Under normality assumption far; the distribution ofs? is:

(N-K  u(l, - X(X'X)X)u
2 - 2

~ X A(tr(ln = X(X'X) X))

g g

Note that  tfl,, — X(X'X)"1X") = n -k, because

tr(l,) =n
tr(X(X’X)™1X) = tr(X’X)*X’X) = tr(ly) = k
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[Review]
o X'X ~ y2(n) for X ~ N(O, I,,).

X' X
= ~ x°(n) for X ~ N(0, ol,).
g

X'AX . .
i Y*(G), whereX ~ N(0,c?l,) andA is a symmetric idempotemt x n

matrix of rankG < n.

Remember thab = Rank@) = tr(A) whenA is symmetric and idempotent.

[End of Review]
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Asymptotic Normality (without normality assumption on u): Using the cen-
tral limit theorem, without normality assumption we can show thath as» oo,

under the condition O%X'X — M we have the following result:

Bi - B

S ajj

— N(0, 1),
whereM denotes & x k constant matrix.

Thus, we can construct the confidence interval and the testing procedure, using t
t distribution under the normality assumption or the normal distribution without the

normality assumption.
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4 Properties of OLSE

1. Properties o8 : BLUE (best linear unbiased estimatoy & RGN mit
EE), i.e., minimum variance within the class of linear unbiased estimators

(Gauss-Markov theorem 77 R - <)L 27 DEE)

Proof:

Consider another linear unbiased estimator, which is denot@d=bgy.
f=Cy=C(Xg+u)=CX8+Cu,

whereC is ak x n matrix.
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Taking the expectation @ we obtain:
E(3) = CXB + CE(U) = CXB

Because we have assumed hat Cyis unbiased, B) = 8 holds.
That is, we need the conditio@X = .

Next, we obtain the variance gf= Cy.

B=C(Xp+u)=8+Cu
Therefore, we have:
V(B) = E((B - B)(B - B)') = E[CuuC’) = 0*CC
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DefiningC = D + (X’X)"1X’, V(B) is rewritten as:
V(B) = 02CC’ = o?(D + (X’X)™1X)(D + (X'X)"XY'.
Moreover, becausgis unbiased, we have the following:
CX=lg=(D+ (XX) X)X = DX + |
Therefore, we have the following condition:

DX =0.
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Accordingly, V() is rewritten as:

V(B) = 02CC = 0D + (X'X) X)(D + (X' X) XY
= (X' X)™* + o?DD’ = V(B) + 0°DD’
Thus, V@) — V(B) is a positive definite matrix.
= V(Bi) - V(Bi) >0

— 3 is a minimum variance (i.e., best) linear unbiased estimatgr of
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Note as follows:

= As positive definite whend’ Ad > 0 exceptd = 0.

= Theith diagonal element o4, i.e., a;, is positive (choosd such that the

ith element ofl is one and the other elements are zeros).
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F Distribution (Hq : B = 0):

1. If u~ N(O,c2l,), thenB ~ N(B, (X’ X)™1) .
B—BYX'X(B -
(B ﬁ) . (:8 :8) ~)(2(k).

o

Therefore,

2. Proof:

UsingB — B8 = (X’X)~1X’u, we obtain:

(B — B) X' X(B = B) = ((X'X)™2X"u) X' X(X'X) ™ X"u
= UX(X' X)X XX X)X 'u = U X(X' X)X u
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Note thatX(X’'X)-1X’ is symmetric and idempotent, i.&,A = A.

uX(X'X)"1X'u
0—2

~ (XX X) X))
The degree of freedom is given by:
tr(X(X'X)71X’) = tr(X’ X)X X) = tr(ly) = k

Therefore, we obtain:

uX(X'X)"1X'u
0—2

~x*(K)
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3. (*) Formula:

Suppose thaX ~ N(O, Iy).
If Ais symmetric and idempotent, i.&VA = A, thenX’AX ~ y2(tr(A)).

1
Here,X = —u ~ N(0, I,) fromu ~ N(0, o%1,,), andA = X(X’'X)1X".
g
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4. Sum of Residuals: eis rewritten as:
e=(In— X(X'X)"1X)u.
Therefore, the sum of residuals is given by:
ge=Uu(l, - X(X'X)1X)u.

Note that 1, — X(X’X)"1X’ is symmetric and idempotent.

We obtain the following result:

ge  U(ly— XOUX) X
ge _ Ul - X(X07X X¥(tr(1n = XOUX) X)),
a (o
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where the trace is:
tr(l, — X(X’X)™1X) = n- k.

Therefore, we have the following result:

ge  (n-ks

0_2 - 0_2 ~ /\/z(n - k)’

where
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5. We show thaf is independent oé.

Proof:

Becausel ~ N(0, o2l,,), we show that Co j3) = 0.

Cov(e. 5) = E(e(5 - B)) = E((In - X(XX) X )u((XX)*X'u)’)
= E((In — X(X'X)™X)UU XX X)) = (In = X(X'X)X)EUU)X(XX)™
= (In — XX X)X I)XX X)L = 021, — XX X)IX)X (X X) ™2

= (XX X) ™ = X(X'X) XXX X)) = c?(X(X'X) ™ = X(X'X)™) = 0.
Therefore is independent oé.

84



6. Therefore, we obtain the following distribution:
B-BYXXB-P)  UXXX) XU

o S ~ XK.
ge Ul - X(X'X)1X)u
;: (n (0-2 ) ) ~X2(n—k)
3 is independent oé.
Accordingly, we can derive:
(B = BY X' X(5 - B) ko .

i—f ftn-K) ¥
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Note as follows:

(B =YX X( - ) fk

o2
2%

becauseX(X’ X)1X'(I,, — X(X'X)"1X") = 0

~ U X(X' X)X u/k
Ul = X(XX)1X)u/(n = K)

~ F(k,n—K),

Under the null hypothesidp : 8 = OﬁXX,B/k

Given data’B SX’B/

BXXBIK
t—

F(k,n-K).
is compared with(k, n — k).

is in tha tail of theF distribution, the null hypothesis is rejected.
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(*) Formulas — Review — :

u/n
o v/m ~ F(n, m) whenU

simy?(n), V ~ y2(m), andU is independent of.

e WhenX ~ N(0, 1)), AandB arenxn symmetric idempotent matrices, RaAkE=

B B B B X'AX/G
tr(A) = G, Rank@) = tr(B) = K andAB = 0, thenX'BX/K F(G, K).

Note that the covariance #fX andBX is zero, which implies thaAX is indepen-

dent of BX under normality ofX.
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Codficient of Determination GRE %), R%

i, €

1. Definition of the Coéficient of DeterminationR?: R =1- of————5
Ziayi —-Y)

n
2. Numerator: Z & =¢e
i=1

3. Denominator: Zn:(yi -2 =y(,- %ii’)’(ln - %ii’)y =y(l,- %ii’)y

i=1
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(*) Remark

y 1. 1.,
= : - E :y—ﬁn’y:(ln—ﬁn)y,

wherei = (1,1,---,1).

ge

4. In a matrix form, we can rewrite as: R> = 1 — —
y(ln = 5ii)y
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