4. Asymptotic Normality of MLE:

Let § be MLE ofé.

As n goes to infinity, we have the following result:

-1
Vn(@ - 6) — N(o,lm(@) )

n

. il
where it is assumed that |I6’)%) converges.

N—oo

That is, whem is large,d is approximately distributed as follows:
6~N(0.(10)™).
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Suppose thas(X) = 6.

Whenn is large, (s(X)) is approximately equal td (6)) .

5. Optimization (&&1t):

MLE of 8 results in the following maximization problem:

max log L(6; X).
6

We often have the case where the solutiof of not derived in closed form.
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= Optimization procedure

0= dlogL(¢;x) dlogL(6*; x) . 0% log L(6"; X)
Bl A6 - 90 000’

@ - 6).

Solving the above equation with respecttave obtain the following:

0o 82logL(6*; )\ alogL(6*; X)
- 9606’ 90
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Replace the variables as follows:

g —s 60+

g —s 60

Then, we have:

i+ = gl) _ (52 log L(6“; x) )_1 dlogL(6"; x)

06000’ 06

= Newton-Raphson method Ea21— k> - STV ViK)
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2 @i)- 2 (i) -
Replacin 0%logL(6"; x) by E(a logL(6"; x)

0006' 06006’
timization algorithm:

o0 _ g _ (g (22109 L(6; x) )\ 9log L(6?; X)
0606’ 00
-1 0log L(67; x)
06

), we obtain the following op-

=0 + (1(6)

= Method of Scoring (X 3 773%)
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9.1 MLE: The Case of Single Regression Model

The regression model:

Vi = B1+ B2X% + Ui,
1. u ~ N(0, o?) is assumed.

2. The density function ofj is:

f(u) = ! ex —iu2
1] — W p 20_2 i |-

Becausau, Uy, - - -, U, are mutually independently distributed, the joint den-
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sity function ofuy, uy, - - -, Uy is written as:

f(ug, Up, - -+, un) = fug) f(uz) - - - f(un)
1 1 <
= (27m-2)n/2 exp(_T‘-Z Z u'z]

i=1
3. Using the transformation of variable;(= y; — 81 — B2X), the joint density

function ofyy, y,, - - -, ¥, IS given by:

1 1 <
f(yn Yo, - ¥n) = Cro?)2 eXp(—r‘_z Z(Yi -B1 _IBZXi)z)
i-1

= L(ﬂlvﬁZa 0-2|y1’ y2’ ) yn)'
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L(B1, B2, 02ly1, Yo, - - -, Yn) is called the likelihood function.

log L(B1, B2, oIy, ¥a, - - -, Yn) is called the log-likelihood function.

|Og L(,Bl,ﬁz, 0'2|y1, Yo, -, yn)
_ n n 2 1 & 2
= —5 log(2n) - 5 log(?) - 5= ;(yt — B1 — B2X)

174



4. Transformation of Variable ( Z#Z #2):
Suppose that the density function of a random variabie f,(x).

Defining X = g(Y), the density function oY, f,(y), is given by:

() = fx(g(y»| 90),

In the case wher® andg(Y) aren x 1 vectors

4@' should be replaced by

'8g(y)‘ which is an absolute value of a determinant of the maféagl
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Example: WhenX ~ U(0, 1), derive the density function of = —log(X).

f(X) = 1

X = exp(Y) is obtained.

Therefore, the density function 8f, f,(y), is given by:

f(a(y)) = | — expy)l = exp(y)

dx
fy(y) = @
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5. Given the observed datg, Yz, - - -, Yn, the likelihood functiorL (81, B2, oIy,
Yo, -+, Yn), Or the log-likelihood function lodL(B1, B2, o2ly1, Yo, -+, Yn) IS

maximized with respect tay( 5, o?).

Solve the following three simultaneous equations:

010gL(B1, Bos 7AYL Yo, - oY) 1 o
g (Blﬁzaa,)ﬁyz y):;Z(yi—ﬁl_ﬁZXi):O’
i—1

dlog L(B1, B2, 7Y1, Y2, - - -
op

» yn 1 s
) = ;Z(Yi — B1—B2%)% =0,
io1

177



010gL(B1, B2, oY, Yar - 5¥n) _ N1 1 oo .
Oo2 - 2 02 + 204 ;(yl :81 182X|) =0.

The solutions of £, B,, 0%) are called the maximum likelihood estimates,
denoted byf:, 3,, 52).

The maximum likelihood estimates are:

- YL =R -Y) s o = ., I, s s
Fe é{]:l(xi_i)z » Pi=y-pX ‘72:—;(%—!31—[32&)2.

n 4

The MLE of o2 is divided byn, notn — 2,
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9.2 MLE: The Case of Multiple Regression Model |

1. Multivariate Normal Distribution: X : nx 1 andX ~ N(u, X)

The density function oX is:

£ = (20" expf (¢~ )5~ ).
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2. Regression model: y=X8+u, u~ N(0,c?l,)

Transformation of Variables fromtoy:

fu(u) = (2no?)™"? exp(—%u’u)
g

50) = - X8|
= (210?) " ext{ 55y ~ XB (y - Xp)

= L(6;y, X),

whered = (B, 0?), because o% =1,
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Therefore, the log-likelihood function is:
. n 2 1 ’
log L(6:y. X) = ~3 log(210®) ~ 5—5(y — XB)' (¥ ~ XB).

Note thatX| 2 = |2l Y? = 2.

3. max logL(6;y, X)
0

(FOC) 6Iogl_a(6;y,X) 0
d*logL(6;y. X)

(50C) —jeoer

is a negative definite matrix.
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We obtain MLE ofg ando:

o = XD - XP)

B = (xx)7xy, .

wherecd? is divided byn, notn — k.

4. Fisher’s information matrix is:

0% log L(6;y, X))

16) = -§( 9606

The inverse of the information matrik(6)~*, provides a lower bound of the
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variance - covariance matrix for unbiased estimatois.of

(7 )

20"

_ (B B\ (P(XX)T 0
For largen, we approximately obtam( 2) ~N (( ) ( 204 ))

o o2 0
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9.3 MLE: The Case of Multiple Regression Model Il

1. Regression model: y=X8+u, u~ N(0,0°Q)

Transformation of Variables fromtoy:

fu(u) = (2no?) QY2 ex;( 53U 'Q u)

= (2n0?) QI exif 5 5y~ X8y - XB))
= L6y, X),
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wheref = (8, 0?), because o% =lp.

The log-likelihood function is:

1 1
l0g L@, X) = ~3 log(2re) - S 10g1Q - 5y — X8 2 (y - XB),

whered = (8, o2).

2. max logL(6;y, X)
6
dlogL(6;y,X) _

0
9*logL(6;y, X)

0600’

(FOC) 0

(SOC) is a negative definite matrix.
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Then, we obtain MLE of ando:
52 = (y = XB)YQ Xy - XB)

n

B — (X/Q—lx)—lle—ly’

3. Fisher’s information matrix is defined as:

9*logL(6;y, X))
0006’

1(6) = —E(

The inverse of the information matrik(6)~%, provides a lower bound of the

variance - covariance matrix for unbiased estimator wfhich is given by:

a2(X'QIX)t 0 )

16) " = ( 0 20"
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9.4 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AB(Model (p ¥X D B . [a] )& € 7 )L):

yt = ¢1yt—l + ¢2yt—2 +-0+ ¢pyt_p + U

AR(1) Model: t=23,---,n,
Ve = Y1+ U, U~ N(O,07)

wherejg,| < 1 is assumed for now.
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To obtain the joint density function of;, y2,---,Yn, f(Yn,Yn-1,---,Y1) is decom-

posed as follows:

n
F O Yoty = FO) | | FOAIYe, -+ ya).
t=2

Fromy; = ¢1Y;_1 + U, We can obtain:

EGVilYe1,--+> Y1) = 1Yo, and Vi1, -+, Y1) = o2

Therefore, the conditional distributiof(y;|y;_1, - - -, Y1) iS:

1
f(YelYe1, -+, Y1) = exp(—ﬁ(yt — d1ye1)?|.

1
V202
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To obtain the unconditional distributiof(y;), y; is rewritten as follows:

Vi = P1¥e-1 + U

2
= ¢1Ye2 + U + Pl

= PIVej + U+ prlg + - + Pl

= U + Palig + Pl o+ - -, whenj goes to infinity.
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The unconditional expectation and variance;as:
E(;)) =0, and V)= 0'2(1 + ¢i + ¢‘l" +--4)

0.2

= 1_¢%_

Therefore, the unconditional distribution ypfis given by:

1

1
expl—-———
2102/(1 - ¢2) Xp( 20%/(1 - ¢9)

f(y) =
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Finally, the joint distribution ofy, y», - - -, Y, IS given by:
n
F O Yoty = FO) | | FORIYea, -+, )
t=2
/27.(0-2/(1 _ (ﬁ) 20'2/(1 - ¢%)

L 1
X eXp(—ﬁ(Yt - ¢1Yt—1)2)

g

oo V2no?2
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The log-likelihood function is:

_
20%/(1 - ¢%)

n-1 1 <
% log(270?) - 252 ;(yt — P1ye1)>

1
log L(¢l’ 0-2; Yns Yn-1," "+ yl) = _é Iog(27TO'2/(1 - ¢§)) - yi

Maximize logL with respect tap, ando?.

Maximization Procedure:
¢ Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the rarde< ¢; < 1,

changing the value af; by 0.01)
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

Yi=XB+UW,  W=pUi+e& &~ iid NO,o2).

The joint distribution ofu,, U,_1, - - -, Uy iS:

n
fu(Un, Un_1, - - -, Up; p, 02) = fu(ug; p, o2) rl fu(WlU1, -+ -, Ug; p, 02)
t=2
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_ 1
= (2no2/(1 - p?)) V2 exp(—mﬁ)

1 n
252 Z(Ut - ,DUt—l)z] .

€ t=2

x(2n?)~ (12 exp[—

By transformation of variables fromm, U,_1, - - -, Uz 10 Yn, Yn_1, - - -, Y1, the joint dis-

tribution of y,, Yn_1, -, Y1 iS:

fy(yn, yﬂ—l’ ) yl;P’ Uf»ﬂ)

= fu(Yn — XaB, ¥n-1 — Xn-1B, -+, Y1 — X135 o, 0'3)

ou ‘
oy’
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= (2na?/(1 - p?)~Y? exp(— (V1 — xlﬂ)z)

1
202/(1 - p?)
l n
X(2no2) U2 exp[— 552 Z((Yt = pYe1) — (% — PXt—l)ﬁ)z)
€2

1
55 (V1-p1— V1= pleﬂ)z)

_ @ro?) V1 — )2 exp(—

n

Z((Yt —pY-1) — (% — PXt—l)ﬁ)z)

1
x(2n0?) D2 expl —
202 o

= (21031 - p*)*2 exp(— 2(173 Vi - X”iﬁ)z) x eXp(—Z%Z - x;‘ﬁ)z]

€ t=2
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= (20 (P (L - pP)M exp[— 52 204 - x:ﬁ)Z]

= L(p, 0'3,,3; Yoo Y1, 5 Y1),

wherey; andx; are given by:

v {\/1—p2yt, fort =1,
t:

Vi — pYr1, fort=23,---

. V1-p2x%, fort=1,
X‘[ =

Xt — pX-1, fort=23,---
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© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect

to B8 should be zero.
. T T
B=0 XKW
t=1 t=1
— (X*/X*)—lx*/y*

= This is equivalent to OLS from the regression modgl:= X*8 + € ande ~
N(O, o2l ,), whereo? = 02/(1 - p?).
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© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect
to o2 should be zero.

~2
€

7= o D06 KB = L XYY - XB)

where
Y1 Vi-p*1 X; V1-p2x
Y5 Yo — pY1 X5 X2 — pX1
y=|"71=| " | x=|7]|=
Ya Yn — PYn-1 X4 Xn — PXn-1
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© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect

to p should be zero.

mzzale(p,af,ﬁ;y) is equivalentto  mak(p, 52,3, y).
Boep p

L(p, 52,3, y) is called theconcentrated log-likelihood function #9548 B8
#0), which is a function op, i.e., botho andj3 depend only op.
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The log-likelihood function is written as:

~o = n n - 1 n
logL(p, 52 B;Y) = =3 log(2r) - > log(5?) + > log(1- p%) - 5

= —g log(2r) - g - g log(62(p)) + % log(1- p?)

For maximization of lod., use Newton-Raphson method, method of scoring or

simple grid search

Note thato® = 62(p) = %(y* = X"BY(y" = X*B) for B = (X' X*)1X*"y".

200



