =07 =y fm L

45

—

3 Multiple Regression Model (E[EJ&E T JL)

Up to now, only one independent variable, i.e., x;, is taken into the regression model.

In this section, we extend it to more independent variables, which is called the

multiple regression (& [@/)7).

47

Distributions in Matrix Form:

1. Let X, pand Zbe k X 1, k X 1 and k X k matrices.

When X ~ N(u, ¥), the density function of X is given by:

1 | .
f) = mﬂp(_i(x_#) z l(JC—H))-

E(X) = g and V(X) = E((X X —/1)’) -x

The moment-generating function: ¢(6) = E(exp(H’X )) =exp(u + %0’20)

44

4. If X ~ N(0,0?1,) and A is a symmetric idempotent n X n matrix of rank G,
then X’AX/0? ~ }*(G).

Note that X’AX = (AX)'(AX) and rank(A) = tr(A) because A is idempotent.

5. If X ~ N(0,0°I,), A and B are symmetric idempotent n X n matrices of rank

G and K, and AB = 0, then

X'AX | X'BX X' AX/G
/ = ~ F(G, K).

Go?! Ko? ~ X'BX/K

46

‘We consider the following regression model:

Yi = Bixig + Baxia + -+ PrXix + i

Bi
Ba

= (Xins Xigs s X)) | L |t

Br

= xp + ui,

fori=1,2,---,n,

where x; and 8 denote a 1 X k vector of the independent variables and a k x 1 vector

48



of the unknown parameters to be estimated, which are represented as:

Xi = (Xi1s Xi2s 005 Xik)s B=

B

x; j denotes the ith observation of the jth independent variable.
The case of k = 2 and x;; = 1 for all i is exactly equivalent to (1).

Therefore, the matrix form above is a generalization of (1).

49
which is rewritten as:

1 Xipo Xtz o X\ (B uy
» X1 X v X || B2 17}
= +
Yn Xog Xna o Xax/ \Br Uy
X1 Uy
X2 175)

= ,3+
Xn Uy
51

In (18), replacing B by 3, we have the following equation:
y=XB+e,

where e denotes a n X 1 vector of the residuals.
The ith element of e is given by e;.

The sum of squared residuals is written as follows:

S =) et=ee=(-XBY (- Xp =0 -pX ) - XB)
i=1
=Yy—VXB-BXy+BXXB=yy-2VXp+BXXB.
In the last equality, note that ﬁ’X’y = y’XE because both are scalars.

53

Writing all the equations for i = 1,2, - -, n, we have:

yi=pixiy +faxin o+ BiXig +un = xiff +up,

Y2 =Pixo) + Paxap + -+ BreXog + ua = Xoff + ua,

Yn = Prxns + Paxnz + 0o+ BiXug + Uy = XS + Uy,
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Again, the above equation is compactly rewritten as:

y=XB+u, (18)
where y, X and u are denoted by:
Y1 X X2 ot Xk X1 uj
y2 Xo Xopo ottt Xk X2 U
y= N X = = s u=
Yn Xl X2 vt Xpk Xn Uk

Utilizing the matrix form (18), we derive the ordinary least squares estimator of 3,

denoted by j3.
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To minimize S (B) with respect to 3, we set the first derivative of S (3) equal to zero,

ie.,

9 @ = -2X'y +2X'XB = 0.
o

Solving the equation above with respect to 3, the ordinary least squares estimator

(OLS, F/NEEHTEE) of B is given by:

B=XX)"XYy. (19
Thus, the ordinary least squares estimator is derived in the matrix form.
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(*) Remark

The second order condition for minimization:

PSP
= ({3) =2X'X
apop’
is a positive definite matrix.
Set ¢ = Xd.
For any d # 0, we have ¢’c = d’X'Xd > 0.
55

The variance of f is obtained as:
V(@) = E(B - BB -P)) = E((XX) " X'u(X' X)X uy)
=E(X'X)"' Xuw XX'X)™") = (X’X)"' XE(uu )X (X' X)™!
= X' X)X XX'X) " = AX'X) 7.
The first equality is the definition of variance in the case of vector.
In the fifth equality, E(uu’) = o1, is used, which implies that E(u?) = o for all i
and E(uju;) = 0 fori # j.
Remember that u;, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed with mean zero and variance 0.
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The moment-generating function of B ie., gp(bp), is:

$6(05) = E(exp(@)) = E(exp(@8 + 6,(X'X)™' X u)
= exp(é)l'ﬁ)E(é);i(X'X)’lX’u) = exp(el;ﬁ)@(ag(x’xrlx')
= exp(6;8) exp(%zeg,(x'xylaﬂ) = exp(68 + %zag(x'xy‘o,;),

which is equivalent to the normal distribution with mean 8 and variance o2(X"X)~!.

Note that 6, = X(X'X)"'6j. QED

59

Now, in order to obtain the properties of 3 such as mean, variance, distribution and

so on, (19) is rewritten as follows:
B=X'X)"Xy=XX)"'XXB+u) = X'X)"'X'XB+X'X)"'X'u
=B+ X'X)"'X'u (20)
Taking the expectation on both sides of (20), we have the following:
E@) =E@+ X'X)"'X'u) = B+ (X'X)"'X'E(u) = B,

because of E(u) = 0 by the assumption of the error term u;.

Thus, unbiasedness of ,8 is shown.

56

Under normality assumption on the error term u, it is known that the distribution of

Bis given by:
B~N@B XX

Proof:
Oonxl, wnxl, Gukxl,  Bikxl

The moment-generating function of u, i.e., ¢,(0,), is:
0_2
$u(6,) = E(exp(6u)) = cxp(79;9u),
which is N(0, 021,).

58

Taking the jth element of 3, its distribution is given by:

R . Bi-B;
i~ N(B;,0%a;)), e, ==L ~N(O1),
Bi~N@.omaj). e o, VO

where a;; denotes the jth diagonal element of (X'X)™".

Replacing o by its estimator s%, we have the following ¢ distribution:

MNI(n—k),
s +aj;

where t(n — k) denotes the ¢ distribution with n — k degrees of freedom.
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5% is taken as follows:

o
—

’

1 R 2
= ——ede=——(-XB)(y-Xp).
n—k

=1

which leads to an unbiased estimator of 2.

Proof:

Substitute y = XB+uand B = B+ (X'X)"'X'uinto e = y — Xp.
e=y-XB=XB+u-XB+XX) "X

=u—-XX'X)"'X'u= (I, - XX'X)"' X )u

61

Take the expectation of u'(I,, — X(X’X)™'X")u and note that tr(a) = a for a scalar a.
1 1
2\ _ rro_ rvy-1vyr _ _ =l vy,
E(s%) = mE(tr(u (I, = X(X'X) "' X)) = — kE(tr((ln XXX X ')

1
Bemd'd ") — 2 _ Bemd'd
— ktr((ln - X(X'X)""X")E(uu )) =—0 tr((l,l XX'X)'x )1,,)
1 1
= ——otr(l, - X(X'X)'X') = — 02 (tr(],) — w(X(X'X)' X))
n—k n—k
1 1
= ——o(tr(l,) — tr(X'X) ' X' X)) = ——(tr(l,) — tr(Iy))
n—k n—k
1
= maz(n —k)=0o?
— 5% is an unbiased estimator of 2.

Note that we do not need normality assumption for unbiasedness of s2.
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Trace (~ L—X):

1. A:nxn, tr(A) = 2., a;, where a;; denotes an element in the ith row and

the jth column of a matrix A.
2. a:scalar (1 x1), tr(a)=a
3. Ainxk, B:kxn, tr(AB)=tr(BA)
4. r(X(X' X)X = (X' X)X X) = (L) = k

5. When X is a vector of random variables, E(tr(X)) = tr(E(X))

65

I, — X(X'X)™' X’ is idempotent and symmetric, because we have:
L - XX'X)'X)U, - XX'X)'X) =1, - X(X'X)"' X,
I, - XX'X)'X'Y =1, - X(X'X)"'X".

5% is rewritten as follows:

P = o= (U, - XXX U, - XXX X u
n—k n—k

! ku’un - XX'X)"'XY U, - XX'X)" X )u
o

W' (L, - XX'X)"' X u
n—k

62

Under normality assumption for u, the distribution of s? is:

R A) T _ Bembd
v U_f)s - X(JXZX) X0 e, - XXX

Note that  tr(J, — X(X'X)"'X") = n — k, because

te(l,) = n

w(XX'X) X)) = (X' X)'X'X) = () = k

64

Asymptotic Normality (without normality assumption on u): Using the cen-
tral limit theorem, without normality assumption we can show that as n — oo,

1
under the condition of —X’X — M we have the following result:
n

Bizhi | N(O, 1),
s \aj;

where M denotes a k X k constant matrix.

Thus, we can construct the confidence interval and the testing procedure, using the
t distribution under the normality assumption or the normal distribution without the

normality assumption.
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4 Properties of OLSE

1. Properties of 3: BLUE (best linear unbiased estimator, & B R
FE &), i.e., minimum variance within the class of linear unbiased estimators

(Gauss-Markov theorem, A X - %)L T NDEHE)
Proof:

Consider another linear unbiased estimator, which is denoted by 3 = Cy.
B =Cy=C(XB+u)=CXB+Cu,
where C is a k X n matrix.
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Defining C = D + (X'X)™'X’, V(ﬁ) is rewritten as:
V(@) = c?CC’ = a*(D + (X' X)'X)D + (X'X)"' XY
Moreover, because B is unbiased, we have the following:
CX=0L=D+XX)"'X)X =DX+I.
Therefore, we have the following condition:

DX =0.
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Note as follows:
= A is positive definite when d’Ad > 0 except d = 0.

— The ith diagonal element of A, i.e., a;;, is positive (choose d such that the

ith element of d is one and the other elements are zeros).
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Taking the expectation of 3, we obtain:
E(B) = CXB + CE(u) = CXp
Because we have assumed that 3 = Cy is unbiased, E(3) = 8 holds.
That is, we need the condition: CX = I;.
Next, we obtain the variance of 3 = Cy.
B=CXB+u)=p+Cu.
Therefore, we have:
V(B) =E((B - B)B - p)) = E(Cu/ C") = °CC’
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Accordingly, V(B) is rewritten as:
V(@) = c?CC’ = *(D + (X' X)'X)D + (X'X)"' X"y
=(X'X)" +a*DD’ = V() + DD’
Thus, V(B) — V(B) is a positive definite matrix.
= V@)= V(@) >0

— [ is a minimum variance (i.e., best) linear unbiased estimator of 3.
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F Distribution (H, : S8 = 0):

1. If u ~ N(O, 021,), then B ~ N(B, o2(X’X)™") .

B-BXXB-P _
0.2

Therefore, ,\(2 (k).

2. Proof:

Using 8 — B = (X’X)"'X"u, we obtain:

B-BYX'XB-B)=(XX)"'XuyX'XX'X)"'X'u

= XX'X)"'X'XX'X) ' X u=u'XX'X)"' X'u
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Note that X(X’X)~' X’ is symmetric and idempotent, i.e., A’A = A. 3. (*) Formula:

wWXX'X)'X'u

13yl y? S se that X ~ N(0, I).
= ~X2(tr(X(XX) IX)) uppose thal 0.1

The degree of freedom is given by: If A is symmetric and idempotent, i.e., A’A = A, then X’AX ~ y*(tr(A)).

=1y =1y 1
r(X(X'X) X)) = u(X'X)7X'X) = (L) =k Here, X = —u ~ N(O, ) from u ~ N0, 21,), and A = X(X'X)"'X".
o

Therefore, we obtain:

WXX'X)' X'u
A e 40
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4. Sum of Residuals: e is rewritten as: where the trace is:

e=(,-XX'X)"'X)u. tr(l, - X(X'X)"'X)=n—k.

Therefore, the sum of residuals is given by: Therefore, we have the following result:

de=u'(l, - XX'X)"' X u. de _(n- k)s? N

— —— ~X'(=h,
Note that 1, — X(X’X)™' X’ is symmetric and idempotent. where
We obtain the following result: 2= ! e
n—
e w'(l, - XX'X)"'X)u o] v
= (- XexyTx),
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5. We show that 3 is independent of e. 6. Therefore, we obtain the following distribution:
D_AVY'Y(R _ , 7vy-1yr
Proof: B-p) XZX(ﬁ B) _ wXX XZ) X'u ~ 0,
g g
Because u ~ N(0, 021,), we show that Cov(e, 3) = 0. e u'(l, - X(X'X)™ X )u -
s=———5 ——— ~x -k
g (on

Cov(e,p) = E(e(B—B)) = E((, = X(X'X)™ X yu((X'X)"' Xuy) B is independent of e.

= E((I,, - X(X’X)"X’)uu’X(X’X)") =, - XX'X)"'X)E(uu)X(X'X)™ ) )

Accordingly, we can derive:

(1 vyl vy 2 -1 201 vy vyl v 7y -1 ~ N

=, - XX'X) " X)W PI)XX'X) " = oI, - X(X'X) ' X)X (X' X) B-BrXX(@ - ’B)/k A A

=PXX'X) ! - XX X)X XXX = XXX - XX X)) =0. o? _BoAXXE=Plk F(k,n— k)

ee 52
R — |-k
Therefore, 3 is independent of e. =
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Note as follows:
B —ﬁ)’X'ZX(ﬁ —ﬁ)/k
o

%o

~ WXX'X) ' X ulk
T w U, - XX X)X ufni—k) Flkn =),

because X(X'X)"'X'(I, - X(X'X)"'X") = 0.

(*) Formula:

When X ~ N(0,1,), A and B are n X n symmetric idempotent matrices, Rank(A) =

X'AX/G
tr(A) = G, Rank(B) = tr(B) = K and AB = 0, then ——— ~ F(G,K).
r(A) = G, Rank(B) = tr(B) an 0, enX’BX/K (G.K)
79
(*) Remark
yi—y Vi y

»-y » y 1., 1.,
. =l |- =y iy = - =iy,
: : n n

yr =y yr y
wherei = (1,1,---,1).

’

ee

4. In a matrix form, we can rewrite as:  R* =1 - —————
YUy = i)y
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(RB-r) RX'X)"'R) " (RB - 1)

— ~ X (G).

Therefore,

Note that RG =1 .

(a) When 3 ~ N(B,7*(X’X)™"), the mean is:
E(RB) = RE(B) = RB.
(b) When 8 ~ N(B, 02(X’X)™"), the variance is:
V(RB) = E((RB ~ RB)RB ~ RBY) = E(R(B - P)(B -~ BIR))
=RE(B-PB-PR = RVPBR = 7> RX'X)'R'.
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Coefficient of Determination GRE{%%0), R*:
p ‘f’?
T =y?

1. Definition of the Coefficient of Determination, R*: R*=1—
n
2. Numerator: Z e?=ee

i=1

n
1 1 1
3. Denominator: Z(y, -y =yd, - ;ii’)’(l,l - Zii’)y =y, - ;ii’)y

i=1
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F Distribution and Coefficient of Determination:

= This will be discussed later.

Testing Linear Restrictions (F Distribution):
1. Ifu ~ N(0,01,), then B ~ N(B, c*(X'X)™") .
Consider testing the hypothesis Hy : RB = r.
R: GXxk, rank(R) =G < k.
RB ~ N(RB,*R(X'X)"'R").
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2. We have the following:
(RB—r)(RX'X)"'R)'(RB~ 1)

G ~ F(G.n k)
o -XB)(y - Xp)
n—k
3. Some Examples:
(a) t Test:
The case of G = 1,r=0and R = (0,---, 1,--+,0) (the ith element of R

is one and the other elements are zero):
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That is, test of §; = 0:

Therefore, the test of 8; = 0 is given by:
O = XBY (v = XB)
Define: §? = ——————— "~

K P ~ t(n = k).
Then, S Vdii
RB - rYRX'X)'RY"(RB - ) (b) Test of structural change (Part 1):
o)
G _ B;
2 = szaﬁ~F(1,n—k), {x,-,B|+u,-, i=1,2,---,m
i =
where RB = 3; and a; = the i row and ith column of (X'X)™". xPr+u, i=m+1l,m+2,---.n

Assume that u; ~ N(0, 02).
#) Recall that Y ~ F(1,m) when X ~ t(m) and Y = X>.
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In a matrix form, Moreover, rewriting,

S ()0 )G
= +u
2 x 0 U Y 0 X2/\B»
: : : : Again, rewriting,
Ym X 0 (ﬁl ) Uy Y = Xﬂ +u
= 0 +
Yl et | VB2 1 The null hypothesis is Ho : 81 = S».
Ym+2 0 Xue U2 .
Apply the F test, using R = (Iy —I;)and r = 0.
In this case, G = rank(R) = k and S is a 2k X 1 vector.
Yn 0 x, u,
The distribution is F'(k,n — 2k).
87 88

(c) The hypothesis in which sum of the 1st and 2nd coefficients is equal to D; = 1in the jth quarter and O otherwise, i.e., D;, j = 1,2,3, are sea-

one: sonal dummy variables.
R=(1,1,0,---,0), r =1 Testing seasonality = Hy : @ =a; =a3=0
In this case, G = rank(R) = 1 @
a; o1000 -+ 0 0
The distribution of the test statistic is F(1,n — k).
B=|a], R=(0 0 1 0 0 --- 0], r=|0
(d) Testing seasonality: s 00010 -0 0
The regression model: The case of quarterly data (F9£H17—%) Bo

In this case, G = rank(R) = 3, and S is a k X 1 vector.
y=a+a D +aDr+a3Ds+ XBo+u

The distribution of the test statistic is F(3,n — k).
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(e) Cobb-Douglas Production Function:
Let Q;, K; and L; be production, capital stock and labor.

We estimate the following production function:
log(Qy) = B1 + B2 log(Ky) + B3 log(L:) + u;.

We want to test a linear homogeneous (—¥X[r]¥X) production function,

i.e.,,Bz +p63=1.

The null and alternative hypotheses are:
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regression model is as follows:
Vi = @+ Bx; + yd; + 6dix; + u;,

where
0, fori=1,2,---,m,
d,' =
1, fori=m+1,m+2,---,n.
We consider testing the structural change at time m + 1.
The null and alternative hypotheses are as follows:
Hy: y=6=0,
H,: y+0,0r,6+0.
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Hy: B=y=0,
H : B+#0, or, y #0.
Then, set as follows:
010 0
(oo 1) L)
0 0 1 0
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®

(2)

Hy: Bo+pB=1,
Hy: B+pBs# 1.

Then, set as follows:

Test of structural change (Part 2):
Test the structural change between time periods m and m + 1.

In the case where both the constant term and the slope are changed, the
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Then, set as follows:

0010 0
(oo o) )
000 1 0

Multiple regression model:

Consider the case of two explanatory variables:
Vi =+ Bx; +yzi +u;.

We want to test the hypothesis that neither x; nor z; depends on y;.

In this case, the null and alternative hypotheses are as follows:
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Coefficient of Determination R* and F distribution:

@ The regression model:

where

Xit

1xk,

Vi =XxB+u;p =i+ X2 +

B
xi=(1 x), ﬁ:( ),
B2

xit Ix(k=1), B:kx1l, Br: k=1x1

Y= XB+u= B+ X2
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where the first column of X corresponds to a constant term, i.e., Note as follows:

1
1 (RB =Y (RX'X)'R) " (RB = 1) = ByXs MXops,
X=0 Xp), i= ]
where M = I, — —ii’.
n
1
o Note that M is symmetric and idempotent, i.e., M'M = M.
@ The F distribution:
R=(0 I1), r=0 -y
) ) ) -y
where R is a (k — 1) X k matrix and ris a (k — 1) X 1 vector. . =My
(RB = ry(RX'X)'R)”'RB = r)/(k = 1) '
~ Ftk—1,n—k 5
e’e/(n—k) ( n=k) Y=y
97 98
R(X'X)™'R’ is given by: (*) The inverse of a partitioned matrix:
i’ 0 Ao An An
ROXX)'R = (0 IH)(( ,)(i Xz)) ( ) " A
X Iiy
i "X\ 0 where A;; and A, are square nonsingular matrices.
ol () Eyu
X5 XiX . = :( By Bi1ApA3, )
*A£2]A2]BH A;zl + A;zlAlellA]QAi]
where By = (A1) — ApA;)Ax) 7!, or alternatively,
(A]_II + AI_]1A|2322A2|AI_II _AI_IIAIZBZZ )
A=
—BynAy A7l By
where Bzz = (Azz - Az]Al_]]AIZ)_I
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Go back to the F distribution. Thus, under H : 8, = 0, we obtain the following result:
( i X, )" ( )
’ ’ = M ’ parar =121 -1 . .
Xii XiX» D (XX = Xi() X)) (RB - r),(R(X/X)flR,)—l(Rﬁ —P/k=1)
e’e/(n—k)

(5 X5, - LinX,)™! ) ( (XyMX;)™! )
_BXSMXopa (k- 1)
- ee/(n—k)

Therefore, we obtain:

i X\ 0
0 zm( , ) ( )
Xy XX ) \I

. 0
=0 L, )(, )( ) = (X3MX,)™".
P MX) T I\

101 102

~ F(k—=1,n-k)



@ Coefficient of Determination R?:
Defineecase=y— X[i The coefficient of determinant, R?, is
e'e

R=1-—1o,
Y'My

where M = I, — —ii’, I, is a n X n identity matrix and i is a n X 1 vector consisting
n

of 1,ie,i=(1,1,---,1).
Me = My — MXB.
, (B
When X =(i Xy)andB=|, |,
B2
Me = e,
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The coefficient of determinant, R?, is rewritten as:

R=1-25 =  de=(1-RyMy
y'My
_YMy-ce _ By X, MXops
y'My y'My

R = BXMXop = Ry My

Therefore,

BXoMXoBy /(= 1) Ry My/(k—1)
e'e/(n—k) T (1-R)yMy/(n—k)
R*/(k=1)

= B~ Flk—1,n-k)
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From dL/dB = 0, we obtain:

B=XX)"'X'y+X'X)'R2

=B+ (X'X)"'R'1.
Multiplying R from the left, we have:
RB=RB+RX'X)"'R'1.
Because RS = r has to be satisfied, we have the following expression:
r=RB+RX'X)'R'A

107

because i’e = 0, and

MX=M(i X)=(Mi MX))=(0 MX,)

because Mi = 0.

A B R
MXpB = (0 MXZ)(A ) = MXop3,
B>
Thus,
My = MXB + Me = My =MX>ps+e
Therefore, y’ My is given by: y' My :,L:)’ZXEMXZ,B’Z + e,

because X}e = 0 and Me = e.
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5 Restricted OLS (fl§9{f E&/NZF%)

1. Minimize (y — XB)'(y — Xf3) subject to R = r.
Let L be the Lagrangian for the minimization problem.
L=(-XB)(y—-Xp)-24(RB-71)

Let the solutions of 3 and A for minimization be 3 and A.

oL - <
— =2X'y-XB)-2R' 1=
5= X G- XP) - 2R1=0
oL -
5——2(1{’[?—")—0
106

Therefore, solving the above equation with respect to 1, we obtain:
< ol o\ .
1= (RX'X)'R) " (r-RB)
Substituting A into 8 = B + (X'X)~'R'A, the restricted OLSE is given by:
B=B+X'X)"'R (R(X’X)*‘R’)’l (r — RB).
(a) The expectation of 3 is:

EB) =E@) + X'X)"'R(RX'X)"'R)'(r - REB))
=B+ X' X)'RRX'X)'R) " (r - RB)) =B,
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which shows that 3 is unbiased. Then, we obtain the following variance:

(b) The variance of j is as follows. VB)=E@B-B)B-B)) = EWE-BB-BW)
First, rewrite as follows: = WE((ﬁ _'B)(B —POW = WV(B)Wl = U-ZW(X,X)_IW/
2 1y \—1 pr ryv\—1 pr -1 TR |
~ 1 =0 | -(X'X)"R\RX'X)"R') R)X'X)
B-B=@-p+XX)'R(RXX)'R) (RB-RB) ( ( ) 5 L
1 ) e ><(1 - X'X)"'R (R(X’X)’]R’) R)
=B-p-XX)'R (RXX)'R) " (RB-RB) By
| =X X)" - XX 'R (RXX)'R) T RXX)™!
=@B-p-XX) 'R (R(X’X) R’) R(B ) .
! = V@) - PXX)'R (RXX)'R) RXX)™
(1 X'X)'R (RXCX)'R) ) B-p)
=W@B-p). Thus, V(B) — V(B) is positive definite.
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2. Another solution: Using the matrix form:
) ) . L X'X R\(B X'y
(a) Again, write the first-order condition for minimization: ( )( - ) = ( )
R 0/\-1 r
oL , % - _ -
B =-2X'(v-Xp) - 2R =0, The solutions of 2 and —A1 are given by:
RGN
-1 - R 0 r )
which can be written as:
(b) Formula to the inverse matrix:
X'XB-RA=Xy, (A B)*‘ (E F)
RB=r. g bl \Fr G/
111 112
where E, F and G are given by: (c) In this case, E and F correspond to:
—_ vyl _ oyl 731 pr |
E=@-BDB)" E=XX)"-XX)'RRXX)'R)RX'X)
—A 4 A B(D—BAB) ' BA" F=XX"RERXX'R).

F (A - BD'B)'BD"! Therefore, 3 is derived as follows:

B=EX'y+F
=-A"'B(D-BA'B)! B y+Fr

=B+ X X) 'R (RX'X)'R) " (= RB).

B X'X R\
G20 o)
-1 R 0
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G=(D-BA'B)!

- D+ D'B(A— BD"'B) ' BD" (d) The variance is:



Therefore, V(B) is: 6 F Distribution (Restricted OLS and Unrestricted

V@) = °E OLS)
_ 2l _ v yy-lpr 1y -1 pr 1yl
-7 ((X X XX RREX)RORXK) ) 1. As mentioned above, under the null hypothesis Hy : R3 = r,
() Under the restriction: RB = r, (RB — Y (RX'X)'R)"(RB ~ 1)
G ~ F(G,n—h),
V@)= V() = (XX R'(RX'X)'R)R(X'X)™! 0= Xp)' - XB)
n—k
is positive definite. where G = Rank(R).
115 116
The numerator is written as follows: Moreover, rewrite as follows:
(RB—'RX'X)'R)'(RB~1) = (BB (X' X)B~P. = XBY (v = XB)=(y = XB~ X(B = B)) (v = XB ~ X(B~ )

=0~ XB) - XB)+ B~BYX'X(B~P)
- ~O = XBYX(B - p) - B-B/X'(y - XB)
B=B+X'X)'R (RX'X)'R) " (r - RB). o XX + B XXG B

Remember that

X'(y = XB) = X’e = 0 s utilized.
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Summarizing, we have following representation: Therefore, we obtain the following result:

3 3 5 A P RB—rY(RX'X) 'R RB-r)/G (it —e'e)/G
RB-rYRX'X)'RY ' (RB-r)=B-pYX'X(B - B) (RB=r)RX'X)"'R') (RB-1)/ :(»;1:/(:_6)](/)

_ ) . A o= XBY (- XB)/(n—k)
=y - XBY(y - XB) - (v - XB)'(y - XP)

=it —é'e,

where e and ii are the restricted residual and the unrestricted residual.

That is,

e=y—-Xp, and iw=y-XB.
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7 Example: F Distribution (Restricted OLS and Un-

restricted OLS)

Date file = cons99.txt (Next slide)

Each column denotes year, nominal household expenditures (a+4%¢, 10 billion
yen), household disposable income (ZZ & A 4471745, 10 billion yen) and house-
hold expenditure deflator (FFHE#E T 7 L' — %4, 1990=100) from the left.
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Estimate using TSP 5.0.

LINE

1

3
4
5
6
7
8
9
10
11
12

13

freq a;

smpl 1955 1997;
read(file=’"cons99.txt’) year cons yd price;
rcons=cons/ (price/100);
ryd=yd/(price/100);
d1=0.0;

smpl 1974 1997;

di=1.0;

smpl 1956 1997;
dlryd=dl*ryd;

olsq rcons c ryd;

olsq rcons c¢ dl ryd dlryd;
end;

dededededede e dedede e dedede e dededede e dededede e dedede e dedede e dedede e dededede e dedede
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Adjusted R-squared .994762
Durbin-Watson statistic .116873

F-statistic (zero slopes) = 7787.70

Schwarz Bayes. Info. Crit. 17.4101
Log of likelihood function = -421.469
Estimated Standard
Variable Coefficient Error t-statistic
C -3317.80 1934.49 -1.71508
RYD .854577 .968382E-02  88.2480
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1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969

5430.1  6135.0  18.1 1970 37784.1 45913.2  35.2 1985 185335.1
5974.2  6828.4 18.3 1971 42571.6 51944.3  37.5 1986 193069.6
6686.3  7619.5 19.0 1972 49124.1 60245.4  39.7 1987 202072.8
7169.7  8153.3  19.1 1973 59366.1 74924.8  44.1 1988 212939.9
8019.3  9274.3 19.7 1974 71782.1 93833.2  53.3 1989 227122.2
9234.9  10776.5 20.5 1975 83591.1 108712.8 59.4 1990 243035.7
10836.2 12869.4 21.8 1976 94443.7 123540.9  65.2 1991 255531.8
12430.8  14701.4  23.2 1977 105397.8 135318.4  70.1 1992 265701.6
14506.6  17642.7 24.9 1978 115960.3 147244.2  73.5 1993 272075.

16674.9  19709.9  26.0 1979 127600.9 157071.1 76.6 1994 279538.7
18820.5 22337.4  27.8 1980 138585.0 169931.5 81.6 1995 283245.4
21680.6  25514.5  29.0 1981 147103.4 181349.2 85.4 1996 291458.

24914.0  29012.6  30.1 1982 157994.0 190611.5 87.7 1997 298475.2
28452.7  34233.6  31.6 1983 166631.6 199587.8  89.5

32705.2  39486.3  32.9 1984 175383.4 209451.9 91.8
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Equation 1

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS

Current sample:

1956 to 1997

Number of observations: 42

Mean of dependent variable = 149038.
Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .127951E+10
Variance of residuals = .319878E+08
Std. error of regression = 5655.77
R-squared = .994890
124

Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS

Current sample:

1956 to 1997

Number of observations: 42

Mean of dependent variable = 149038.
Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .244501E+09
Variance of residuals = .643423E+07
Std. error of regression = 2536.58
R-squared = .999024
126

220655.6
229938.8
235924.0
247159.7
263940.5
280133.0
297512.9
309256.6
317021.6
325655.7
331967.5
340619.1
345522.7

93.9
94.8
95.3
95.8
97.7
100.0
102.5
104.5
105.9
106.7
106.2
106.0
107.3



Adjusted R-squared = .998946 1. Equation 1
Durbin-Watson statistic = .420979
F-statistic (zero slopes) = 12959.1 Significance test:
Schwarz Bayes. Info. Crit. = 15.9330
Log of likelihood function = -386.714

Equation 1is:

Estimated Standard RCONS = B + B,RYD
Variable Coefficient Error t-statistic
C 4204.11 1440.45 2.91861 Hy: =0
D1 -39915.3 3154.24 -12.6545 0 P2
RYD .786609 .015024 52.3561
D1RYD "194495 918731 10.3839 (No.1) t Test = Compare 10.3839 and #(42 — 2).
R*/G .994890/1

(No.2) F Test = Compare
7787.8 and F(1,40).

(1-R>)/(n—k) - (1-.994890)/(42 - 2) ~
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1% point of F(1,40) = 7.31 Restricted OLS = Equation 1
H, : B, = 0is rejected. Unrestricted OLS = Equation 2
(@'t —e'e)/G _ (.127951E + 10 — .244501E + 09)/2 3043
2. Equation 1vs. Equation 2 e'e/(n—k) .244501E + 09/(42 — 4) '
Test the structural change between 1973 and 1974. which should be compared with F(2, 38).
Equation 2is: 1% point of F(2,38) = 5.211 < 80.43
H, : = B4 = O is rejected.
RCONS = f3; + f3,D1 + 3;RYD + 3,RYD X D1 0 Pr=P !
= The structure was changed in 1974.
Hy: Br=B4=0
129 130
8 Generalized Least Squares Method (GLS, —fi%1t First-Order Autocorrelation (—[0 & 8BS, R5IEE)
= : In the case of time series data, the subscript is conventionally given by 7, not
/NBEEE) P v given by
i.
; . _ - 2
1. Regression model: y = XS+ u, u~ (0,0°Q) W= pli 1 + € 6 ~ iid N(0,02)
2. Heteroscedasticity (R Z 738k, TH—2E) 1 o pt e p!
ol 0 - 0 i o 1 o o2
2 o
020 0 o3 20 = . _fpz Vs 0 1 o
te 0 .
2
0 0 o, Pt prd 1



V) =o0? = ——
1 1_p2

3. The generalized least squares (GLS) estimator of 3, denoted by b, solves the

following minimization problem:

min (y - XBYQ™'(v - XB)
B

The GLSE of B is:
b=XQ X)) xQly
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Multiply P~! on both sides of y = X8 + u.
We have:
V= X*B 4,
where y* =Py, X*=P'X, and u*=P'u
Note that
V@*) =V(P'u) = P'VwP ' =a?P'QP ! = o,

because Q = PP’ ie., P7'QP" =,
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b= (X*/X*)—lxwy* — (XIQ—]X)—IX/Qfly

b=+ X X)X =+ X'Q'X) X QN

E®) =8

V(b):O_Z(X*rX*)—l - G_Z(XIQ%X)—I
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4. In general, when Q is symmetric, Q is decomposed as follows.

Q=AAA
A is a diagonal matrix, where the diagonal elements of A are given by the
eigen values.
A is a matrix consisting of eigen vectors.

When Q is a positive definite matrix, all the diagonal elements of A are posi-

tive.

. There exists P such that Q = PP’ (i.e., take P = A’A'/?).
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Accordingly, the regression model is rewritten as:
YEXBrut,  wt~(0,07)

Apply OLS to the above model.

That is,

min (y* = X*B)'(* - X*B)
B
is equivalent to:
min (y - XBYQ™'(y - XB)
B
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6. Suppose that the regression model is given by:

y=XB+u, u ~ N, *Q).
In this case, when we use OLS, what happens?
B=XX)"Xy=8+XX)"Xu
V(B) = o (X'X)"' X' QX(X'X)™!
Compare GLS and OLS.
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(a) Expectation:
E@)=p, and Eb)=p
Thus, both 3 and b are unbiased estimator.

(b) Variance:

V(B) = (X' X)) X' QX (X'X)™!

V(b) = (X' Q'X)"!

Which is more efficient, OLS or GLS?.

This implies that V(,@,») — V(b;) > 0 for the ith element of 8.

Accordingly, b is more efficient than j3.
7. Ifu ~ N(0,0*Q), then b ~ N(B, 7> (X'Q~'X)™").
Consider testing the hypothesis Hy : R8 = r.
R: Gxk, rank(R)=G <k.
Rb ~ N(RB, *R(X'Q™'X)"'R).
Therefore, the following quadratic form is distributed as:

CYRXOX)TRY (R —
(Rb - rY(R(X'Q i() R)\(Rb r)~,y2(G)

g
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10. Let b be the unrestricted GLSE and b be the restricted GLSE.

Their residuals are given by e and &, respectively.

e=y—Xb,

o
I
=
I
I~
il

Then, the F test statistic is written as follows:

@Qle-eQ'e)/G

cOem—n  FGn-h
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V(B) - V(b) = > (X'X)"'X'QX(X'X)" — 22X’ Q7' X)™!
= (0 X -xa'xxa’)e
<((X071x - xa)
= 0?AQA’
Q is the variance-covariance matrix of u, which is a positive definite
matrix.

Therefore, except for Q = I,, AQA’ is also a positive definite matrix.
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8. Because (y* — X*b)'(y* — X*b)/c* ~ x*(n — k), we obtain:

(y = XbYQ~'(y — Xb)
% ~ Xz(" —k)
9. Furthermore, from the fact that b is independent of y — Xb, the following F

distribution can be derived:

(Rb— 1Y (RX'Q'X)'"R)(Rb - 1)/G
(y = XbYQ ' (y = Xb)/n - k

~F(G,n-k)
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8.1 Example: Mixed Estimation (Theil and Goldberger Model)

A generalization of the restricted OLS = Stochastic linear restriction:

r=RB+v, E(W) =0 and V(v) = ¥

y=XB+u, E() =0 and V(u) = oI,
Using a matrix form,
y X u u 0 u I, 0
LGl o)) mev()=(5 )
r R v v 0 v 0 v
For estimation, we do not need normality assumption.
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Applying GLS, we obtain:

1, 0\l/xy! I, 0\"'/y
=l ol W) () 1 ol ) ()
0o v R 0o v r
-1
= (XX +RYIR) (Xy+R¥ 7).
Mean and Variance of b: b is rewritten as follows:

-1 -1

b:[(X' R')(;" 2,) (z)]_l[(x' R')(Io” :1)') (i)]

oefor ol ) () ()

145

9 Maximum Likelihood Estimation (MLE, & ;%)
— Review of Last Semester
1. The distribution function of {X;}, is f(x;6), where x = (xi, xa, -+, x,) and
0=(uX).

Note that X is a vector of random variables and x is a vector of their realiza-

tions (i.e., observed data).

Likelihood function L(-) is defined as L(6; x) = f(x;6).
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2. Fisher’s information matrix (7 1 > v —®O1&#HR1T5) is defined as:

0*log L(8; X))

where we have the following equality:

& log L(0:X)\ _ _ 0log L(6;X) dlog L(6:X)\ _ dlog L(6:X)
- 9606 )= 9 a6 J=v( 96 )

Proof of the above equality:

fL(H; x)dx =1
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Therefore, the mean and variance are given by:

E(b)=p = b is unbiased.

V(b):a-z[(x’ R’)(In 0)-1(X)]
0 v R

= (XX + R"P"R)_]
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Note that f(x;60) = [1~, f(x;;6) when X, X,, - -+, X,, are mutually indepen-

dently and identically distributed.

The maximum likelihood estimator (MLE) of @ is 6 such that:

max L(6; X). = max log L(6; X).
6 6

MLE satisfies the following two conditions:
dlog L(6; X)

0.
(a) 70
2 log L(6; X
(b) % is a negative definite matrix.
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Take a derivative with respect to 6.

f e,
90

(We assume that (i) the domain of x does not depend on 6 and (ii) the deriva-
tive M exists.)
a0 o

Rewriting the above equation, we obtain:

dlog L(6;x) B
fTL(Q, x)dx =0,

E (6 log L(6; X)) -0
96
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Again, differentiating the above with respect to 6, we obtain:
f P log L(6: 1) 1‘;’:’) gé/e; 9 1(0: x)dx + f 9log LG » logaLe(H; ») %dx
_ f@- l(()agegé/e; X)L(é}; Odx + f 8logaLH(9; Xx) 6logaléfg; Xx)
2 . . .
_ E(a lc;{tgall;é?,x)) N E(('}loggg(é), X) (')logalé(,ﬁ, X)) —o.

L(6; x)dx

Therefore, we can derive the following equality:

% log L(9; X) dlog L(6; X) 0log L(6; X) dlog L(6; X)
—E =E =V s
0000’ 00 00’ 00

dlog L(6; X
where the second equality utilizes E (L)) =0.

06
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For simplicity, let s(X) and 6 be scalars.

Then,
FE((X)) alog LO: )\\* dlog L(6; X)
(7{)9 ) = (Cov (S(X), 0 ) =P V(s(X)V —
dlog L(6; X)
V(s(X _
< V(s(X) V( 20 )
where p denotes the correlation coefficient between s(X) and W,
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(aE<s<X)>)2

a

V(s = (Olog L6, X))

v ——-
a0

Especially, when E(s(X)) = 6,

V(s(X)) 2 = o).

g (#logLE:X)
36
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3. Cramer-Rao Lower Bound (¥ 5 A—)L - S A DO TMR): 1(6)
Suppose that an estimator of 6 is given by s(X).
The expectation of s(X) is:

E(s(X)) = f s(x)L(6; x)dx.

Differentiating the above with respect to 6,

JE(s(X)) OL(@O;x) . dlog (6 x)
%0 —fs(x) 20 dx—fs(x)iag L(0; x)dx

= Cov (S(XL Olog L6 X) logaLg(H; X))
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Cov (s(X), dlog L(6; X))

a0
dlog L(6; X)
V (5(X)) 4 ’V(T)

Therefore, we have the following inequality:

p =
Note that |p| < 1.

dlog L(6; X))

00

IE(s(X))
00

2
) < V(s(X)) V(
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Even in the case where s(X) is a vector, the following inequality holds.
V(s(X0)) = (1),

where 1(0) is defined as:

log L6; X
16 = _E( agea;' ))
-E dlog L(; X) dlog L(6; X)
- 30 30
_ V((’)logL(é’; X)).
a0
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4. Asymptotic Normality of MLE: Suppose that s(X) = 6.

Let @ be MLE of 6. When n is large, V(s(X)) is approximately equal to (I (9))71.
As n goes to infinity, we have the following result: 5. Optimization (fi#1k):
-1
Vi@ -6) —s N[O, lim (@) J 0= dlog L(6; x) _ dlog L(0; x) + 9% log L(g*;x),g —on
noe\ n a0 a0 F 2 ’

. . (1(0)
where it is assumed that ,%l_,n; (7) converges. Solving the above equation with respect to 6, we obtain the following:

~ " -1 *
That is, when n is large, 8 is approximately distributed as follows: 0= — & log L(6"; %)\ dlog L(6"; x)
0006 06 '
o~ N(o.awey™).
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Replace the variables as follows:

21 L i). 21 L (D)
Replacinga og L(OY; x) (0 og L(6"; x)

in the followi -
2000 5000 ) we obtain the following op

timization algorithm:

60— "
e gD = gl _ (E(a2 log L(6"; X)))_l dlog L(6?; x)
0006 00
Then, we have: — 9 4 (109 -1 dlog L(8™; x)
o (0 log L©OP; )\ 9log LEY; x) ) v
oD =60 — ( 2000 ) a0 . = Method of Scoring (X1 7%)
= Newton-Raphson method (=2 — k> - 5TV UiK)
159 160
9.1 MLE: The Case of Single Regression Model sity function of u;, uy, - - -, u, is written as:
The regression model: Sl ua, - uy) = flu)f(ua) - fu,)
n
Yi =B+ Boxi + uj, = 7(2”;2)'1/2 exp [—# 2 u,z]

1. u; ~ N(0, 0?) is assumed.
3. Using the transformation of variable (#; = y; — 81 — 82x;), the joint density

2. The density function of ; is: function of y;,y,, - -, y, is given by:
Sw) = — exp (—LU?) . SOLy2 ) = S exp [*L i(}'i -Bi *ﬁzxi)z]
V2ro? 20 Qro2yn? 207 &
Because uy, i, - -+, u, are mutually independently distributed, the joint den- = L(B1, B2, 1y 1, y2: -5 y)-
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L(B1, B2, |1, Y2, - - - » v is called the likelihood function.

log L(B1, B2, 02[y1, ¥2, -+, y,) is called the log-likelihood function.

log L(B1, B2, 0'2|)’| S V2505 V)

_n n 5 1< 5
= —Elog(er) - Elog(a )— 257 ;0’: = B1 = Baxi)
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Example: When X ~ U(0, 1), derive the density function of ¥ = —log(X).

Sl =1
X = exp(-Y) is obtained.

Therefore, the density function of Y, f,(y), is given by:

£ = ‘j—’y‘

S(g) = | —exp(-y)l = exp(-y)

165

d1og L(B1, B2 ly1,y2, - oy) _ n 1 1 < -
e =5t ﬁ;m ~Bi=Box)’ = 0.

The solutions of (B;, B, o) are called the maximum likelihood estimates,

denoted by (31, B2, 772).
The maximum likelihood estimates are:

o= 21 (i = 0 = )

DITETES n

P g o

B =y—pBax, &= 72()’,»—01—,6)5,-)2.
=

The MLE of ¢ is divided by n, not n — 2.
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4. Transformation of Variable (Z=${Z5#f1):

Suppose that the density function of a random variable X is f.(x).

Defining X = g(Y), the density function of Y, f,(y), is given by:

dg()
50) = £.50)) ] il
Ly
d n
In the case where X and g(Y) are n X 1 vectors, g(?) should be replaced by
65({7) , which is an absolute value of a determinant of the matrix 6(‘;7({).
Y Y
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. Given the observed data y, ys, -, y,,, the likelihood function L(B;, 5, o[y1,

Y2, -+, yn), or the log-likelihood function log L(B3;, 3, Ty1, Y. oY) iS

maximized with respect to (a, 3, 07).
Solve the following three simultaneous equations:

dlog L@, B, o|y1, y2.** Y
da

L
) = 0= B =Pax) =0,
i=1

dlog L(B1, Br, oly1, y2, -+ -
B

) _ 1Y
= = > i B =B = 0,
i=1
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9.2 MLE: The Case of Multiple Regression Model I

1. Multivariate Normal Distribution: X:nxland X ~ N(u,X)

The density function of X is:

1
S = @y IR exp(—5 (- 'S k- ).
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2. Regression model: y=XB8+u, u~ N(0,0%l,)

Transformation of Variables from u to y:

fulw) = @re®)™" exp(-21 W)

02
ou
£O) = £y = XB)| 55
y
1
— 2\-n/2 (v —
= (2n0?) exp(— 357 O —-XB)(y XIB))
= L(6;y,X),
) du
where 6 = (8, o), because of 67)’ =1,
169

We obtain MLE of 8 and o

0 -XB'(y - XP)

n

B=XX)"XYy, =
where 7 is divided by n, not n — k.

4. Fisher’s information matrix is:

& log L(6; y, X))

10 = B0

The inverse of the information matrix, 1(6)~!, provides a lower bound of the
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9.3 MLE: The Case of Multiple Regression Model 11
1. Regression model: y=XB8+u, u~ N(0,o?Q)

Transformation of Variables from u to y:

1
_ 2\-n/2|y-1/2 o1
[ = Qro)™= Q| exp(——za_zu Q u)

du
ay’

= o)y R exp(-5 0~ XBY Q0 - X))
20"
= L(0:y,X),

£0) = fuly - XB) ‘
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Therefore, the log-likelihood function is:
n 1
log L(6:y,X) = =3 log(2r0?) — it XB)'(y - XP),

Note that |2|'/? = |021,|71/? = /2.

max log L(6;y, X)
0

dlog L(6;y, X) B

(FOC) 0

9 log L(6;y, X
G log L(6:y, X) is a negative definite matrix.
0006

(SOC)
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variance - covariance matrix for unbiased estimators of 6 .

(o’z(X’X)" 0 )

19" = 20

B B XXt 0
For large n, we approximately obtain: ( ) ~N (( ),( 204 ))

5° o’ 0
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ou -1,
ay’
The log-likelihood function is:

where 6 = (8, 0%), because of

n 1 1 .
log L(0;y, X) = -3 log(2r0™) — 5 log|Qf - 27_2()’ - XByYQ(y - XP).

where 6 = (8,0?).

2. max logL(f;y,X)

0

dlog L(6;y, X
Focy 210ell:3.%) _
0*log L(6;y, X) .

(SOC) 2000 is a negative definite matrix.
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Then, we obtain MLE of 8 and o:

—XBYO (v — XB
R Xﬁ)si 0 -XB)

B=a )Xoy,

3. Fisher’s information matrix is defined as:

0% log L(8;y, X))

L O

The inverse of the information matrix, 1(6)~!, provides a lower bound of the

variance - covariance matrix for unbiased estimators of 6, which is given by:

aAX'QIX)t 0
1" = ( 20 )
175
To obtain the joint density function of yi,y2, -, Yu, f(Vn,Yn-1,--,y1) is decom-

posed as follows:
SO Yars-5y0) = fO) ﬂf(y/lyﬂ, SV
=2

From y, = ¢y, + u,, we can obtain:

EGily—1.- 1) = diym1. - and - Vilyor, -, y1) = o2

Therefore, the conditional distribution f(y,|y,—1,- -, y;) is:
. o L 2
SOyits sy = WCXP —270_2(}1—1751):—1) .
177

The unconditional expectation and variance of y, is:

BOn =0, and V() =0*(1+¢{+¢]+:-)

0_2

T 1-¢?

Therefore, the unconditional distribution of y, is given by:

1 1 5
— o)
2ﬂ0.2/(1 _ ¢%) 202/(1 - ¢%)

SO =

179

9.4 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AR(p) Model (p %k ® [ LIl E 7 /V):

V=01 Fhayiat o+ Py p Uy

AR(1) Model: t=2,3,---,n,
Vi =iyt + s, U~ N(O,07)

where |¢| < 1 is assumed for now.
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To obtain the unconditional distribution f(y,), y, is rewritten as follows:

Vi =1y +

2
= Y2ty + ity
= ¢4ytfj +u+ g+ + ¢{ut—j

=+ Py + ¢?u,_z SRR when j goes to infinity.
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Finally, the joint distribution of y;,y,,--,y, is given by:

FOmyits ) = Fo0 [ | fOubvr v

=2

- ! _ 2)
2102/(1 - ¢?) exp( 20/ = 9D
ol

X

1 2
exp (—27_2()’: - ¢1yz-1)‘)
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The log-likelihood function is:

1 1
10g L($1, 073 Y Yum1s 5 31) = =5 10g2r0? (1 = 1)) = ==y}
og (p1,0 Yns Yn-1 yl) P Og( mo/( ¢1)) 2(r2/(1_¢%)y1
I 1
- log(2n0?) — 352 E O =iy
=2

Maximize log L with respect to ¢; and .

Maximization Procedure:
e Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the range -1 < p < 1,

changing the value of ¢; by 0.01)
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= Qro2/(1 - p*) " exp (—muf)

e 1 <
x(2ra?) =V exp (—27)_2 Z(u, —pum)z].

€ 1=2

By transformation of variables from u,,, u,_1, - -, 41 t0 Y, Yu_1, - -, y1, the joint dis-

tribution of y,, y,—1, -,y is:

SO Vuets Y10, 05 B)

8u'

= fuO = XuBoYumt = XamtBe -+ Y1 = X185 . 02 P
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—n 2\-n/2 1 N * #0\2
= @m @)™ —pz)”zexp(—ﬁ 0 —xﬁ)]

€ =1

= L0, 02 B Y Va1 1),
where y; and x; are given by:

« 1-p2y, fort=1,
Y =
Ye—pyi1, fort=2,3,---,n,

. {\/1—,02)(,, forr=1,
X =

X, — pXxp—y, fort=2,3,---,n,
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9.5 MLE: Regression Model with AR(1) Error

‘When the error term is autocorrelated, the regression model is written as:

Vi =X+ uy, u, = pu,_1 + €, & ~ iid N(0,a?).

The joint distribution of u,,, u,_1, -+, u; is:

"

. 2\ _ . 2 . 2

Sultty, tty_1, -+ - uys p,00) = fulurs p, o) l_[ Jultdugy, -+ urs p, 07)
1=2
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12 1
= Qra? /(1 - p?) P exp (—m(}n - )mﬁ)z)

1 + 2
2\—(n—-1)/2 — — —
X(2n02) exp [_203 22 (G = pyie) = (o = pxi-1)B) ]
(N1 =p2y1 = V1 —llleﬁ)z)

2\ (e 1 2
x(2ra?) "V exp [fﬁ Z((}’r = pyi-1) = (X fpx,_l)ﬁ) )

€ =2

1
2072

= (27r0'z)_1/2(l —pz)l/2 exp (—

1 : LI G P
= Qro (1 - ph) P exp (_202 01 - XIB)Z) X exp [—ﬁ Q0= x,ﬂ)z]

€ =2
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© For maximization, the first derivative of L(p, 02, 8; Y, a1, -+ » 1) With respect

to 8 should be zero.
T T
B=Q ™ QL
=1 =1
— (X”X*)le*’y*

= This is equivalent to OLS from the regression model: y* = X*8 + € and € ~

N(0,0°1,), where 0 = 02 /(1 - p?).
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© For maximization, the first derivative of L(p, 0'3, B3 Yns Yn-1,- -+, y1) with respect

to o2 should be zero.

IR o PR Lo e
== 30— xB = -0 - X' B O - XP),
nt=] n
where " 5 . 5
" L=p?y X V1I-px

R Y2 =Py X3 Xy = pXy
)7 = ) = . . =

Yn Yn = PYn-1 X, Xy = PXy—1
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The log-likelihood function is written as:

2 = n n N 1 n
log L(p, &%, B:y) = —Elog(Zﬂ) -3 log(7) + 5 log(1 - p*) - 3

__n _n_n =2 1 o
= — log@am) - 5 zlog(UE(p))+210g(l )

For maximization of log L, use Newton-Raphson method, method of scoring or

simple grid search

1 - S
Note that 2 = 6%(p) = ;(y* - XB) (" - X'p) for = (XX*)1X"y".
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The regression model with AR(1) error is: y=XB+u, u ~ N0, Q).
There exists P which satisfies that Q = PP’, because w is a positive definite matrix.
Multiply P! on both sides from the left.

Ply=P'Xg+P'u = Yy =X'B+u and u” ~ N(0,0?1,)

= Apply OLS.
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© For maximization, the first derivative of L(p, 0'3, B3 Yns Yn-1,- - -, y1) With respect

to p should be zero.
max L(p, o, 8;y) is equivalent to max L(p, 52, 3; y).
P

Bolp

L(p, 32, ;) is called the concentrated log-likelihood function (5 #9544 8
#% ), which is a function of p, i.e., both 2 and f depend only on p.
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Remark: The regression model with AR(1) error is:

Vi = X+ uy, Uy = puy-) + &, & ~ iid N(0, (7'?)
1 o P !
p p P ol
N S T S P X , o2
V(u) =0 =0°Q, where o = 5
PP -p
: p
PN gt p 1

where Cov(u;, u;) = E(uu;) = o?p/, i.e., the ith row and jth column of Q is .
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. Ji=p2 0 - o 0
Y 1=p’n yi
! - 1 0 - 0
RS Y2 = Py ] B
R . = 0 - Lo =Py
' : Lo ol
Va Y = PYn-1 Vi
0 e 00— 1
x; V1 =p%x
X5 X2 = pXi ,
x=| 7= . =P'X = Check P'QP" =al,,
: : where a is constant.
-x:, Xn = PXn-1
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, the

regression model is written as follows:
- 2 2 2
vi = x8+ u;, u; ~ 1id N(0, o5), o7 = (zia)".
The joint distribution of u,,, u,_y, - - -, u;, denoted by f,(-; ), is given by:

"
. 2 2\ L2
10gfu(un,un,1,~~~,u1,01,~~~,t7,,)—Zlogfy(uz,tr,-)

i=1
n 1 n 1 n u 2

I _ - § 2y _ § i

= 2log(27r) 3 2 log(oy) 3 2 (U-i)
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (5 #74X %)

A series of random variables X, X5, - - - have distribution functions Fy, F,,
-+, respectively.
It

lim F; = F,

imo0
then we say that a series of random variables X, X, --- converges to F in
distribution.
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(b) Let 6; be an estimator of parameter 6.
If ; converges to 6 in probability, we say that f7 is a consistent estimator
of 6.
3. Chebyshev’s inequality:

For g(X) > 0,

Pg0 2 1y < ZEE),

where k is a positive constant.
4. Example: For a random variable X, set g(X) = (X — u)'(X — ), EXX) = u

197

n n 2
n 1 1 u;
=——log2m) — = » log(zia)* — = » |—
5 log(2m) — > Z] s’ =3 ) (w)
By the transformation of variables from u,,, u,—,- -, u; t0 Y, Yu-1,- -, ¥, the log-
likelihood function is:
L(@, 85 Yus Yu-15 -+ 1) = 108 (Vs Y15+ -, V13 @, B)

. ou
= Ingu()’n - xnﬁa_yn—l - xn—lﬁa R U B X]ﬁ; 0—12) (97}'

_n IAN 2 LS (vim Y
= —3 log(2m) 2;log(z,ar) 22( - )

i=1

= Maximize the above log-likelihood function with respect to 8 and a.
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2. Consistency (—E14):

(a) Definition: Convergence in Probability (F&ZIXH)
Let{Z : i=1,2,--} be aseries of random variables.

If the following holds,
,ILIE P(Z:-6l<e) =1,
for any positive €, then we say that Z; converges to 6 in probability.
@ is called a probability limit (FEZR1E[R) of Z;.
plim Z; = 6.
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and Var(X) = X.
Then, we have the following inequality:
, tr(X)
P(X =)' X —p) 2 k) < -

Note as follows:

E(X (X = ) = Bur((X = (X = ) = E(tr((x = ) = 1))
= tr(B((x — i) (x — 1)) = tr(Z).
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5. Example 1: That is. for any e,

Suppose that X; ~ (u,0%),i=1,2,+++,n. }LrgP(IY—uI <o=1
Then, the sample average X is a consistent estimator of M. 6. Example 2 (Multivariate Case):
Proof: Suppose that X; ~ (1, X),i=1,2,---,n.
Note that g(X) = (X — p)*, € = k, E(g(X)) = V(X) = 0;- Then, the sample average X is a consistent estimator of .
Use Chebyshev’s inequality. Proof:
Ifn — oo, , Note that gX) = (X — ) (X — ), € = k. E(g(X)) = VX) = %z.
PIX-pl > ) < % —0 for any . Use Chebyshev’s inequality.
199 200

Ifn — oo, Then,

P((X - ;1)'(} - > k)< % — 0, for any positive k. (@) plim (X, +Y,) =c+d

(b) plim X, ¥, = cd
That is. for any positive k,

(c) plimX,/Y, =c/dford # 0

lim P((X — )’ (X - k=1

Jim P(X =) (X =) <) (d) plim g(X,) = g(c) for a function g(")

7. Some Formulas: = Slutsky’s Theorem (X /LY F+—TE )

Let X,, and Y, be the random variables which satisfy plim X,, = c and plim Y,, =

d.
201 202
8. Central Limit Theorem (4 (3% R E %) Then,
| @
X1, Xy, - -+, X, are mutually independently and identically distributed as X; ~ % Z(X" - — NO.3),
=1
(u, 2). where

(1
Then, o z:nlgg(;;z,}
— X, — — N(0,2
W;( ) 0.3

10. Definition: Let 8, be a consistent estimator of 6.

9. Central Limit Theorem (Generalization) Suppose that \/ﬁ(@n — 6) converges to N(0, X) in distribution.

X, X5, -+ -, X, are mutually independently and identically distributed as X; ~
(, Z).

Then, we say that §, has an asymptotic distribution (#3854 %7): N(6,Z/n).
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11. Definition: We say that 6, is consistent uniformly asymptotically normal,
when the following three conditions are satisfied:
(a) 9, is consistent,
(b) \n(b, —0) converges to N(0, X) in distribution,
(c) Uniform convergence.
12. Definition: Suppose that 6, and 8, are consistent, uniformly, asymptotically
normal, and that the asymptotic variances are given by X/n and Q/n.

If Q - X is positive semidefinite, §, is asymptotically more efficient (i #
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15. X;,X,, -+, X, are random variables with density function f(x; 6).
Let 6, be a maximum likelihood estimator of 6.
Then, under some regularity conditions. 6, is a consistent estimator of § and
1(6)

-1
the asymptotic distribution of (8 — ) is given by: N (O, lim (—) )
n

16. Regularity Conditions:

(a) The domain of X; does not depend on 6.

(b) There exists at least third-order derivative of f(x; ) with respect to 6,

and their derivatives are finite.
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19. Invariance of Maximum Likelihood Estimation (R X Z DA Z %)
Let 8y, 65, - - -, 6 be maximum likelihood estimators of 6y, 65, - - -, 6.
Consider the following one-to-one transformation:

a; = ai(01,02,--+,00), @y = a@a(01,02,--+,01), -+, ax = ap(01,02,--+,60r)

Then, MLEs of @, ay, - - -, @ are given by:

&1 = a101,05,- .00, &> =ax1,05,--.0), -+, G = a@,0,--,0).
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128 %)) than 6,.

13. Definition: If a consistent, uniformly, asymptotically normal estimator is
asymptotically more efficient than any other consistent, uniformly, asymptoti-
cally normal estimators, we say that the consistent, uniformly, asymptotically

normal estimator is asymptotically efficient (Wil 4%h).

14. The sufficient condition for an asymptotically efficient and consistent, uni-
formly, asymptotically normal estimator is that the asymptotic variance is

equivalent to Cramer-Rao lower bound.
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17. Thus, MLE is

(i) consistent,
(i) asymptotically normal, and

(iii) asymptotically efficient.
18. Slutsky’s Theorem

Let A be a consistent estimator of 6.

Then, g(?)) is also a consistent estimator of g(#), where g(-) is a well-defined

continuous function.
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11 Consistency and Asymptotic Normality of OLSE

Regression model:

y=XB+u, u~ (0, 0'21,1)

Consistency:

1. Let[i’,, = (X’X)"'X’y be the OLS with sample size n.

Consistency: As n is large, 3, converges to 3.
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2. Assume the stationarity assumption for X, i.e.,
1.,
-X'X — M,,.
n
Then, we have the following result:
1.,
—X'u — 0.
n
Proof:
According to Chebyshev’s inequality, for g(x) > 0,
E(g(X
Ps0) 2 1 < 25,

211

Note that from the assumption,
1,
-X'X — M,,.
n

Therefore, we have:
1 1
(=X'u)-X'u — 0,
n n
which implies:

1
—-X'u— 0,
n

1 1 . .
because (—X'u)’—X'u indicates a quadratic form.
n n

213

1 1
=B+ (=X'X)"'(=X"u).
n n
Therefore,
Bi— B+M!x0=5

Thus, OLSE is a consitent estimator.
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where k is a positive constant.
1
Set g(X) = X’X, and X is replaced by —X"u.
n
Apply Chebyshev’s inequality.
E((lX’u)’lX'u) = %E(u’XX’u) = %E([r(u'XX'u)) = %E(tr(XX'uu’))
n T n n n
1 2 2 2 1
= Stu(XXE(u)) = SuxX') = Zux'X) = Su(-X'X).
n? n? n? non
Therefore,

1, 1 2
P(-X0) ~X'u2 k) € T(=X'X) — 0 X (M) = 0
n n nk n
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3. Note that
1
XX — M,
n

results in
1, _
CX'X) [
= Slutsky’s Theorem
(*) Slutsky’s Theorem 2(0) — g(6), when & — 6.
4. OLS is given by:
Bu=B+XX) "X

214

Asymptotic Normality:

1. Asymptotic Normality of OLSE

VB, —B) — N(0.0°M;!) whenn — co.

2. Central Limit Theorem: Greenberg and Webster (1983)

Z\, 2, - -+, Z, are mutually indelendently distributed with mean u and vari-

ance X;.
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Then, we have the following result: 4. ¥ is defined as:

1 < (I 2 q; (1 ) 2
—_ Z:— 1) — N(0,%), X =lim|- o xXx;| =0 lim (=-X'X| = 0"M,,,
\/ﬁ ;( H) ( ) nﬁoo[n ; ] n—oo \ 1
where where
1 n X1
23 m) .
=1 x=| "
The distribution of Z; is not assumed. :
Xn
3. Define Z; = xu;. Then, 3; = Var(Z) = ox/x;.
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5. Applying Central Limit Theorem (Greenberg and Webster (1983), we obtain _ (lX’X)_I (lX’E(uu’)X)(iX’X)_I
n n n
the following: 1 -
= 0'2(7X'X) R oM
n

1 1
7 Z X:’Mi = TXlM — N(O, U'ZMxx)~
nia n Therefore,

On the other hand, from [i’,, =B+ (X’X)"'X"u, we can rewrite as: W(B -B — N(O, U'ZM;;)
A 1 -1 1 S i ity (ML 1 [

VRB—pB) = (7 ¥ X) 17 Y = Asymptotic normality (Wit 1E#114) of OLSE

n n

The distribution of u; is not assumed.

Var ((%X’x)’l ix’u) -E (( ! xx) " ix’u((%x’x)’] iX’u)’)

Vi n Vi Vi
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12 Instrumental Variable (*5%1"5 E%{;‘i) V: is called the measurement error GRITEI2E or £AIZSE).

s = 3. For the elements which do not include measurement errors in X, the corre-
12.1 Measurement Error GBI i22)

sponding elements in V are zeros.

Errors in Variables
4. Regression using observed variable:

1. True regression model:
y=XB+u-Vp)

2. Observed variable: OLS of B is:

X=X+v B= (XX X'y = f+ (XX) X~ VB)
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5. Assumptions:

(a) The measurement error in X is uncorrelated with X in the limit. i.e.,

1.
lim(-X"V) = 0.
pim(57)
Therefore, we obtain the following:
1, ol .
phm(fX X) = phm(fX X) + phm(fv V) =X+Q
n n n
(b) u is not correlated with V.

u is not correlated with X.
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7. Example: The Case of Two Variables:
The regression model is given by:
Vi =+ BX +u, X =X+ V.

Under the above model,
1
r-YE
1 7 2 ] - ( b
= 2
- D& - o
where u and o represent the mean and variance of ;.
Ol (1 ) ' 0 0 0 0
=plim(-V'V :pim( 1 ):( )
n 0 - Z v; 0 o?
n

225

1.,-
¥ = plim(-X'X :plim[
(” ) u g +o?

12.2 Instrumental Variable (IV) Method (2{EZ=%% or IV %)

Instrumental Variable (IV)

1. Consider the regression model: y = X + u and u ~ N(0, 0°1,,).

In the case of E(X"u) # 0, OLSE of 3 is inconsistent.
2. Proof:

R 1., 1, _
ﬁ:[;’+(;XX) ]ZXu — B+ MM,

227

That is,

plim(%v’u) =0, plim(%)?'u) =0.

6. OLSE of B is:

B=B+XX)"'X'u-VB) =B+XX)"(X+V)(u-Vp).
Therefore, we obtain the following:

plimB=8-(Z+Q)™'0B

224

el G S 2

(@ 1 (~HoB ‘
‘(5)_02“7‘2,( o2 )

Now we focus on 3.
[ is not consistent. because of:

plim(y =p- -2 = L _p

or+o2  1+02/o?
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where

1 1
“X'X — My, -X'u — My, #0
n n

1
3. Find the Z which satisfies —-Z'u — M, = 0.
n

Multiplying Z’ on both sides of the regression model: y = X8 + u,
Z'y=2Z'XB+Zu

Dividing n on both sides of the above equation, we take plim on both sides.
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Then, we obtain the following:
- - . (1, (1,
plim(—-Z'y| = plim|-Z'X|B + plim | -Z'u| = plim | -Z'X | B.
n n n n

Accordingly, we obtain:

1, N

B =|(plim(-Z'X]| plim|-Z"y].
n n

Therefore, we consider the following estimator:

B =Z'X)"'Zy,
which is taken as an estimator of 3.

229

1

Applying the Central Limit Theorem to (TZ/H), we have the following re-
n

sult:

1 2
—Z7'u — N(,0°M.,).
N ( )
Therefore,
2 PR P 2a0-1 ;-1
W(B,V—ﬁ)f(zz X) (%z u) — N0 M MM, ™)

= Consistency and Asymptotic Normality
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12.3 Two-Stage Least Squares Method (2 EXF& & /N = 5%, 2SLS
or TSLS)

1. Regression Model:
y=XB+u, u~ N(Q,0),

In the case of E(X'u) # 0, OLSE is not consistent.
1
2. Find the variable Z which satisfies -Z'u — M, = 0.
n

3. Use Z = X for the instrumental variable.
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— Instrumental Variable Method (21 Z % or IV %)

4. Assume the followings:

1 1 1
~Z'X — M,, -Z7Z — M., ~Zu— 0
n n n

5. Distribution of S;y:

By =ZX)'Zy=ZX)'ZXB+u) =B+ ZX)'Zu,

which is rewritten as:
1
Vn

Vg ) = (,2X) (5=74)
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6. The variance of S,y is given by:

V(Bv) = sSZ'X)"' 22X’ 2)",
where

- O X0 = Xp),

232

X is the predicted value which regresses X on the other exogenous variables,

say W.

That is, consider the following regression model:

X=WB+V.
Estimate B by OLS.
Then, we obtain the prediction:
X =WwB,

where B = (WW)"'W’X.
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Or, equivalently,

X=www)y'wx.
X is used for the instrumental variable of X.
4. The IV method is rewritten as:
Biv=X'X)' Ry = XWWW)Y'WX)'XWW W) Wy.
Furthermore, S,y is written as follows:
Brv =B+ X'WW'W) ' W X)X WW'W)™ W

235

Therefore,

Brv = (XX)' Xy =&)Xy,

which implies the OLS estimator of 3 in the regression model: y = XB + u

and u ~ N(0, o21,).
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1(0) : k X k, information matrix, i.e.,
0*log L()
L S

log L(6) : log-likelihood function

G
Ry = (,) G xk

dlog L(6)
Fy= % Tkx1

1. Wald Test (7L F#&5E): W = h(@)'(R,;(I(?)))"Ré)_]h(@)

Oh(H)
o0

(a) h(6) ~ h(d) + 6-0) < h®)is linearized around 6 = 6.
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Therefore, we obtain the following expression:

1 1 1 Al 1 BN
=B =(-xwW)(-wWw) (-xw’ —-X'W)(-WW) (—w
g ) = (X wGww) (Gxw) ) xew)ww) (=)

— N0, (MM M)).

5. Clearly, there is no correlation between W and u at least in the limit, i.e.,
I

phm(;W u) = 0.
6. Remark:
XX =XWWW)Y'WX=XWWW) ' WWwWWWw) 'wx =XX.
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13 Large Sample Tests

13.1 Wald, LM and LR Tests

0:Kx1

h(0) : G x 1 vector function, G < K

6:Kx1

The null hypothesis Hj : h(#) =0 = G restrictions

6 : k x 1, restricted maximum likelihood estimate

0 : k x 1, unrestricted maximum likelihood estimate
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Under the null hypothesis 4(6) = 0,

Oh(0)
o0

h(0) ~ (0-0)=Ry(0-0)

(b) #is MLE.
From the properties of MLE,

Vi@ - 0) — N(o.1im(N2)),

n

That is, approximately, we have the following result:
@-0) ~ N(0.a@)™).
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(¢) The distribution of () is approximately given by:
h@) ~ N(0,Ry(1(6))"'R})
(d) Therefore, the y*(G) distribution is derived as follows:

P AN\ 2
h(e)(Ré(I(é’)) R@) o) — x(G).

Furthermore, from the fact that I() — I(0) asn —> oo (i.e., conver-

gence in probability, =R 5), we can replace 6 by  as follows:
R R BN
hO(Ra(1O)'Ry) h(@B) — x*(G).
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(b) For maximization, we have the following two equations:

oL dlogL(®) . Oh®)
0~ o0 Yo °
oL

% e =0

o ©)

olog L(6)

o0 are given by:

(c) Mean and variance of

dlog L(6) dlog L(0) & log L(0)
S R m e R
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3. Likelihood Ratio Test (£ELLIRTE): LR = -2logd — x*(G)
_Lo
L(®)
(a) By Taylor series expansion evaluated at 6 = 6, log L(6) is given by:

dlog L(A)

log L(#) = log L(B) + 5 ©-0)
1 ., 0%logL®)
Gl R ORE
B 1 PlogLd)
=logL(B) + 50~ 0) “0ge 00+
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2. Lagrange Multiplier Test (3 '3 > ¥ REBRE): LM = Fi(I@)'F;

(a) MLE with the constraint 4(6) = 0:
mgx log L(#), subjectto h(f) =0
The Lagrangian function:

L = log L(§) + Ah(0)

242

(d) Therefore, using the central limit theorem,

L(?logL(H) 1 i dlog f(X;; 6) . N(O, ILTO(%I(Q)))
=1

N Y a0
(e) Therefore,
dlog L@©®), _,0log L(6) 2
o0 (9 o X (&)

Because MLE is consistent, i.e., & — 6, we have the result:

Fi@) ' F; — X6

244
Note that M = 0 because @ is MLE.
R . ,10*log L(B) R
—2(log L(6) — log L()) ~ —(6 — f) (W)(e -0

s 182 log L(D) .

= Vi@ -0y (= === ) V@ - 0)
— G)
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Note:
1) 6 — o,

1 8*1log L(B) 1 PlogL@)y, . /1
T 73‘—&10(215( 9006 ))_}5?0(21(0))’

~ 1
(3) V-6 — N(0, lim(~1(9))).
n—oo\ 1y
(b) Under Hy : h(0) =0,
—2(log L) — log L@)) — x*(G).
Remember that 4(6) = 0 is always satisfied.
For proof, see Theil (1971, p.396).
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13.2 Example: W, LM and LR Tests

Date file = cons99.txt (same data as before)

Each column denotes year, nominal household expenditures (Z71{4%¢, 10 billion
yen), household disposable income (27t A[4L53 /4%, 10 billion yen) and house-
hold expenditure deflator (FZaHE%E T 7 L —4, 1990=100) from the left.

249

PROGRAM

INE
1 freq a;
2 smpl 1955 1997;
3 read(file=’cons99.txt’) year cons yd price;
4 rcons=cons/(price/100);
5 ryd=yd/(price/100);
6 lyd=log(ryd);
7 olsq rcons c ryd;
8 olsq @res @res(-1);
9 arl rcons c ryd;
10 olsq rcons c lyd;
11 param al ® a2 0 a3 1;
12 frml eq rcons=al+a2*((ryd**a3)-1.)/a3;
13 1sq(tol=0.00001,maxit=100) eq;
14 a3=1.15;
15 rryd=((ryd**a3)-1.)/a3;
16 arl rcons c rryd;
17 end;

e e e e e e e

4. All of W, LM and LR are asymptotically distributed as y*(G) random vari-

ables under the null hypothesis Hy : h(6) =0 .

5. Under some comditions, we have W > LR > LM. See Engle (1981) “Wald,

Likelihood and Lagrange Multiplier Tests in Econometrics,” Chap. 13 in

Handbook of Econometrics, Vol.2, Grilliches and Intriligator eds, North-

Holland.
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1955 5430.1 6135.0 18.1 1976 37784.1 45913.2 35.2 1985 185335.1
1956 5974.2 6828.4 18.3 1971 42571.6  51944.3 37.5 1986 193069.6
1957 6686.3 7619.5 19.0 1972 49124.1 60245.4 39.7 1987 202072.8
1958 7169.7 8153.3 19.1 1973 59366.1 74924.8 44.1 1988 212939.9
1959 8019.3 9274.3 19.7 1974 71782.1 93833.2 53.3 1989 227122.2
1960 9234.9 10776.5 20.5 1975 83591.1 108712.8 59.4 19960 243035.7
1961 10836.2 12869.4 21.8 1976 94443.7 123540.9 65.2 1991 255531.8
1962 12430.8 14701.4 23.2 1977 105397.8 135318.4 76.1 1992 2657601.6
1963 14506.6 17042.7 24.9 1978 115960.3 147244.2 73.5 1993 272075.3
1964 16674.9 19709.9 26.0 1979 127660.9 157671.1 76.0 1994 279538.7
1965 18820.5 22337.4 27.8 1980 138585.60 169931.5 81.6 1995 283245.4
1966 21680.6  25514.5 29.0 1981 147103.4 181349.2 85.4 1996 291458.5
1967 24914.6 29012.6 30.1 1982 157994.6 190611.5 87.7 1997 298475.2
1968 28452.7 34233.6 31.6 1983 166631.6 199587.8 89.5
1969  32705.2 39486.3 32.9 1984 175383.4 209451.9 91.8
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Dependent variable: RCONS

Current sample: 1955 to
Number of observations:

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals
Std. error of regression
R-squared

Adjusted R-squared

Estimated
Variable Coefficient
C -2919.54
RYD .852879

Equation 1

220655.6  93.9

229938.8  94.8

235924.0  95.3

247159.7  95.8

263940.5  97.7

280133.0 100.0

297512.9 102.5

309256.6 104.5
317021.6 105.9

325655.7 106.7

331967.5 106.2

340619.1 106.0

345522.7 107.3

1997

43
146270. LM het. test
79317.2 Durbin-Watson

.129697E+10 Jarque-Bera test
.316335E+08 Ramsey’s RESET2

5624.36 F (zero slopes)
.995092 Schwarz B.I.C.
.994972 Log likelihood
Standard
Error t-statistic P-value
1847.55 -1.58022 [.122]
935486E-02 91.1696 [.000]
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Squares

.207443 [.649]
.115101 [.000, .000]
9.47539 [.009]
53.6424 [.000]
8311.90 [.000]
435.051

-431.289



Equation 2

Method of estimation =

Dependent variable: @RES
Current sample: 1956 to
Number of observations:

1997
42

-95.5174
5588.52

Mean of dep. var.
Std. dev. of dep. var.

Sum of squared residuals = .146231E+§9
Variance of residuals = .356662E+07
Std. error of regression = 1888.55
R-squared = .885884
Adjusted R-squared = .885884
LM het. test = .760256 [.383]
Durbin-Watson = 1.40409 [.023,.023]
Durbin’s h = 1.97732 [.048]
Durbin’s h alt. = 1.91077 [.056]
Jarque-Bera test = 6.49360 [.039]
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Equation 3

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Exact ML (keep first obs.)

Objective function:

Dependent variable: RCONS
Current sample: 1955 to
Number of observations:

1997
43

146270.
79317.2

Mean of dep. var. =
Std. dev. of dep. var. =
Sum of squared residuals =

R-squared
Adjusted R-squared

rdinary Least Squares

.145826E+09 Durbin-Watson -

Variance of residuals .364564E+07 Schwarz B.I.C. =

Std. error of regression 1909.36 Log likelihood =

Standard

Parameter Estimate Error t-statistic P-value
1672.42 6587.40 .253881 [.800]
RYD .840011 .027182 30.9032 [.000]
RHO .945025 .045843 20.6143 [.000]

255

NONLINEAR LEAST SQUARES

CONVERGENCE ACHIEVED AFTER 84 ITERATIONS

P-value
[.000]
[.009]

Number of observations = 43 Log likelihood = -414.362
Schwarz B.I.C. = 420.004
Standard
Parameter Estimate Error t-statistic
Al 16544.5 2615.60 6.32530
A2 .063304 .024133 2.62307
A3 1.21694 .031705 38.3839

Standard Errors computed
(Gauss)

Equation: EQ
Dependent variable: RCONS

Mean of dep. var. = 146270.
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[.000]

from quadratic form of analytic first

Ramsey’s RESET2

.186107 [.668]

Schwarz B.I.C. - 377.788
Log likelihood = -375.919
Estimated Standard
Variable Coefficient Error t-statistic P-value
@RES(-1) .950693 .053301 17.8362 [.000]
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Dependent variable: RCONS

LM het. test

Method of estimation

Equation 4

Ordinary Least Squares

.174943 [.676]

Current sample: 1955 to 1997
Number of observations: 43
Mean of dep. var. = 146270. LM het. test = 2.21031 [.137]
.999480 Std. dev. of dep. var. = 79317.2 Durbin-Watson = .029725 [.000,.000]
.999454 Sum of squared residuals = .256040E+11 Jarque-Bera test = 3.72023 [.156]
1.38714 Variance of residuals = .624487E+09 Ramsey’s RESET2 = 344.855 [.000]
391.061 Std. error of regression = 24989.7 F (zero slopes) = 382.117 [.000]
-385.419 R-squared = .903100 Schwarz B.I.C. = 499.179
Adjusted R-squared = .900737 Log likelihood = -495.418
Estimated Standard
Variable Coefficient Error t-statistic  P-value
C -.115228E+07 66538.5 -17.3175 [.000]
LYD 109305. 5591.69 19.5478 [.000]
256
Std. dev. of dep. var. = 79317.2
Sum of squared residuals = .590213E+89
Variance of residuals = .147553E+08
Std. error of regression = 3841.27
R-squared = .997766
Adjusted R-squared = .997655

Durbin-Watson

derivatives

.253234 [.000,.000]
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Equation 5

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Objective function: Exact ML (keep first obs.)

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

Mean of dep. var. = 146270. R-squared = .999470
Std. dev. of dep. var. = 79317.2 Adjusted R-squared = .999443
Sum of squared residuals = .140391E+§9 Durbin-Watson = 1.43657
Variance of residuals = .350977E+07 Schwarz B.I.C. = 389.449
Std. error of regression = 1873.44 Log likelihood = -383.807
Standard
Parameter Estimate Error t-statistic P-value
C 12034.8 3346.47 3.59628 [.000]
RRYD .140723 .282614E-02  49.7933 [.000]
RHO .876924 .068199 12.8583 [.000]
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Restricted MLE = Equation 1
Unrestricted MLE = Equation 3

The log-likelihood function of Equation 3 is:
2 n n 2 1 2
log L(B. 2. p) = 7 log(2m) — 5 log(e2) + 5 log(1 ~ *)

1< . . .
37 Z(RCONS, — B,CONST; — B,RYD} )%,

€ =1

where

/1 — p?RCONS,, forr=1,

RCONS, — pRCONS,_;, fort=2,3,---,n,

RCONS; =
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e MLE without the restriction p = 0 (Equation 3) solves:

max log L(B, 02, p)

Boip
Unrestricted MLE = j3, 62, p

Log of likelihood function = -385.419

The likelihood ratio test statistic is:

L(B, 52,0) A Y
20 7 = _2(log L(B, 62, 0) — log L(B, 62, p
Whap) = 2loskB.ol 0 ~log LB p)

= —2(-431.289 - (-385.419)) = 91.74.

—2log(1) = -2 log(
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1. Equation 1 vs. Equation 3 (Test of Serial Correlation)

Equation 1is:
RCONS, = 3 + B.RYD, + u,, € ~ iid N(0,07?)

Equation 3is:

RCONS; = 8 + B2RYD, + u,, U, = Py + €, € ~ iid N(0, o‘f)

The null hypothesisis Hy: p=0
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1-p% forr=1,

CONST; =
1-p, fort=2,3,---,n,
v/ 1 — p?RYD,, forr=1,
RYD; = P

RYD, — pRYD,_;, fort=2,3,---,n.

o MLE with the restriction p = 0 (Equation 1) solves:
max log L(B, 02, 0)
Bz

Restricted MLE = , 52

Log of likelihood function = -431.289
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The asymptotic distribution is given by:

~2log(D) ~ ¥*(G),
where G is the number of the restrictions, i.e., G = 1 in this case.
The 1% upper probability point of y*(1) is 6.635.

91.74 > 6.635

Therefore, Hy : p = 0 is rejected.

There is serial correlation in the error term.

264



2. Equation 1 (Test of Serial Correlation — Lagrange Multiplier Test) H, : p = 0isrejected.

Equation 2is: 3. Equation 3 (Test of Serial Correlation —> Wald Test)

@RES, = p@RES,_| + €, & ~ N(0,0?), Equation 3 is:
where @RES, = RCONS, — 3, — 3,RYD,, and 3, and /3, are OLSEs. RCONS, = B + BoRYD, + uy, Uy = Pty + €, & ~ iid N(0,0?)
The null hypothesis is Hy : p =0 The null hypothesis is Hy : p =0
@RES(-1) .950693 .053301 17.8362 [.000] RHO .945025 .045843 20.6143 [.000]
Therefore, the Wald test statistic is 17.8362% = 318.13 > 6.635. The Wald teststatistics is 20.6143? = 424.95, which is compared with y*(1).
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535.48 > 6.635 = H,: p = 0isrejected by Wald test. which is equivalent to Equation 1.
4. Equation 1 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form The null hypothesis is Ho : a3 = 1, where G = 1.
— linear): e MLE with a3 = 1 MLE (Equation 1)
NONLINEAR LEAST SQUARES estimates: Log of likelihood function = -431.289
YD# — 1 e MLE without a3 = 1 (NONLINEAR LEAST SQUARES)

R
RCONS, = al + a2t73 + u;.
¢ Log of likelihood function = -414.362

h =1 have: - . T
When a3 - wehave The likelihood ratio test statistic is given by:
RCONS, = (al ~ a2) + a2RYD; +u;, ~2log(A) = —2(~431.289 - (-414.362)) = 33.854.
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The 1% upper probability point of y*(1) is 6.635. if a3 = 0, we have:
33.854 > 6.635 RCONS, = al + a2 log(RYD,) + u,,

Hy : a3 = 1is rejected. which is equivalent to Equation 3.

Therefore, the functional form of the regression model is not linear. The null hypothesis is Hy : a3 = 0, where G = 1.
5. Equation 4 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form o MLE with a3 = 0 (Equation 3)
— log-linear):

Log of likelihood function = -495.418

In NONLINEAR LEAST SQUARES.i.e.. e MLE without @3 = O (NONLINEAR LEAST SQUARES)

RYDS — 1
RCONS, = al +a2#+un Log of likelihood function = -414.362
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The likelihood ratio test statistic is: Equation 5is:
a3 _ 1
_ [t A _ T b
2 log(d) = ~2(~495.418 — (~414.362)) = 162.112 > 6.635. RCONS, =al 4 a2== =+t i =purt & &~ HANO.0o)
The null hypothesisis Hy: a3 =1, p=0
Therefore, Hy : a3 = 0 is rejected.
Restricted MLE = Equation 1
As a result, the functional form of the regression model is not log-linear,

. Unrestricted MLE = Equation 4
either.

Remark: In Lines 14-16 of PROGRAM, we have estimated Equation 4,
given a3 = 0.00,0.01,0.02, - - -.

6. Equation 1 vs. Equation 5 (Simultaneous Test of Serial Correlation and

Linear Function):

As aresult, a3 = 1.15 gives us the maximum log-likelihood.
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The likelihood ratio test statistic is: 14 % 0)1’@.0) I‘ l:o v 7

~2log() = _2(_431'289 - (_383‘807)) = 94.964. 1. Time Series Analysis (% %15#7)

—21og(4) ~ ¥*(2) in this case. — Econometrics III (Spring Semester, 2013)

The 1% upper probability point of ¥*(2) is 9.210. 2. Bayesian Estimation (-3 ZHEi%)

94.964 > 9.210 — Econometrics III (Spring Semester, 2013)
Hy: a3 =1, p =0is rejected. 3. Panel Data (/S5 L + 5— %)
Thus, even if serial correlation is taken into account, the regression model is 4. Discrete Dependent Variable (HES/E/EZ5%4) and Truncated Regression Model
not linear. (IRl 5 1)
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5. Nonparametric Estimation and Test (/ /37 X b U v ZH#E « BiE)
6. Generalized Method of Moment (GMM, —fi#{Lf&i=21k)

7. Etc.... (£ DAth)
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