@ Next, we want to show that/n(3, — 3,) is asymptotically normal.

[Review] The Central Limit Theorem ( R/OMBFRER, CLT) is: for random
variablesXy, Xo, - - -, X,
X-EX) T X -E(EL X)

JVX) B VV(ZiL %)

— N(0,1), as n-— oo,

whereX = % Z Xi.
=

X1, X, - - -, X, are not necesarily iid, if ) is finite asn goes to infinity.

[End of Review]
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Note thatﬁz = B2+ XL, wil asin (13), and; is replaced byy;u.

From the central limit theorem, asymptotic normality is shown as follows:

Zin=1wiui - E(Zin=1 wiUi) Zln 1with ,@2 —Pe — N(0,1)

VV(ZL wikh) OW/Z. 1‘” Y 1(X| — X)?

where
e ECL wu)=0
e V(I wilh) = 0? YL, w?, and
o S will =Bz - B
are substituted in the first and second equalities.
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Moreover, we can rewrite as follows:
B2~ B2 _ V(B2 - B2) R V(B2 - B2)
o/ VXL —X)?2 o/ +/@/n) XL (% — X)? o/ m

Or equivalently,

— N(O,1).

2
V(B2 - B2) — N(O, %)~

Thus, the asymptotic normality ofn(3, — 3,) is shown.
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Finally, replacingr? by its consistent estimata?, it is known as follows:

Pazh2  _, No.2) (16)

S/ V2ita (X — X)?

where<? is defined as:

1N qz_i
n—2i:1 n—2i=1

$ = (i _,él —,BAzxi)z, (17)

which is a consistent and unbiased estimatarof — Proved later.

Thus, using (16), in large sample we can construct the confidence interval and te

the hypothesis.
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Exact Distribution of Bz: We have shown asymptotic normality (3. — 3,),
which is one of the large sample properties.

Now, we discuss the small sample propertieg.of

In order to obtain the distribution @ in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is tbat N(0O, 2).

Writing (13), againg; is represented as:
n
Ba=pB2+ Zwiui~
i=1
First, we obtain the distribution of the second term in the above equation.
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[Review] Note that thenoment-generating function §&=&EI%K, MGF) is given
by M(6) = E(exp@X)) = expud + 2026%) whenX ~ N(u, o*2).

X1, Xo, -+, X, are mutually independently distributed As ~ N(/ui,criz) fori =
12,---,n.

MGF of X; is M;(6) = E(expX)) = expif + 30262).

Consider the distribution of = Y., (a; + b X;), wherea; andb; are constant.

My(6) = E(exp@Y)) = E(expf XiL,(a + b X))
= [1iL1 exp@a)E(expfbiX) = 1L, exp@a)M;(6b;)
= [11L, expba) expluiobi+307(0b)?) = exp@ ZiLy (& +bi)+36° Ny bro?),
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which implies thaty ~ N(X{L,(a + biw), XL, b2o?).
[End of Review]

Substitutea; = 0, i = 0, b = w; ando? = o2,
Then, using the moment-generating functidil,; wiu; is distributed as:
n n
Z wili ~ N(0, o2 Z w?).
i=1 i=1
Thereforep3, is distributed as:
n n
B2 = B2+ Zwiui ~ N(B2, UZZ w?),
i=1 i=1
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or equivalently,

A

Bo—P2  _ B2 — 2 < N(0.2),

o le a)z 0-/ VZP:l(Xl - _)2

for anyn.

Moreover, replacing? by its estimatoss? defined in (17), it is known that we have:

B2 -2
s/ \/Zin:l(xi - X)?

wheret(n — 2) denoteg distribution withn — 2 degrees of freedom.

~t(n-2),

39



Thus, under normality assumption on the error texpthet(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,

B2 — P2 2
~F(@1,n-2),
S oe ~Fen-?

which will be proved later.
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Before going tanultiple regression model @EJEE 7 L),

2 Some Formulas of Matrix Algebra

A1 A2 - Ak
dy1 dxpp - Ax

1. LetA=]| o | =[a&],
a1 Q2 -0 Ak

which is al x k matrix, whereg;; denotesth row andjth column ofA.
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Thetransposed matrix Ezi&175!) of A, denoted by, is defined as:

djp a1 - A
Adip dp2 - A2

A= . . .| = [l
Ak Ax - Ak

where thdath row of A’ is theith column ofA.

2. (AXY) = XA,

whereA andx are al x k matrix and & x 1 vector, respectively.
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3.ad =a

wherea denotes a scalar.

oa’x
4. =

a,
0X
wherea andx arek x 1 vectors.

OX' AX
oX
whereA andx are ak x k matrix and & x 1 vector, respectively.

5.

= (A+ A)x,
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Especially, wherA is symmetric,
OX' Ax

= 2A
oX X

. Let AandB bek x k matrices, and, be ak x k identity matrix ( B21751)

(one in the diagonal elements and zero in the other elements).

WhenAB = Iy, Bis called theinverse matrix (#47%1) of A, denoted by
B=A"1

Thatis,AAl = ATA=I.
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7. Let A be ak x k matrix andx be ak x 1 vector.

If Ais apositive definite matrix (IEfBEfF=17%51), for any x except for
x = 0 we have:

X Ax > 0.

If Ais apositive semidefinite matrix GE&{EE &F51751), for anyx except
for x = 0 we have:

X Ax > 0.

45



If Ais anegative definite matrix (B{&E fF=17751), for any x except for
x = 0 we have:
X Ax < 0.

If Ais anegative semidefinite matrix EIE{EERF=17751), for anyx except

for x = 0 we have:

X Ax < 0.
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Trace, Rank and etc.: A kxKk, B: nxKk, C:kxn.
k

1. Thetrace (b L —X) of Ais: tr(A) = Za“, whereA = [&;] .
i=1

2. Therank (Z > 7, [E#) of Ais the maximum number of linearly indepen-

dent column (or row) vectors @&, which is denoted by rank.

3. If Ais anidempotent matrix (X Z%&1751), A= A2,
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4. If Ais an idempotent and symmetric matrix= A% = A’A.

5. Aisidempotent if and only if the eigen valuesAdtonsist of 1 and 0.

6. If Aisidempotent, rank) =tr(A) .

7. tr(BC) =tr(CB)
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Distributions in Matrix Form:

1. Let X, uandX bek x 1, k x 1 andk x k matrices.

WhenX ~ N(u, X), the density function oKX is given by:
1 1 1
09 = g |- 306 WE 20k,
E(X) = pand V) = E((X - p)(X - 1)) = £

The moment-generating function(o) = E(exp(@’X)) = exp@u + %0’29)
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2. If X ~ N(u, 2), then K — u)Z1(X — 1) ~ y2(K).

Note that X’'X ~ x?(k) whenX ~ N(0, I,).

3. X:nx1, Y:mx1, X ~ N(ux, Zy), Y ~ N(uy, Zy)

X is independent o, i.e., E((X — u)(Y — uy)’) = 0 in the case of normal
random variables.

(X = 1) ZHX = )/

V)%, (Y —ppym ~ ™
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4. If X ~ N(0,0?l,) andA is a symmetric idempotemtx n matrix of rankG,

thenX’'AX/o? ~ }?(G).

Note thatX’AX = (AX)'(AX) and rankf) = tr(A) becausé\ is idempotent.

5. If X ~ N(0,c?l,), A andB are symmetric idempotentx n matrices of rank
G andK, andAB = 0, then

XAX X'BX  XAX/G

Go2! Koz ~ X'BX/K F(G.K).
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