Remark: The regression model with AR(1) error is:

Yo = X8 + U, U = ple_1 + &, & ~ iid N(0, o?).

1 o p2 . pn—l
o 1 o p2 . pn—2
2 ne
V(u) = o p3 p2 .1 .p . p' 3 = o?Q, whereg? = 105 5.
Je o R : -p
: p
pn—l pn—z .. p2 P 1

where Covii, u)) = E(uu;) = 0?11, i.e., theith row andjth column ofQ is pl'-1I,
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The regression model with AR(1) erroris: y= X8+ u, u ~ N(O, o2Q).
There exist$? which satisfies tha® = PP, because is a positive definite matrix.
Multiply P! on both sides from the left.

Ply=PIXg+Plu = vy =Xg+u andu* ~ N(O,o2l,)
= Apply OLS.
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Yi V1-p% L
—pP

Yo Y2 — pY1

Yn Yn — PYn-1 0

X; V1 - p%xg

X Xo — pXq

2 = = 71X
X; Xn — PXn-1
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=Py
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Yn
- 1

CheckP1QPY = al,,
wherea is constant.



9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables,

regression model is written as follows:
=XB+U, U~ IidN@Oo?), of =(zae)
The joint distribution ofu,, u,_1, - - -, U3, denoted byf,(:; -), is given by:

log fu(Un, Un_1,- -+, Up; 0%, - -+, 02) = Z log fu(u; o)

__n Iog(27T) -5 Z log(e?) -5 Z( )
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Ui 2
_ 0 Iog(27r) -5 Z log(za)® - - (Z._a)

By the transformation of variables from, u,_1,---, Uy tO Yp, Vo1, - -, Y1, the log-

likelihood function is:

L(@.B; Y, Yn-1, - - - » Y1) = 10G Ty(Yn, V-1, - - -, Y1; @, B)
= |Og fu(yn - Xﬂﬁa yn—l - Xn—:lﬁ, Tt yl - X]ﬁ, 0-|2)

5
oy
_.n LN ez L0 (Y XBY
= 2Iog(27r) 2iZ‘Iog(z.a) 2;‘( za )

— Maximize the above log-likelihood function with respecptanda.

205



10 Asymptotic Theory

1. Definition: Convergence in Distribution (£ %5 IX&R)

A series of random variables;, X, ---, Xy, - -- have distribution functions

Fi1, Fo, - -+, respectively.

If
limF,=F,

n—oo

then we say that a series of random varialdgsX,, - -- converges td- in

distribution.
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2. Consistency &i%):

(a) Definition: Convergence in Probability (FEERUINR)
Let{Z : i1=12,---} be aseries of random variables.

If the following holds,
lim P(Z -6l <€) = 1,
for any positivee, then we say thal; converges t@ in probability.
g is called aprobability limit ( #ZRIER) of Z;.
plim Z; = 6.
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(b) Letd, be an estimator of parameter

If 6, converges t@ in probability, we say thad; is a consistent estimator
of 6.

3. Chebyshev’s inequality:

Forg(X) > 0,

P09 2 k) < DO,

wherek is a positive constant.
4. Example: For a random variablX, setg(X) = (X — u)' (X —u), EX) = u
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and Vari) = X.
Then, we have the following inequality:

PX -~/ (X~ ) 2K < T

Note as follows:

E((X = 1) (X = 1)) = E{tr((X = ) (X = ) = E(tr((X = ))(X = 1))
= tr(E(X - (X - w))) = tr(D).
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5. Example 1 (Univariate Case):
Suppose thaX; ~ (u,0?),i=1,2,---,n.

Then, the sample averad@s a consistent estimator pf

Proof:
2
Note thatg(X) = (X — u)2, € = k, E(g(X)) = V(X) = ‘%
Use Chebyshev’s inequality.
If n — oo,
P(X-ul>€<— —0, for anye.
Ne
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That is. for anye,
lim P(X -yl <€) =1
. Example 2 (Multivariate Case):
Suppose thaX; ~ (u, %), i =1,2,---,n.
Then, the sample averad@s a consistent estimator pf
Proof:
Note thatg(X) = (X — 1)’ (X — p), €2 = k, E(g(X)) = V(X) = %2.

Use Chebyshev’s inequality.
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If N — oo,
tr(X) »
P((X — )’ (X — ) > k) < K — 0, for any positivek.

That is. for any positivé,

lim P(X -y (X-p) <k =1

212



7. Some Formulas:
Let X, andY,, be the random variables which satisfy pipn= cand plimY,, =
d. Then,
@) plim(X,+Yy,) =c+d
(b) plim X,Y, = cd
(c) plim X,/Y,=c/dford # 0
(d) plim g(X,) = g(c) for a functiong(-)
— Slutsky’s Theorem (R JL*Y ¥ —EIE)
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8. Central Limit Theorem ( H/0& R E 1)

Univariate Case: Xy, Xy, - - -, X, are mutually independently and identically

distributed asx; ~ (u, o).
Then, _ L
X-EX) X-u

& = o/ i — N(O, 1),

which implies

<o L Ny 2
V(X — ) = ﬁ;(x. @) — N(O,c?).
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Multivariate Case: Xi, Xy, - -+, X, are mutually independently and identi-

cally distributed as ~ (u, X).
Then, L a
7 ;(x -1) — N(O.3)
9. Central Limit Theorem (Generalization)

X1, X3, - -+, Xp are mutually independently and identically distributecKas
(u, ).
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Then,
5y
V=
where
1 n
z = lim (ﬁ Z zi].
i=1
10. Definition: Letd, be a consistent estimator &f

Suppose that/n(6, — 6) converges tdN(0, X) in distribution.

Then, we say that, has arasymptotic distribution (EHE4%8): N(6, Z/n).
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11. Definition: We say tha®, is consistent uniformly asymptotically normal,

when the following three conditions are satisfied:
(a) 6, is consistent,
(b) VN, — 6) converges tdN(0, X) in distribution,

(c) Uniform convergence.

12. Definition: Suppose thai, andé, are consistent, uniformly, asymptotically

normal, and that the asymptotic variances are giveB foyandQ/n.

If Q-3 is positive semidefinite}, is asymptotically more dficient (754
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13.

14.

IZE%) thand,.

Definition: If a consistent, uniformly, asymptotically normal estimator is
asymptotically moreféicient than any other consistent, uniformly, asymptoti-
cally normal estimators, we say that the consistent, uniformly, asymptotically

normal estimator is asymptoticallyfeient @iz A %h).

The suficient condition for an asymptoticallyffecient and consistent, uni-
formly, asymptotically normal estimator is that the asymptotic variance is

equivalent to Cramer-Rao lower bound.
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15. X3, Xy, - -+, Xy are random variables with density functib(x; 6).
Let 6, be a maximum likelihood estimator 6f
Then, under some regularity conditiorgs.is a consistent estimator éfand

the asymptotic distribution of/n(é — 6) is given by:N (O im ( (0)) ]

16. Regularity Conditions:

(a) The domain ofX; does not depend ah

(b) There exists at least third-order derivative fik; ) with respect ta,

and their derivatives are finite.
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17. Thus, MLE is

(i) consistent
(ii) asymptotically normal and
(iif) asymptotically dficient.
18. Slutsky’s Theorem

Let 6 be a consistent estimator @f

Then,g(d) is also a consistent estimator g{B), whereg(-) is a well-defined

continuous function.
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19. Invariance of Maximum Likelihood Estimation ( &Z;EDAZE )
Letdy, By, - - -, 6, be maximum likelihood estimators 6f, 65, - - -, 6.
Consider the following one-to-one transformation:

a1 = a1(01,602, -+, 6k), a2 = a2(bh,62,---,6k), -, ax=ax(br,62, -, 06k)

Then, MLEs ofay, a», - - -, ax are given by:

&1 = al(éla éZa et aék)! &2 = aZ(él’ éza et aék), Tt &k = a’k(él’ éZa et aék)-
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11 Consistency and Asymptotic Normality of OLSE

Regression model:
y=XB+U, u~ (0,02l,)

Consistency:

1. LetB, = (X’X)"1X’y be the OLS with sample size

Consistency: As is large 3, converges tg.
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2. Assume the stationarity assumption ¥ri.e.,

1
HX'X — M.

Then, we have the following result:
1
—X'u — 0.
n

Proof:

According to Chebyshev’s inequality, fg(Z) > 0,

E(9(2))

PO(2) 2 k) < — —,
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wherek is a positive constant.
1
Setg(Z) = Z2'Z, andZ = HX’u.

Apply Chebyshev’s inequality.
1 ’ /1 ’ _ 1 ’ ’ _ 1 / ’ _ 1 7
E((ﬁx u)' =X u) = FE(u XXu) = ﬁE(tr(u XX')) = FE(tr(xx uu))
1 , o? .o o? 1,
= ﬁtr(xx E(uu)) = Str(XX) = S(X'X) = —tr(-X'X).
Therefore,
1., ,1., o2 1.,
P((HX DERNTE k) < EXX) — 0xtr(My) = 0
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Note that from the assumption,

1
HX'X — M.

Therefore, we have:
1 1
(=X'u)=X'u— 0,
n n

which implies:

1
—X'u— 0,
n

1., . . ,
because%X’u)’ﬁX’u indicates a quadratic form.
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