F Distribution and Coefficient of Determination:

=— This will be discussed later.

Testing Linear Restrictions (F Distribution):
1. If u~ N(O,02l,), thens ~ N(B, o2(X’ X)) .
Consider testing the hypothesis : R3 =r.
R: GxKk, rank®) = G < k.
R3 ~ N(RB, 2R(X’X)"!R).
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(RB-r)(RXX)'R)*(RB-T)

Therefore, o x*(G).

Note thatR3 = .

(@) Wheng ~ N(8, 74X’ X)™1), the mean oR3 is:
E(RB) = RE(B) = R.
(b) Whenp ~ N(B, 2(X’X)™1), the variance oR3 is:
V(RB) = E((RB - RB)(R3 - RB)) = E(R(3 - B)(B - AYR)
= RE((3 - A)(B - B))R = RV(AR = o*RIX'X)'R.
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2. We know that(n;—?SZ = i—f 0= Xﬁ();gy_ X5) ~x*(n-K).

3. Under normality assumption an 3 is independent oé.

4. Therefore, we have the following distribution:

(R - 1) (RXX)R) (R —1)/G
V= XB)'(y = XB)/ (- )

~F(G,n-k)
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5. Some Examples:

(a) t Test:
The case o6 =1,r =0andR=(0,---,1,---,0) (theith element oR
is one and the other elements are zero):

The test oHp : B = O is given by:

~ , S — i 2
(RB— 1)’ (R(X X)S;R) (RB-1)/G _ slf;“ ~ELn-k,

wheres? = ¢e/(n- k), R3 = 3 and
a; = R(X’X)"IR = thei row andith column of K’X)2.
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*) Recall thatY ~ F(1, m) whenX ~ t(m) andY = X?.

Therefore, the test dfly : B = 0 is given by:

A

Bi

~ t(n—K).
sva 7Y
(b) Test of structural change (Part 1):
XBr+U, 1=212---m
| XB2+ U, i=m+1lm+2---,n

Assume that; ~ N(O, o).
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In a matrix form,

Y1
Y2

Ym
Yrm 1

ym+2

Yn

0 Xm1 ﬁZ Umi1
0 Xmi+2 Umi-2
0 Xn Un
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Moreover, rewriting,
)= )l
= +u
Y2 0 Xo/\pB2
Y=XB8+u

The null hypothesis isly : 81 = Bo.

Again, rewriting,

Apply theF test, usingR = (I — Ix) andr = 0.
In this caseG = rank®) = k andg is a Xk x 1 vector.

The distribution ig=(k, n — 2K).
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(c) The hypothesis in which sum of the 1st and 2ndfiioents is equal to

one:

R=(1,1,0,---,0),r=1

In this caseG = rank®) = 1

The distribution of the test statistic K51, n — k).
(d) Testing seasonality:

In the case ofjuarterly data (FU¥H#§7—4), the regression model is:

y:d+CZlD1+CZ2D2+a’3D3+X,80+U
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D; = linthejth quarter and O otherwise, i.®;, j = 1,2,3, are sea-
sonal dummy variables.

Testing seasonality= Hp: a1 =ax =a3=0

a
a1 01 0O0O0--0 0

B=|az|, R=|{0 01 0 0 --- 0], r=|o
as 0O 001 0--0 0
Bo

In this caseG = rank®R) = 3, andg is ak x 1 vector.

The distribution of the test statistic K53, n — k).
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(e) Cobb-Douglas Production Function:
Let Q;, K; andL; be production, capital stock and labor.

We estimate the following production function:

log(Q)) = B1 + B210g(Ki) + Bzlog(Li) + u;.

We test a linear homogeneous {X[F]¥X) production function.

The null and alternative hypotheses are:

Ho: B2+p3=1,
Hi: B+ 63 # 1.
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Then, set as follows:
R=(0 1 1), r=1

() Test of structural change (Part 2):
Test the structural change between time periodsdm + 1.

In the case where both the constant term and the slope are changed, t

regression model is as follows:

Yi = @+ B% +yd +odix + Ui,
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where
q 0O, fori=12---,m,
i =
1, fori=m+1m+2---,n.
We consider testing the structural change at ime 1.

The null and alternative hypotheses are as follows:
Ho : Y = 0=0,
H1:y¢0,0r,5¢0.

Then, set as follows:
0 01 0 0
(o004 "=l
0 0 0 1 0
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(9) Multiple regression model:

Consider the case of two explanatory variables:
Yi =a+pBX+vyZ +u.

We want to test the hypothesis that neitlkenor z depends ory;.

In this case, the null and alternative hypotheses are as follows:

Ho:ﬁ:)/:O,
Hi: B#0, or,y #0.
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Then, set as follows:

“lo ook o
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Codficient of Determination R? and F distribution:

@ The regression model:

Yi = XB+ U = B1 + Xif32 + Ui

where

X=(1 xy), ﬁ=(ﬂl),
B

X+ 1xKk, Xoi - Ix(k-1), B kx1, B (k—=1)x1
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Define:
X21

X22
X5 =

Xon

Then,
y=XB+u=(i Xﬂ(ﬂj+wﬁ:Wy+Xﬁz+u

2
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where the first column oX corresponds to a constant term, i.e.,

1
_ 1
X:(I Xz), =

1

@ Consider testindgdy : 3, = 0.

The F distribution is set as follows:

R:(O |k_1), r=0
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whereRis a k — 1) x k matrix andr is a K — 1) x 1 vector.

(R3 - 1Y (RIX'X)'R) ™ (R3 - 1)/(k — 1)
ee/(n-Kk)

~ F(k-1,n-k)

We are going to show:
(RB =) (RIX'X)'R)™H(RB — 1) = B XsMXapy,

1.
whereM = |, — ﬁ”,'
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Note thatM is symmetric and idempotent, i.&4’'M = M.
yi—y
Y2—-Y
. |=My
Yn—Y
R(X'X)"IR is given by:
iy 1,0
RO R = (0 e[ )i ) ()
X lk-1

i i\t 0
0wl o) 1)
X5 X5X; le 1
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(*) The inverse of a partitioned matrix:

(All AlZ)
A= ,

A21 A22
whereA;; andA,; are square nonsingular matrices.
AL ( B11 —311A12A§% )
—A£§A21511 A§21 + AE%A21511A12A§%

whereBy; = (A1 — AAS3 A1), or alternatively,
AL (Aﬁ + AT A1LB AN AT —AHAlszz)
- 522A21AI% 7] ’
whereBy, = (A2 — Al AL AL) ™
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Go back to the distribution.

(i’i i’Xz)‘1 ( )
Xp XoXo)  \ (XX — Xi(ii) k%)t

(5 (Xé(ln—%ii’)Xz)‘l) ( (x;mxz)—l)

Therefore, we obtain:

i i\t 0
(0 I1) ( . ) ( )
Xél XéXz It

: 0
— _ ’ -1
=(0 Ik_l)(s (XéMXz)‘l)(lk_l)_(XZMXZ) '
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Thus, undeH, : B, = 0, we obtain the following result:

(R3 - 1Y (RX'X)'R) (R - r)/(k— 1)
ee/(n-K)

_ BXMXaBa/ (k- 1)

o0~ Flk-1n-k
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@ Codficient of DeterminationiR?:

Defineease = y — X3. The codiicient of determinant?, is
ge
y'My’

whereM = |, - ﬁ"/' I, is an x nidentity matrix and is an x 1 vector consisting

ofl,ie.,i=(11,---,1).
Me = My — MXg.
. . (P
WhenX = (i X;)andB = (A :
B2
Me = ¢,
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becaus&'e = 0, and
MX=M(i X;)=(Mi MX;)=(0 MX;)

becauséMi = 0. .

. B1 R
MXG = (0 sz)(A ): Mo

2
Thus,

My = MX3+Me = My = MX,53; + e

Thereforey My is given by:  y'My = 8,X;MXo53, + €,

becauseXe = 0 andMe = e.
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The codficient of determinant??, is rewritten as:

ge

RR=1- = €e=(1-R)yM

YNy ( )y My

My—ee B,X;MXop . .
R2=yly,y,\,|y N ;,MyZBZ BXsMXoB, = Ry My

Therefore,
ByXsMXofo/(K—1) Ry My/(k - 1)

ee/(n-K) - (1-R)y'My/(n-k)
_ Rk-1)

T (1-R)/(n-K

Thus, usingR?, the null hypothesisly : 3, = 0 is easily tested.

~ F(k-1,n—K)
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