(c) Assumes ~ iid (0,02). DefineX:(r) for r € [0, 1] as follows:

1

€1 1<r<2

T’ T T

Xr(r) =1 &t e 2or<3

T’ T T
€G+e+ - +er

r=1

T b
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Let [Tr] be the largest integer which is less than or equdl tor.

[T1]
1
Xr( =2 ) & VT Xr(r) — N(O,ro?).
t=1
Note that
185 _[1] 1 k5,
= t— T+ 4. ty
T & T [T &
[Tr]

Tr 1
L] : & N(0, ),
T V[T &

171 [T 1
\/TXT(I‘)— . i \/[T_r;&’ ﬁ — ?
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Therefore, we obtain:
VT % (r) — N(O,ro?).

Moreover, we have the following results:

@ L NO.T) = W(r),

VT (X7(r2) — X1(r1))

O¢

— W(rz) — W(r1) = N(O,rz —ry).
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For example, consider:

Xr(1) =

T
E €t.
t=1

=l

Then,

Vi) 1 < . _
T tzll & — W(1) = N(O, 1).
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(d) Considery; = y;_1 + &, Yo = 0 ande ~ N(0, o2).

Xt (r) is defined as follows:

1
0, 0<r< =,
ST
i 1.2
T T T
2’ ESI‘<§’
Xr(r)=3T T T
Y1-1 -
, <r<l,
T <
Y1
=, r=1.
T
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DefineS+(r) as follows:

St(r) =

1
0, 0<r< =,
T
y? 1 2
] — < —
T T <
Y3 2 3
b3 — < —
T T=M<T
o, o T-
<r<l
T sh<4
y2
— r=1.
T’
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1 1
To obtainf X1 (r)dr andf S+ (r)dr, we compute a sum of rectangu-
0 0

lars as follows:

1
yif2 1) y2(3 2y = yraf, T-1
fOXT(r)dr”T(T T)+T(T T)+ T (1 T )

_£+y2+“'+E:iZyt7

T2 T2 TZ T2t:1
1 2 2 2
y]_ 2 1 y2 3 2 y-|-_1 T_l
~ 2|+ Z2(2-2 1-
fOST(r)dr T(T T T\ 7)° T T
Vi Y3 Yia_ 1y
T2 2t +F—ﬁ§‘yt2
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We have already known thafT Xr(r) — o W(r).

Therefore,
1 1
f VT X (Ndr — o, f W(r)dr.
0 0

That is,
1 < 1
t=1 0
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FromSq(r) = (\/‘TXT(r))Z,
St = (VX)) — o2 (W)Y,

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem (E# B & EHE):
if xr — X (convergence in distribution) argf-) is a continuous func-

tion, theng(xr) — g(X) (convergence in distribution).
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Threfore, we have the follwoing result:

1 1
0'2 2 .
j; St(r)dr — efo (W(r))-dr

That is,

1 ¢ 1
ﬁzgyg — o? fo (W(r))?dr.
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8. Asymptotic Distribution of AR(1) Model:
(@ Ho: yr=Yyia+eandHy: yi = dryi1 + & for [¢1] < 1
OLSE of¢1, denoted byps, is given by:

~ T Vi1l _ Y1 Y16
=73 5 ThtST o
2i=1Ye1 2t=1Ye1

Using¢; = 1 and some formulas shown above, we obtain:

1
T ZtT=1 Yi-1€t N 2 ((W(l))2 B 1)
T*Z Z;r:]. yt2_1 ! W 2 d
fo (W(r)2 dr
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T(p1—-1)=



Remember that
! 1
-1 2 2
T ;yt_let — 507 ((w()? - 1)
and
T 1
T2y, — of [ e
=1 0

where(W(1))? = ¥3(1).
We say thath, is super-consistent #8—2f4) or T-consistent

Remember that whejg;| < 1 we haveVT (1 — ¢1) — N(O,1 - ¢?),

and in this case we say thaiis VT-consistent
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Conventionat test statistic is given by:

by — 1
t:¢1 ’

Sy

1 <« .
and s = T-1 ;(Yt — 1¥r-1)>.
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Next, considet statistic.
Thet test statistic, denoted liyis represented as follows:

:(31_1:1-((’151_1)

t
S Ts

The denominator is:
1 T

Ts = (Sz/ﬁzyg—l)
t=1

— (Uf/(ﬁf fo 1 (W(r))zdr))l/2 = ( fo 1 (W(r))zdr)_l/z’

wheres> — o2 is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
- > (w2 -1
b1 2(1 )/(fl(W(r))zdr)
¥ | weeyrar
0

2 (W -1)

( [ 1 (W(r))Zdr)1/2~

Therefore, the distribution of thestatistic shown above isfiierent from

-1/2

thet distribution.
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(b) Ho: Yyi =Y+ eandHy: yi=ao+ @1yi1 + € for |¢] < 1
@o _ T YY)\ IW
(<?’1) B (ZYt—l Zytzl) (ZYt—l)’t)
LS T Yyl Xa
B (¢1) " (Zyt—l Zytz_l) (ZYt—lft)
In the true modelgy = 0 andg, = 1.
@ \ (T XV 1 Ta
((;51_ 1) B (ZYt—l Zytz_l) (Zyt—lft)
Op(T)  Op(T¥2)\ /1 Oy(TY?)
) (op(T3/2) 0,(T?) ) ( 0u(T) )
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(*) For random variablex and constank, x = Op(K) implies thatx/k

converges in distribution.

To change each element of the matrice©gl), we use the following

TV2 0
-, L)
0 T

Multiplying the above matrix from the left, we obtain the following:

matrix:

-1

( o )_( TY24 )—r( Op(T) op(T3/2)) FF_l(Op(T”Z))
$i-1) \T@-1) \0yT3) 0412 Op(T)
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1“—1( Op(T)  Oy(T%?) ) r—l)_l 1 ( Op(TY 2))
Op(T¥%)  Oy(T?) Op(T)
1 ( T Yy ) F_l)‘l - ( e )
PRETDY yt2_1 2 Y16
1 T_3/22yt—1)_1( T3 e )
T2y vy T2Yy, T 1Y v .
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Each matrix converges in distribution as follows:

1
( 1 T-3/12 Z Vi1 ) [ 1 O'EL W(r)dr ]
TRTy, T2Iy ' 2 [ Wiy
1 1 O fo W(r)cjr fops j; (W(r))“dr
= 1 1 )
0 o, 2 0 o.
fo W(r)dr fo (W(r))=dr
( T2y ¢ ) ( o W(1) ] (1 0 )[ W(1) )
— =0, .
T Y Y %0'5 ((W(1)?-1) 0 o %((W(l))2 - 1)
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Therefore,
1
( TY24, ) [(1 O)[ 1 j(;W(r)dr )(1 O)]l
T(#1-1) 0 o lWrdr 1Wr 2dr J\O 0
) (r) ; (W(r))

(1 0 )( W(1) )
X0 e .
0 o1 (way-1)

352



Finally, T(¢:, — 1) converges to the following distribution:

}((W(l))z - 1) - W(1) f 1 W(r)dr
T(¢—-1) — 2 0 .

s [ wos|
fo (W(r))=dr fo W(r)dr
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Thet test statistic is:

tzfil—l_T@l—l)

(" ()™

where

T 1\ 1/0
ngsz(o 1)( Zytl) ( )’
Zyt—l Zytz_l 1

1 .0 - s
$ = T2 ;(yt ~ &0 — $1yi-1)”.
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The denominatoTzsé converges in distribution as follows:

oo ) ! b e o

f W(r)dr f (W(r)2dr J\O /) AL
0

f (W(r))?dr — (fo W(r)dr)2
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Thus, thet test statistic converges to the following distribution:

1((W(1»2 - w() f W(rar

212"
[f (W(r))?dr — (f W(r)dr)]
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() Ho: Yi=ap+ Yiei+€eandHy @ vy = ag+ d1yi1 + € for |¢q| < 1

Tl/z(&o _ QO) 0 1 E
el )
T¥%(¢y - 1) 0/ |a @f
(abbr.)
(d) Ho: Vi = ap+ Vio1 + € and

Hi: Y=o+ ait + ¢1yi1 + € for [¢1] < 1

(abbr.)
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9. The distributions of thé statistic:

t Distribution

¢1-1

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990
25| -249 -206 -171 -132 132 171 206 249
50| -240 -201 -168 -130 130 168 201 240
100 -236 -198 -166 -129 129 166 198 236
250| -234 -197 -165 -128 128 165 197 234
500 -233 -196 -165 -128 128 165 196 233
o | -233 -196 -164 -128 128 164 196 233
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(@ Ho: Yt = Y1+ €
Hi: yi=d1ya+ e forgr <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -266 -226 -195 -160 092 133 170 216
50| -262 -225 -195 -161 091 131 166 208
100| -260 -224 -195 -161 090 129 164 203
250| -258 -223 -195 -162 089 129 163 201
500| -258 -223 -195 -162 089 128 162 200
o | =258 -223 -195 -162 089 128 162 200
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P)Ho: Vi = Vi1 + &
Hi: Yyt = o+ ¢y + g for ¢ <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -375 -333 -300 -263 -037 000 034 Q72
50| =358 -322 -293 -260 -040 -003 029 066
100| -3.51 -317 -289 -258 -042 -005 026 063
250| -346 -3.14 -288 -257 -042 -006 024 062
500| -344 -313 -287 -257 -043 -007 024 061
o | -343 -312 -286 -257 -044 -007 023 060
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(d)Ho: yi=ao+ Y1+ &
Hi: Yi=ao+ it + ¢1yi1 + € for ¢ < Lor-1< ¢

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -438 -395 -360 -324 -114 -080 -050 -0.15
50| -415 -380 -350 -318 -119 -087 -0.58 -0.24
100| -4.04 -3.73 -345 -315 -122 -090 -0.62 -0.28
250| -399 -369 -343 -313 -123 -092 -064 -031
500| -398 -3.68 -342 -313 -124 -093 -065 -0.32
o | -396 -366 -341 -312 -125 -094 -066 -0.33

361



15.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.

15.2.1 Augmented Dickey-Fuller (ADF) Test

Consider the following ARg) model:
Vi = ¢1Yr1+ PV o+ -+ PpYip t+ &, & ~ 1id(0, 0'3),

which is rewritten as:

p(L)Y: = .
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When the above model has a unit root, we ha{d = 0, i.e.,¢1 + ¢ +

The above ARp) model is written as:
Yt = PYi-1 + 01AY 1 + 02AY 2 + - - + +0p_ 1AV pi1 t+ &,

wherep = ¢1 + ¢p + - + ¢p ands; = —(Pj1 + Pjaz + - -+ + Pp).

The null and alternative hypotheses are:

Ho : p =1 (Unitroot),

H; : p < 1 (Stationary)
Use thet test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.
Choosep by AIC or SBIC.

UseN(0,1) totestHy : ¢; =0againsH; : 6;#0forj=1,2,---,p-1.
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