2. Equation 1 (Test of Serial Correlation— Lagrange Multiplier Test)
Equation 2 iS:
@RES; = p@RES;_; + &, & ~ N(0, 02),
where @RES; = RCONS, — 31 — 3,RYD;, andB; andj3, are OLSEs.
The null hypothesisisly: o =0

@RES(-1) .950693 .053301 17.8362 [.000]

Therefore, the Lagrange multiplier test statistic isS8B6Z = 31813 >
6.635.
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Ho : p = 0isrejected.
3. Equation 3 (Test of Serial Correlation— Wald Test)

Equation 3is:
RCONS; = 31 + BoRYD; + Uy, U = pli1 + &, & ~ iid N(0,0?)

The null hypothesisigly: p=0
RHO .945025 .045843 20.6143 [.000]

The Wald test statistics is 8143 = 42495, which is compared wit?(1).
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4. Equation 1vs. NONLINEAR LEAST SQUARES (Choice of Functional Form
— linear):
NONLINEAR LEAST SQUARES estimates:
RYDZ — 1

RCONS; = al + a2———— + U:.
t a3 t

Whena3 = 1, we have:
RCONS; = (al - aZ) + aZRYDt + Uk,
which is equivalent t&quation 1.

The null hypothesis isly : a3 = 1, whereG = 1.
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e MLE with a3 =1 MLE (Equation 1)
Log of likelihood function = -431.289

e MLE withouta3 = 1 (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362
The likelihood ratio test statistic is given by:
—-2log(1) = —2(—431289— (—414.362)) = 33854
The 1% upper probability point af?(1) is 6.635.

33.854> 6.635
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Ho : a3 = lis rejected.

Therefore, the functional form of the regression model is not linear.

. Equation 4 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form
—log-linear):

In NONLINEAR LEAST SQUARES, i.e.,

RYD® — 1
RCONS; = al + aZT + U,

if a3 = 0, we have:

RCONS; = al + a2 logRYDy) + u,
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which is equivalent t&quation 3.

The null hypothesis isly : a3 =0, whereG = 1.

e MLE with a3 = 0 (Equation 3)
Log of likelihood function = -495.418

e MLE withouta3 = O (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362
The likelihood ratio test statistic is:
-2log(?) = —2(—495418— (—414.362)) =162112> 6.635
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ThereforeHy : a3 = 0is rejected.

As a result, the functional form of the regression model is not log-linear,
either.

. Equation 1 vs. Equation 5 (Simultaneous Test of Serial Correlation and
Linear Function):

Equation 5 iS:

RYD2 — 1
RCONS; = al + a2——- =
a3

+ U, U = pU_1 + &, & ~ iid N(O, O'?)
The null hypothesisisly: a3=1, p=0
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Restricted MLE= Equation 1

Unrestricted MLE= Equation 4

Remark: In Lines 14-16 ofPROGRAM, we have estimateflquation 4,

givena3 = 0.00,0.01,0.02, - - -.

As aresulta3 = 1.15 gives us the maximum log-likelihood.
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The likelihood ratio test statistic is:
~2log(1) = —2(-431289- (-383807)) = 94.964

—-2log() ~ x?(2) in this case.

The 1% upper probability point af?(2) is 9.210.
94.964 > 9.210

Ho: a3=1,p = 0is rejected.
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Equation 3 vs. Equation 5 vs. (Taking into account serially correlated

errors, Choice of Functional Form — linear):
The null hypothesisisly: a3=1, p=0

FromEquation 3,

Log likelihood = -385.419
FromEquation 5,
Log likelihood = -383.807
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2(-383807- (-385419))= 3.224 < 6.635

Ho : a3 = 1is not rejected, givep # 0.

Thus, if serial correlation is taken into account, the regression model is linea
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14 Time Series Analysis & %519 47)

14.1 Introduction

Textbooks

- J.D. Hamilton (1994Econometric Analysis
AR -k _EER (2006) TR FIEKT (& - T)J
- A.C. Harvey (1981)lime Series Models
E & - IUAER (1985) MR %1€ 7L A

- AR (2010) T#EHE - 7 7 1 F U AT — X DFHRFERSIHT)
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1. Stationarity (€& %) :

Letys, Y, -+, yr be time series data.

(a) Weak Stationarity (38 M) :

E(Yt) =M,
E(0 — 1) (Vi-r — 1)) = ¥(7), =012

The first and second moments depend on tinfiednce, not time itself.
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(b) Strong Stationarity (38 F 1)

Let f(yi,, Vi, - - -» V) be the joint distribution o¥:,, Vi, - - -, . -

f(ytp yt2’ Tty Yt,) = f(yt1+‘r’ yt2+Ta Tty Ytr+r)
All the moments are same for all

2. Auto-covariance Function (B 22 &E%X) :

E(ye — 1) (Yer — 1)) = ¥(7), 71=0,1,2,---

y(@) = y(-7)
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3. Auto-correlation Function (B S+8R3EI%X) :

o) = E@ =00 =) _ ()
JVariy) VWVar(y.,)  7(0)
Note that Vary;) = Var(y;_.) = v(0).

4. Sample Mean (EA&¥1) :
.

ﬁ:TZyt

t=1

5. Sample Auto-covariance EXB S H 2 HY) :

| =

OE Z(yt e — )

t T+1
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6. Correlogram (2L OY 3 A, or fZZ24AH AR :

5
A0 =50)

7. Lag Operator (5 71FER) :

LTyt = yt—Ta T= 1, 2’ e
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8. Likelihood Function ( 75 ER8%1) — Innovation Form :

The joint distribution ofyy, y», - - -, yr IS written as:

f(ys, Y2, oo yr) = fyrlyr—1, -, yo) f(Yr-1, -+, Y1)
= f(yrlyr-1, - yo) F(yralyr—2, -, yo) F(Yr—2, - - . Y1)

= f(yrlyr=1, -, yo) fF(Yralyr—2, -, Y1) - F(Yalyr) f(ya)

-
= ) [ | fORea - ya).
t=2
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Therefore, the log-likelihood function is given by:
T
log f(y1, Y2, yr) = og f(ya) + > l0g f (WY, y1)-
t=2

Under the normality assumptiorf,(ytly:_1,---,Y1) IS given by the normal

distribution with conditional mean E{y;_1, - - -, Y1) and conditional variance

Varyilyi-1, - - -, Y1)

297



14.2 Autoregressive Model B2 B/ E 7 /L or AR E7 /L)

1. AR(p) Model :

Vi = P11+ PaYe2+ 0 + PpYrp t+ &,

which is rewritten as:
o(L)y: = &,
where

HL) = 1= il - gol?— - — gyLP.
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2. Stationarity (EEF M)

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers

When thep solutions are greater than orygjs stationary.

Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.

Example: AR(1) Model: v = ¢1yi 1 + &

1. The stationarity condition is: the solutiongfx) = 1-¢;x = 0, i.e.,Xx = 1/¢1,

is greater than one in absolute value, or equivalently< ¢, < 1.
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2. Rewriting the AR(1) model,

Vi = P11+ &
2
= ¢V2+ & + P16

3 2
=P V3 + & + Pr61 + PrE 2

1
= PVist+ &+ P61+ o0 + P Esi

As sis large, ¢7 approaches zero— Stationarity condition
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3. For stationarity, y; = ¢1yi_1 + & IS rewritten as:
Vi = & + Pr16-1 + (ﬁet_z + -
4. Mean and Variance of AR(1) procegs,
pu=EW) = E(g + dr6.1 + do6 o+ ---)
= E(&) + ¢1E(a-1) + ¢5E(62) + -+ =0
¥(0) = V() = V(& + pre1 + ¢l 2 + ---)
= V(&) + V(¢16-1) + V(di6-2) +2 a

o
=02+¢§02+¢‘1102+---: >
1-¢7
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5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Ve = @Yir+ &+ P11+ 0 + B Erin
Therefore, the autocovariance function of AR(1) process is:
¥(1) = E(0r — ) (Vir — 1)) = EMiV1r)
= E((‘ﬂ%—r +te&+ Pt o0+ ¢§__16t—-r+1)yt—r)
= $IEMi—rYior) + E(&Yior) + 1E(6-1Yir) + -+ + 8] E(6-rs1¥i-r)
= ¢17(0).
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The autocorrelation function of AR(1) process is:

o) = 10

7(0) = ¢1.

6. Another solution:

Multiply y;_, on both sides of the AR(1) process and take the expectation:

EMiYi-r) = #1EMi-1Yi--) + E(&Yi--)

ory(r — 1), fort 0,
y(1) =
dry(r = 1)+ 02, forr =0.
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Usingy(r) = y(-7), y(r)fort = 0is given by:

¥(0) = ¢1y(1) + 0 = $7¥(0) + 0.

Note thaty(1) = ¢,y(0).
Therefore;y(0) is given by:

(o

Y0 =175
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7. Estimation of AR(1) model:

(a) Likelihood function

)
log f(yr, -+, y1) = log f(y1) + " log f(ydlyi 1.+, y1)

t=2
1 1 o2 1
= 3108(@n ~ 3 '09(1 — ¢i) “a-a”
T-1 1 1 «
> log(2r) — |0g(0'2) -z tZ;()/t - ¢1yt—1)2
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T T 1 1
=-3 log(2r) — = log(crz) -3 '09(1—¢2)

1
20_2/(1 ¢2) 2 2 Z(Yt ¢1Yt l)

Note as follows:

1 1
f = expl-——
o) 2102/(1 - ¢2) Xp( 202/(1 - ¢2) Yi)
1 1 ,
f(Wilyi-1, -+, Y1) = Voo eXp(_ZT'Z(yt - ¢1Yi-1) )
o
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ologf(yr,---,y0) T 1 1

do? S22 204/(1 - ¢2)

dlog f(yr,--,y1) g1 i, 1y
=- +SYi+ = > (o= d1Y1)yer =0
g1 1-¢2 o2 o2 ;

The MLE of ¢, ando? satisfies the above two equation.
1 - g -
G = T ((1 — ¢y + Z(Yt - ¢1Yt—1)2]
t=2

~ Zthz YiVi-1 (~ 5'2551 ) 4
= — + —_ = -
¢1 Z;rzz ytz_l ¢1Yi 1_ ¢% /; yt2 1
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