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1 Regression Analysis[@l&4%3 #)

1.1 Setup of the Model

When 1, y1), (X2, ¥2), - -+, (X, Yn) are available, suppose that there is a linear rela-

tionship betweery andx, i.e.,
Yi = B+ B2X + Ui, (1)

fori=1,2,---,n. x; andy; denote theth observations.
— Single (or simple) regression model¥E)FE T )L)
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y; is called thedependent variable (£ /EZ %)) or theexplained variable #ztEAZ
#0), while x; is known as théndependent variable §#371Z %) or theexplanatory

(or explaining) variable (iBAZE ).

1 = Intercept (Y1 5), B> = Slope (B %)

1 andgB, are unknowrparameters (> X —4%, &#) to be estimated.

1 andp, are called theegression cofficients (T]/F%%X).
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u; is the unobservedrror term ( 3R Z1H) assumed to be a random variable with
mean zero and varianee.

o is also a parameter to be estimated.

X is assumed to beonstochastic §EFEZERY), buty; is stochastic f#=£H7) because
yi depends on the errar.

The error termsly, U, - -+, Uy are assumed to be mutually independently and iden-

tically distributed, which is calledd.
It is assumed that has a distribution with mean zero, i.e.Ug(= 0 is assumed.
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Taking the expectation on both sides of (1), the expectatighisfrepresented as:

E(i) = E(B1 + B2Xi + U) = 1+ 2% + E(U)
= B1 + B2X, (2

fori=1,2---,n.

Using Ef;) we can rewrite (1) ag = E(y;) + u;.

(2) represents the true regression line.



Let3; andj, be estimates ¢#; andg..

Replacings; ands, by 3, andj,, (1) turns out to be:
Vi = B1+Box + &,

fori=1,2,---,n, whereg is called theresidual (%Z).

The residuas; is taken as the experimental value (or realization);of
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We definey; as follows:

Yi 2,[31 +B2Xi,

fori = 1,2 ---,n, which is interpreted as thredicted value (% 8{&) of y.

(4) indicates the estimated regression line, whichfiiedent from (2).

Moreover, using; we can rewrite (3) ag = y; + €.

(2) and (4) are displayed in Figure 1.
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Figure 1. True and Estimated Regression Lines[@l & E#R)

Distributions
of the Errors

(X, ¥i)

Vi = ,[31 +ﬁ2Xi
(Estimated
Regression Line)
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Consider the case of= 6 for simplicity.
x indicates the observed data series.

The true regression line (2) is represented by the solid line, while the estimate

regression line (4) is drawn with the dotted line.
Based on the observed data,andg, are estimated ag; and,.

In the next section, we consider how to obtain the estimatgs ahdg,, i.e., 51

andp,.

11



1.2 Ordinary Least Squares Estimation

Suppose thatq, y1), (X2, ¥2), - - -, (Xn, Yn) are available.
For the regression model (1), we consider estimagingnds,.
ReplacingB; andg, by their estimateg, andj,, remember that the residualis
given by:

& =VYi— % =Vi—B1—fBax.
The sum of squared residuals is defined as follows:

n n
S(ﬁl,,éz) = 21: e.2 = Zl:(yi _Bl —,ézxi)z-
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It might be plausible to choose tie and;3, which minimize the sum of squared
residuals, i.e.S(81, 52).
This method is called therdinary least squares estimation f&x/N = %%, OLS).

To minimizeS(B1, 3,) with respect tg; andg,, we set the partial derivatives equal

to zero:
as(ﬁl,ﬁZ)
-2 : — =
7 ;(y — B~ o) =
53(51,,32)
2 By — Box) =
%, qu(y —B1 - Baxi) =
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The second order condition for minimization is:

PSBiBa)  9°S(Bupe) no
( 3 PBrop2 ) _ ( 2n 21 %
PSB1pa)  PSPBuB) | T n o )
0B20P1 o2 209X 2% X%
should be a positive definite matrix.

The diagonal elementsand 23, x? are positive.
The determinant:

2n 2% %

‘ 23 % 2%, %

is positive. =  The second-order condition is satisfied.

= 4“Zn] X = 4(Zn] X)? = 4nZn:(>q - %)
i=1 i=1

i=1

14



The first two equations yield the following two equations:

Y = B1 + B2%, (5
Xi

Vi =X+ B2 » %, (6)

1y _ 1y
wherey = - ;yi andX = - ; Xi.
Multiplying (5) by nX and subtracting (6), we can deriggas follows:

3, = Tl i -y EL(i X% -Y)
2 TN, xR — X Y =-%2

(7)
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From (5),5, is directly obtained as follows:
Br =Y - BoX. (8)

When the observed values are takenytaandx; fori = 1,2,---,n, we say thaf%l
andp, are called therdinary least squares estimats (or simply thdeast squares

estimates, &/N ZFHEE) of B, andp,.

Wheny; fori = 1,2, -- -, nare regarded as the random sample, we saystraidg,
are called th@rdinary least squares estimatos (or theleast squares estimatas,

R/NZFEHEEE) of B, andp..
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1.3 Properties of Least Squares Estimator

Equation (7) is rewritten as:

5, = Sl =0 =9) _ ZL0 =Xy Y=Y
T L% —X)? z.“ 6 —%2 (% - %)2

Zz._x&_ - Z“"y' ®)

In the third equalltyZ](x| —X) = 0 is utilized because 6t = — Z X.

i=1

X — X
Yty (X —X)2°

wj IS nonstochastic becauggis assumed to be nonstochastic.

In the fourth equalityyw; is defined asw; =
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wj has the following properties:
n n S I"I 5
Y=y % x_2 _ Zn.zl(m _X)2 _
i=1 i=1 Zi:l(xi - X) Zi:l(xi - X)

Zw.X' Zw.(x.—x) Z' 1(% %)

S -®2
o= 3 )2: SR 1
R RN FCE 5 E

The first equality of (11) comes from (10).
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From now on, we focus only g8y, because usuall§, is more important thaf in
the regression model (1).

In order to obtain the properties of the least squares estifgtare rewrite (9) as:

ﬁz—zw)ﬁ Zwl(ﬂl‘hgzxi"'u)

—:8120-)|+,3220)|X|+Zwlul ﬁ2+zw|ul (13)

In the fourth equality of (13), (10) and (11) are utilized.
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Mean and Variance of,f%z: Up, Uy, -+, U, are assumed to be mutually indepen-
dently and identically distributed with mean zero and variamgebut they are not
necessarily normal.

Remember that we do not need normality assumption to obtain mean and varian
but the normality assumption is required to test a hypothesis.

From (13), the expectation @§ is derived as follows:
E@2) = E@z + ), with) = B2 + E(Y | wih)
i=1 i=1
=p2+ Z wiE(U) = B2. (14)
i=1
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It is shown from (14) that the ordinary least squares estimatds an unbiased
estimator of3,.

From (13), the variance @ is computed as:

V(B2) = V(Bz + Zw.u.) - V(Z wily) = ZV(w.u) - Zaﬂvw)

=0 Zw = —Z. 5 %2 (15)

The third equality holds becauseg u,, - - -, U, are mutually independent.
The last equality comes from (12).
Thus, E,) and V(3,) are given by (14) and (15).
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Gauss-Markov Theorem (37 X - ¥JLO 7 EHE): It has been discussed above

thatf, is represented as (9), which implies tjgatis a linear estimator, i.e., linear

in Vi.
In addition, (14) indicates thab is an unbiased estimator.

Therefore, summarizing these two facts, it is shown fhas alinear unbiased
estimator (R R RIEEE).
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Furthermore, here we show thég has minimum variance within a class of the

linear unbiased estimators.

Consider the alternative linear unbiased estimasars follows:

Ba = Z CYi = Z(wi +d)yi,
=) -1

wherec; = w; + d; is defined andl, is nonstochastic.
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Then,,éz is transformed into:
. n n
B2 = Z Cyi = Z(wi + i) (B + BaXi + W)
= n = n n n n n
:ﬁlzwi +,8220)ixi + Zwiui +,812di +ﬂzz dix + Zdiui
= = = = i1 i1
n n n n
=2 +,312di +ﬁ22 dix; + Zwiui + Z chu;.
i1 i1 i1 i1

Equations (10) and (11) are used in the forth equality.
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Taking the expectation on both sides of the above equation, we obtain:
. n n n n
EB) =B+p1 ) di+B2 ) X+ ) wEW)+ ) dEW)
i=1 i=1 i=1 i=1

=2 +,31§n1di +ﬁzzn:dixi-
=) =)

Note that d; is not a random variable and thatug(= O.

Sincep, is assumed to be unbiased, we need the following conditions:

andizo, andixi:O.
i=1 i=1
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When these conditions hold, we can rewﬁtgeas:
N n
B2 =2+ Z(wi +di)u;.
i=1

The variance of; is derived as:

n

V(B2) = V(B2 + Z(w. +d)u) = Z(w. +a)u) = > V((@i+d)u)
|1
= Z(wi +d)2V(u) = aZ(Z w? + 22 widi + Z d?)
i=1 i=1 i=1 i=1
= O'Z(i wiz + an d,z)
i=1 i=1
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From unbiasedness 8, usingY", d; = 0 and}., d;x, = 0, we obtain:

-0,

i g = im0 =X 3 xd - X3, d
LT (6 — X)2 ST (% — X)?

which is utilized to obtain the variance 6§ in the third line of the above equation.

From (15), the variance @ is given by: V@) = 2 Y11, w?.

Therefore, we have:
V(B2) = V(B2),

because o, d* > 0.
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Wheny ', d? = 0, i.e., whend; = d; = --- = d, = 0, we have the equality: \86)
= V(B2).

Thus, inthe case @, = d, = - -- = d,, = 0, 3, is equivalent tg,.

As shown above, the least squares estimajagives us theminimum variance

linear unbiased estimator &/ BUREZ NRHEE £), or equivalently thebest
linear unbiased estimator @& R#EF A mHEEZ, BLUE), which is called the
Gauss-Markov theorem (0 R - <)L O 7 EH).
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Asymptotic Properties (873E#IME) of B,:  We assume that asgoes to infinity

we have the following:
1 n
HZ(X‘ - X)? — m< oo,
i=1

wheremis a constant value. From (12), we obtain:

1
”Z“’ TS

Note that f(x,) — f(m) whenx, — m, calledSlutsky’s theorem (X JL*Y F—

EIE), wheremis a constant value anf-) is a function.
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We show bothconsistency 21%) of 3, andasymptotic normality (i IE 17
1) of V(B2 - Bo).
@ First, we prove thas, is a consistent estimator g5.

[Review] Chebyshev's inequality = £ = 7 DAZFER) is given by:
2
o

P(X —ul > €) < whereu = E(X) ando? = V(X).

€2’
[End of Review]

ReplaceX, E(X) and V(X) by:

2

. . . L o
B2, E@) =B2 and V) =02 ; wf = TS
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Then, whem — oo, we obtain the following result:

2 2 2 2
o’ YL W o Nyl w;

— 0
€2 Ne2 ’

P(B: — B2 > €) <
N o n o 1 :
where} L, ¢ — 0 because )., v — P~ from the assumption.
Thus, we obtain the result th,ég — 3, asn — co.

Therefore, we can conclude thatis aconsistent estimator (—EH#E ) of Bs.
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@ Next, we want to show that/n(3, — 3,) is asymptotically normal.

[Review] The Central Limit Theorem ( R/OMBFRER, CLT) is: for random
variablesXy, Xo, - - -, X,
X-EX) T X -E(EL X)

JVX) B VV(ZiL %)

— N(0,1), as n-— oo,

whereX = % Z Xi.
=

X1, X, - - -, X, are not necesarily iid, if ) is finite asn goes to infinity.

[End of Review]
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Note thatﬁz = B2+ XL, wil asin (13), and; is replaced byy;u.

From the central limit theorem, asymptotic normality is shown as follows:

Zin=1wiui - E(Zin=1 wiUi) Zln 1with ,@2 —Pe — N(0,1)

VV(ZL wikh) OW/Z. 1‘” Y 1(X| — X)?

where
e ECL wu)=0
e V(I wilh) = 0? YL, w?, and
o S will =Bz - B
are substituted in the first and second equalities.
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Moreover, we can rewrite as follows:
B2~ B2 _ V(B2 - B2) R V(B2 - B2)
o/ VXL —X)?2 o/ +/@/n) XL (% — X)? o/ m

Or equivalently,

— N(O,1).

2
V(B2 - B2) — N(O, %)~

Thus, the asymptotic normality ofn(3, — 3,) is shown.
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Finally, replacingr? by its consistent estimata?, it is known as follows:

Pazh2  _, No.2) (16)

S/ V2ita (X — X)?

where<? is defined as:

1N qz_i
n—2i:1 n—2i=1

$ = (i _,él —,BAzxi)z, (17)

which is a consistent and unbiased estimatarof — Proved later.

Thus, using (16), in large sample we can construct the confidence interval and te

the hypothesis.
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Exact Distribution of Bz: We have shown asymptotic normality (3. — 3,),
which is one of the large sample properties.

Now, we discuss the small sample propertieg.of

In order to obtain the distribution @ in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is tbat N(0O, 2).

Writing (13), againg; is represented as:
n
Ba=pB2+ Zwiui~
i=1
First, we obtain the distribution of the second term in the above equation.
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[Review] Note that thenoment-generating function §&=&EI%K, MGF) is given
by M(6) = E(exp@X)) = expud + 2026%) whenX ~ N(u, o*2).

X1, Xo, -+, X, are mutually independently distributed As ~ N(/ui,criz) fori =
12,---,n.

MGF of X; is M;(6) = E(expX)) = expif + 30262).

Consider the distribution of = Y., (a; + b X;), wherea; andb; are constant.

My(6) = E(exp@Y)) = E(expf XiL,(a + b X))
= [1iL1 exp@a)E(expfbiX) = 1L, exp@a)M;(6b;)
= [11L, expba) expluiobi+307(0b)?) = exp@ ZiLy (& +bi)+36° Ny bro?),
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which implies thaty ~ N(X{L,(a + biw), XL, b2o?).
[End of Review]

Substitutea; = 0, i = 0, b = w; ando? = o2,
Then, using the moment-generating functidil,; wiu; is distributed as:
n n
Z wili ~ N(0, o2 Z w?).
i=1 i=1
Thereforep3, is distributed as:
n n
B2 = B2+ Zwiui ~ N(B2, UZZ w?),
i=1 i=1
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or equivalently,

A

Bo—P2  _ B2 — 2 < N(0.2),

o le a)z 0-/ VZP:l(Xl - _)2

for anyn.

Moreover, replacing? by its estimatoss? defined in (17), it is known that we have:

B2 -2
s/ \/Zin:l(xi - X)?

wheret(n — 2) denoteg distribution withn — 2 degrees of freedom.

~t(n-2),
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Thus, under normality assumption on the error texpthet(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,

B2 — P2 2
~F(@1,n-2),
S oe ~Fen-?

which will be proved later.
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Before going tanultiple regression model @EJEE 7 L),

2 Some Formulas of Matrix Algebra

A1 A2 - Ak
dy1 dxpp - Ax

1. LetA=]| o | =[a&],
a1 Q2 -0 Ak

which is al x k matrix, whereg;; denotesth row andjth column ofA.
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Thetransposed matrix Ezi&175!) of A, denoted by, is defined as:

djp a1 - A
Adip dp2 - A2

A= . . .| = [l
Ak Ax - Ak

where thdath row of A’ is theith column ofA.

2. (AXY) = XA,

whereA andx are al x k matrix and & x 1 vector, respectively.
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3.ad =a

wherea denotes a scalar.

oa’x
4. =

a,
0X
wherea andx arek x 1 vectors.

OX' AX
oX
whereA andx are ak x k matrix and & x 1 vector, respectively.

5.

= (A+ A)x,
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Especially, wherA is symmetric,
OX' Ax

= 2A
oX X

. Let AandB bek x k matrices, and, be ak x k identity matrix ( B21751)

(one in the diagonal elements and zero in the other elements).

WhenAB = Iy, Bis called theinverse matrix (#47%1) of A, denoted by
B=A"1

Thatis,AAl = ATA=I.
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7. Let A be ak x k matrix andx be ak x 1 vector.

If Ais apositive definite matrix (IEfBEfF=17%51), for any x except for
x = 0 we have:

X Ax > 0.

If Ais apositive semidefinite matrix GE&{EE &F51751), for anyx except
for x = 0 we have:

X Ax > 0.
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If Ais anegative definite matrix (B{&E fF=17751), for any x except for
x = 0 we have:
X Ax < 0.

If Ais anegative semidefinite matrix EIE{EERF=17751), for anyx except

for x = 0 we have:

X Ax < 0.
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Trace, Rank and etc.: A kxKk, B: nxKk, C:kxn.
k

1. Thetrace (b L —X) of Ais: tr(A) = Za“, whereA = [&;] .
i=1

2. Therank (Z > 7, [E#) of Ais the maximum number of linearly indepen-

dent column (or row) vectors @&, which is denoted by rank.

3. If Ais anidempotent matrix (X Z%&1751), A= A2,
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4. If Ais an idempotent and symmetric matrix= A% = A’A.

5. Aisidempotent if and only if the eigen valuesAdtonsist of 1 and 0.

6. If Aisidempotent, rank) =tr(A) .

7. tr(BC) =tr(CB)
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Distributions in Matrix Form:

1. Let X, uandX bek x 1, k x 1 andk x k matrices.

WhenX ~ N(u, X), the density function oKX is given by:
1 1 1
09 = g |- 306 WE 20k,
E(X) = pand V) = E((X - p)(X - 1)) = £

The moment-generating function(o) = E(exp(@’X)) = exp@u + %0’29)
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2. If X ~ N(u, 2), then K — u)Z1(X — 1) ~ y2(K).

Note that X’'X ~ x?(k) whenX ~ N(0, I,).

3. X:nx1, Y:mx1, X ~ N(ux, Zy), Y ~ N(uy, Zy)

X is independent o, i.e., E((X — u)(Y — uy)’) = 0 in the case of normal
random variables.

(X = 1) ZHX = )/

V)%, (Y —ppym ~ ™
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4. If X ~ N(0,0?l,) andA is a symmetric idempotemtx n matrix of rankG,

thenX’'AX/o? ~ }?(G).

Note thatX’AX = (AX)'(AX) and rankf) = tr(A) becausé\ is idempotent.

5. If X ~ N(0,c?l,), A andB are symmetric idempotentx n matrices of rank
G andK, andAB = 0, then

XAX X'BX  XAX/G

Go2! Koz ~ X'BX/K F(G.K).
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3 Multiple Regression Model @& [E)&E 7 L)

Up to now, only one independent variable, i», js taken into the regression model.

In this section, we extend it to more independent variables, which is called thi

multiple regression model @[ J&E T V).
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We consider the following regression model:

Yi = Ba1Xia + BoXio + -+ BuXik + Ui
B

B2
= (Xi,l’ Xi,Z’ ) Xi,k) + U,

B
= Xp + U,

fori=1,2,---,n,

wherex; andg denote a X k vector of the independent variables arkbal vector
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of the unknown parameters to be estimated, which are represented as:

b1
B2
Xi = (X1, X2, s Xik)s =] .1

B

X; ; denotes théth observation of thgth independent variable.
The case ok = 2 andx;; = 1 for all i is exactly equivalent to (1).

Therefore, the matrix form above is a generalization of (1).
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Writing all the equations for=1,2,---,n, we have:

Y1 = B1Xy1 + BoXio + - 4 BuXik + U = X8 + Uy,

Yo = BiXo1 + BoXoo + -+ 4 BuXok + Uz = Xoff + Uy,

Yn = BiXn1 + B2Xn2 + -+ + BiXnk + Un = XoB + Un,
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which is rewritten as:

Y1
Y2

Yn

X11

X21

X12

X22

Un

56

X1k

X2k

Xnk

B
B2

B

V]

U

Un



Again, the above equation is compactly rewritten as:

y=XB+u, (18)
wherey, X andu are denoted by:
Y1 X11 X2 o Xk X1 Uy
Y2 Xo1 Xoo2 it Xok X2 17}
y={| .| X=[ . . A A u=
yn Xn,l Xn,2 Tt Xn,k Xn Un

Utilizing the matrix form (18), we derive the ordinary least squares estimai®y of

denoted by3.
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In (18), replacings by 3, we have the following equation:
y=X3+e
wheree denotes an x 1 vector of the residuals.

Theith element ok is given bye,.

The sum of squared residuals is written as follows:
~ n ~ ~ ~ ~
S(B) = ZQZ =€e=(y-XB)(y-X8) = (Y -BX)(y - Xp)
i=1
=YY-YXB-BXY+BXXB=YYy~2yXB+BXXB.
In the last equality, note thatX’y = y' X3 because both are scalars.
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To minimizeS(B) with respect tg, we set the first derivative &(5) equal to zero,

ie.,

A

aS(B) .
=~ _2X'y + 2X'Xj = 0.
Py y xXB

Solving the equation above with respecBtaheordinary least squares estimator
(OLS, /NBFEHEE) of g is given by:

B = (X'X)"1Xy. (19)

Thus, the ordinary least squares estimator is derived in the matrix form.

59



(*) Remark

The second order condition for minimization:

s
TS6) _ oxrx
pop’

is a positive definite matrix.
Setc = Xd.

For anyd # 0, we haver’c = d’X’Xd > 0.
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Now, in order to obtain the properties @6uch as mean, variance, distribution and

so on, (19) is rewritten as follows:
B=(X'X)IXy = (X'X)IX(XB + u) = (X'X)IX'XB + (X'X) X 'u
=B+ (X' X)"IX'u. (20)
Taking the expectation on both sides of (20), we have the following:
E@) = E@+ (X'X)™IX'u) = B+ (X' X) IXE(U) = 3,

because of K() = 0 by the assumption of the error tetm

Thus, unbiasedness gfis shown.
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The variance of is obtained as:
V(B) = E((B - B)(B— B)') = E((X'X) ™ X'u((X'X)""X'u))

= E((X’X)™ X uu X(X’X)™) = (X'X)" X E(uu) X (X' X)™

= (X' X)X XX X)L = 2(X' X)L
The first equality is the definition of variance in the case of vector.
In the fifth equality, EQU) = oI, is used, which implies that Bf) = o2 for all i
and E(u;) = O fori # j.
Remember thaty, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed with mean zero and variance
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Under normality assumption on the error temnit is known that the distribution of

Bis given by:
B~ N(@B,o*(X'X) ™.

Proof:

First, whenX ~ N(u, X), the moment-generating function, i.@(p), is given by:

#(0) = E(exp(@’X)) = exr(e’,u + %9’29)
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6:nx1, uwunxl, Ggkxl, PBkx1
The moment-generating function ofi.e.,¢,(6,), is:
0_2
9u(6u) = E(exp@u)) = exp(—-6,6.).

which isN(0, o2I,).
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The moment-generating function,é,fi.e.,qbﬁ(t‘)ﬁ), is:

$5(05) = E(exp@)B)) = E(exp@B + g5(X'X)"'X'u))
= expUB)E(exp@;(X'X)™X'u)) = exp@iB)¢u(0,(X X)*X')
= exp@;p) exp(";e;(x'xrleﬁ) = exp(68 + %Zeg(x'xyleﬁ),

which is equivalent to the normal distribution with megand variancer2(X’X)2.

Note that 6, = X(X'X) 6. QED
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Taking thejth element of3, its distribution is given by:

Bi - Bi

O'\/ajj

Bj ~ N(B;, o?ayj), ie. ~ N(O, 1),

wherea;; denotes théth diagonal element of('X) 2.

Replacingo? by its estimatois?, we have the following distribution:

B - B

S ajj

~ t(n - K),

wheret(n — k) denotes thé distribution withn — k degrees of freedom.
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& is taken as follows:

1 < 1 1 A R
= m;elz = ——ge=—— (V=X (y - Xp),
which leads to an unbiased estimatoodf

Proof:
Substitutey = X8 + uandp = 8 + (X’X)1X’uintoe = y — X3.

e=y—XB=XB8+u—-X(@B+ (X'X)X'u)
=u—- X(X'X)Xu= (I, = X(X’X)™X)u
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I, — X(X'X)"1X" is idempotent and symmetric, because we have:
(In = XX X) XY (1 = XOXIX) X)) = 1, = X(XIX) X
(In = X(X'X) XY = 1 = X(X' X)X,

& is rewritten as follows:

L e L XX XY (1 — XOXX)1X
&= ——ee= n_k((ln XX X)X (1 = XX X)X

= rl%u’(ln — XX X)X (1h = X(X' X)X )u

1
= m(u'(ln — X(X'X)IX)u
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Take the expectation af (I,, — X(X’X)"1X")u and note that tg) = a for a scalam.
1 1
E() = mE(tr(u’(ln — X(X'X)™'X")u)) = mE(tr((ln = X(X'X)™X")uu))
1 1
= mtr((ln = X(X'X)™X)E(uu)) = mo-ztr((ln = X(X'X)™X)1p)
= %(aztr(ln - XX’ X)X = %gz(tr(ln) — tr(X(X'X)"1X"))
= niaz(tr(ln) — tr((X’ X)X’ X)) = iaz(tr(ln) —tr(1y))
= ikaz(n K) =
— §%is an unbiased estimator of.

Note that we do not need normality assumption for unbiasednegs of
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Trace (b L —2X):

1. Anxn, tr(A) =X, a, wherea;; denotes an element in tlid row and

the jth column of a matriA.
2. a scalar (Ix 1), tr(@@ =a
3. AAnxk, B:kxn, tr(AB)=tr(BA)
4. tr(X(X"X)™1X7) = tr(X’ X)X’ X) = tr(l) = k

5. WhenX is a vector of random variables(t X)) = tr(E(X))
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Under normality assumption far; the distribution ofs? is:

(N-K  u(l, - X(X'X)X)u
2 - 2

~ X A(tr(ln = X(X'X) X))

g g

Note that  tfl,, — X(X'X)"1X") = n -k, because

tr(l,) =n
tr(X(X’X)™1X) = tr(X’X)*X’X) = tr(ly) = k
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[Review]
o X'X ~ y2(n) for X ~ N(O, I,,).

X' X
= ~ x°(n) for X ~ N(0, ol,).
g

X'AX . .
i Y*(G), whereX ~ N(0,c?l,) andA is a symmetric idempotemt x n

matrix of rankG < n.

Remember thab = Rank@) = tr(A) whenA is symmetric and idempotent.

[End of Review]
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Asymptotic Normality (without normality assumption on u): Using the cen-
tral limit theorem, without normality assumption we can show thath as» oo,

under the condition O%X'X — M we have the following result:

Bi - B

S ajj

— N(0, 1),
whereM denotes & x k constant matrix.

Thus, we can construct the confidence interval and the testing procedure, using t
t distribution under the normality assumption or the normal distribution without the

normality assumption.
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4 Properties of OLSE

1. Properties o8 : BLUE (best linear unbiased estimatoy & RGN mit
EE), i.e., minimum variance within the class of linear unbiased estimators

(Gauss-Markov theorem 77 R - <)L 27 DEE)

Proof:

Consider another linear unbiased estimator, which is denot@d=bgy.
f=Cy=C(Xg+u)=CX8+Cu,

whereC is ak x n matrix.
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Taking the expectation @ we obtain:
E(3) = CXB + CE(U) = CXB

Because we have assumed hat Cyis unbiased, B) = 8 holds.
That is, we need the conditio@X = .

Next, we obtain the variance gf= Cy.

B=C(Xp+u)=8+Cu
Therefore, we have:
V(B) = E((B - B)(B - B)') = E[CuuC’) = 0*CC
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DefiningC = D + (X’X)"1X’, V(B) is rewritten as:
V(B) = 02CC’ = o?(D + (X’X)™1X)(D + (X'X)"XY'.
Moreover, becausgis unbiased, we have the following:
CX=lg=(D+ (XX) X)X = DX + |
Therefore, we have the following condition:

DX =0.
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Accordingly, V() is rewritten as:

V(B) = 02CC = 0D + (X'X) X)(D + (X' X) XY
= (X' X)™* + o?DD’ = V(B) + 0°DD’
Thus, V@) — V(B) is a positive definite matrix.
= V(Bi) - V(Bi) >0

— 3 is a minimum variance (i.e., best) linear unbiased estimatgr of
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Note as follows:

= As positive definite whend’ Ad > 0 exceptd = 0.

= Theith diagonal element o4, i.e., a;, is positive (choosd such that the

ith element ofl is one and the other elements are zeros).
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F Distribution (Hq : B = 0):

1. If u~ N(O,c2l,), thenB ~ N(B, (X’ X)™1) .
B—BYX'X(B -
(B ﬁ) . (:8 :8) ~)(2(k).

o

Therefore,

2. Proof:

UsingB — B8 = (X’X)~1X’u, we obtain:

(B — B) X' X(B = B) = ((X'X)™2X"u) X' X(X'X) ™ X"u
= UX(X' X)X XX X)X 'u = U X(X' X)X u
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Note thatX(X’'X)-1X’ is symmetric and idempotent, i.&,A = A.

uX(X'X)"1X'u
0—2

~ (XX X) X))
The degree of freedom is given by:
tr(X(X'X)71X’) = tr(X’ X)X X) = tr(ly) = k

Therefore, we obtain:

uX(X'X)"1X'u
0—2

~x*(K)
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3. (*) Formula:

Suppose thaX ~ N(O, Iy).
If Ais symmetric and idempotent, i.&VA = A, thenX’AX ~ y2(tr(A)).

1
Here,X = —u ~ N(0, I,) fromu ~ N(0, o%1,,), andA = X(X’'X)1X".
g
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4. Sum of Residuals: eis rewritten as:
e=(In— X(X'X)"1X)u.
Therefore, the sum of residuals is given by:
ge=Uu(l, - X(X'X)1X)u.

Note that 1, — X(X’X)"1X’ is symmetric and idempotent.

We obtain the following result:

ge  U(ly— XOUX) X
ge _ Ul - X(X07X X¥(tr(1n = XOUX) X)),
a (o
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where the trace is:
tr(l, — X(X’X)™1X) = n- k.

Therefore, we have the following result:

ge  (n-ks

0_2 - 0_2 ~ /\/z(n - k)’

where
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5. We show thaf is independent oé.

Proof:

Becausel ~ N(0, o2l,,), we show that Co j3) = 0.

Cov(e. 5) = E(e(5 - B)) = E((In - X(XX) X )u((XX)*X'u)’)
= E((In — X(X'X)™X)UU XX X)) = (In = X(X'X)X)EUU)X(XX)™
= (In — XX X)X I)XX X)L = 021, — XX X)IX)X (X X) ™2

= (XX X) ™ = X(X'X) XXX X)) = c?(X(X'X) ™ = X(X'X)™) = 0.
Therefore is independent oé.
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6. Therefore, we obtain the following distribution:
B-BYXXB-P)  UXXX) XU

o S ~ XK.
ge Ul - X(X'X)1X)u
;: (n (0-2 ) ) ~X2(n—k)
3 is independent oé.
Accordingly, we can derive:
(B = BY X' X(5 - B) ko .

i—f ftn-K) ¥
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Note as follows:

(B =YX X( - ) fk

o2
2%

becauseX(X’ X)1X'(I,, — X(X'X)"1X") = 0

~ U X(X' X)X u/k
Ul = X(XX)1X)u/(n = K)

~ F(k,n—K),

Under the null hypothesidp : 8 = OﬁXX,B/k

Given data’B SX’B/

BXXBIK
t—

F(k,n-K).
is compared with(k, n — k).

is in tha tail of theF distribution, the null hypothesis is rejected.
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(*) Formulas — Review — :

u/n
o v/m ~ F(n, m) whenU

simy?(n), V ~ y2(m), andU is independent of.

e WhenX ~ N(0, 1)), AandB arenxn symmetric idempotent matrices, RaAkE=

B B B B X'AX/G
tr(A) = G, Rank@) = tr(B) = K andAB = 0, thenX'BX/K F(G, K).

Note that the covariance #fX andBX is zero, which implies thaAX is indepen-

dent of BX under normality ofX.
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Codficient of Determination GRE %), R%

i, €

1. Definition of the Coéficient of DeterminationR?: R =1- of————5
Ziayi —-Y)

n
2. Numerator: Z & =¢e
i=1

3. Denominator: Zn:(yi -2 =y(,- %ii’)’(ln - %ii’)y =y(l,- %ii’)y

i=1
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(*) Remark

y 1. 1.,
= : - E :y—ﬁn’y:(ln—ﬁn)y,

wherei = (1,1,---,1).

ge

4. In a matrix form, we can rewrite as: R> = 1 — —
y(ln = 5ii)y
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F Distribution and Coefficient of Determination:

=— This will be discussed later.

Testing Linear Restrictions (F Distribution):
1. If u~ N(O,02l,), thens ~ N(B, o2(X’ X)) .
Consider testing the hypothesis : R3 =r.
R: GxKk, rank®) = G < k.
R3 ~ N(RB, 2R(X’X)"!R).
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(RB-r)(RXX)'R)*(RB-T)

Therefore, o x*(G).

Note thatR3 = .

(@) Wheng ~ N(8, 74X’ X)™1), the mean oR3 is:
E(RB) = RE(B) = R.
(b) Whenp ~ N(B, 2(X’X)™1), the variance oR3 is:
V(RB) = E((RB - RB)(R3 - RB)) = E(R(3 - B)(B - AYR)
= RE((3 - A)(B - B))R = RV(AR = o*RIX'X)'R.
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2. We know that(n;—?SZ = i—f 0= Xﬁ();gy_ X5) ~x*(n-K).

3. Under normality assumption an 3 is independent oé.

4. Therefore, we have the following distribution:

(R - 1) (RXX)R) (R —1)/G
V= XB)'(y = XB)/ (- )

~F(G,n-k)
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5. Some Examples:

(a) t Test:
The case o6 =1,r =0andR=(0,---,1,---,0) (theith element oR
is one and the other elements are zero):

The test oHp : B = O is given by:

~ , S — i 2
(RB— 1)’ (R(X X)S;R) (RB-1)/G _ slf;“ ~ELn-k,

wheres? = ¢e/(n- k), R3 = 3 and
a; = R(X’X)"IR = thei row andith column of K’X)2.

93



*) Recall thatY ~ F(1, m) whenX ~ t(m) andY = X?.

Therefore, the test dfly : B = 0 is given by:

A

Bi

~ t(n—K).
sva 7Y
(b) Test of structural change (Part 1):
XBr+U, 1=212---m
| XB2+ U, i=m+1lm+2---,n

Assume that; ~ N(O, o).
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In a matrix form,

Y1
Y2

Ym
Yrm 1

ym+2

Yn

0 Xm1 ﬁZ Umi1
0 Xmi+2 Umi-2
0 Xn Un
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Moreover, rewriting,
)= )l
= +u
Y2 0 Xo/\pB2
Y=XB8+u

The null hypothesis isly : 81 = Bo.

Again, rewriting,

Apply theF test, usingR = (I — Ix) andr = 0.
In this caseG = rank®) = k andg is a Xk x 1 vector.

The distribution ig=(k, n — 2K).
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(c) The hypothesis in which sum of the 1st and 2ndfiioents is equal to

one:

R=(1,1,0,---,0),r=1

In this caseG = rank®) = 1

The distribution of the test statistic K51, n — k).
(d) Testing seasonality:

In the case ofjuarterly data (FU¥H#§7—4), the regression model is:

y:d+CZlD1+CZ2D2+a’3D3+X,80+U
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D; = linthejth quarter and O otherwise, i.®;, j = 1,2,3, are sea-
sonal dummy variables.

Testing seasonality= Hp: a1 =ax =a3=0

a
a1 01 0O0O0--0 0

B=|az|, R=|{0 01 0 0 --- 0], r=|o
as 0O 001 0--0 0
Bo

In this caseG = rank®R) = 3, andg is ak x 1 vector.

The distribution of the test statistic K53, n — k).
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(e) Cobb-Douglas Production Function:
Let Q;, K; andL; be production, capital stock and labor.

We estimate the following production function:

log(Q)) = B1 + B210g(Ki) + Bzlog(Li) + u;.

We test a linear homogeneous {X[F]¥X) production function.

The null and alternative hypotheses are:

Ho: B2+p3=1,
Hi: B+ 63 # 1.
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Then, set as follows:
R=(0 1 1), r=1

() Test of structural change (Part 2):
Test the structural change between time periodsdm + 1.

In the case where both the constant term and the slope are changed, t

regression model is as follows:

Yi = @+ B% +yd +odix + Ui,
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where
q 0O, fori=12---,m,
i =
1, fori=m+1m+2---,n.
We consider testing the structural change at ime 1.

The null and alternative hypotheses are as follows:
Ho : Y = 0=0,
H1:y¢0,0r,5¢0.

Then, set as follows:
0 01 0 0
(o004 "=l
0 0 0 1 0
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(9) Multiple regression model:

Consider the case of two explanatory variables:
Yi =a+pBX+vyZ +u.

We want to test the hypothesis that neitlkenor z depends ory;.

In this case, the null and alternative hypotheses are as follows:

Ho:ﬁ:)/:O,
Hi: B#0, or,y #0.
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Then, set as follows:

“lo ook o
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Codficient of Determination R? and F distribution:

@ The regression model:

Yi = XB+ U = B1 + Xif32 + Ui

where

X=(1 xy), ﬁ=(ﬂl),
B

X+ 1xKk, Xoi - Ix(k-1), B kx1, B (k—=1)x1
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Define:
X21

X22
X5 =

Xon

Then,
y=XB+u=(i Xﬂ(ﬂj+wﬁ:Wy+Xﬁz+u

2
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where the first column oX corresponds to a constant term, i.e.,

1
_ 1
X:(I Xz), =

1

@ Consider testindgdy : 3, = 0.

The F distribution is set as follows:

R:(O |k_1), r=0
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whereRis a k — 1) x k matrix andr is a K — 1) x 1 vector.

(R3 - 1Y (RIX'X)'R) ™ (R3 - 1)/(k — 1)
ee/(n-Kk)

~ F(k-1,n-k)

We are going to show:
(RB =) (RIX'X)'R)™H(RB — 1) = B XsMXapy,

1.
whereM = |, — ﬁ”,'
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Note thatM is symmetric and idempotent, i.&4’'M = M.
yi—y
Y2—-Y
. |=My
Yn—Y
R(X'X)"IR is given by:
iy 1,0
RO R = (0 e[ )i ) ()
X lk-1

i i\t 0
0wl o) 1)
X5 X5X; le 1
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(*) The inverse of a partitioned matrix:

(All AlZ)
A= ,

A21 A22
whereA;; andA,; are square nonsingular matrices.
AL ( B11 —311A12A§% )
—A£§A21511 A§21 + AE%A21511A12A§%

whereBy; = (A1 — AAS3 A1), or alternatively,
AL (Aﬁ + AT A1LB AN AT —AHAlszz)
- 522A21AI% 7] ’
whereBy, = (A2 — Al AL AL) ™
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Go back to the distribution.

(i’i i’Xz)‘1 ( )
Xp XoXo)  \ (XX — Xi(ii) k%)t

(5 (Xé(ln—%ii’)Xz)‘l) ( (x;mxz)—l)

Therefore, we obtain:

i i\t 0
(0 I1) ( . ) ( )
Xél XéXz It

: 0
— _ ’ -1
=(0 Ik_l)(s (XéMXz)‘l)(lk_l)_(XZMXZ) '
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Thus, undeH, : B, = 0, we obtain the following result:

(R3 - 1Y (RX'X)'R) (R - r)/(k— 1)
ee/(n-K)

_ BXMXaBa/ (k- 1)

o0~ Flk-1n-k
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@ Codficient of DeterminationiR?:

Defineease = y — X3. The codiicient of determinant?, is
ge
y'My’

whereM = |, - ﬁ"/' I, is an x nidentity matrix and is an x 1 vector consisting

ofl,ie.,i=(11,---,1).
Me = My — MXg.
. . (P
WhenX = (i X;)andB = (A :
B2
Me = ¢,
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becaus&'e = 0, and
MX=M(i X;)=(Mi MX;)=(0 MX;)

becauséMi = 0. .

. B1 R
MXG = (0 sz)(A ): Mo

2
Thus,

My = MX3+Me = My = MX,53; + e

Thereforey My is given by:  y'My = 8,X;MXo53, + €,

becauseXe = 0 andMe = e.
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The codficient of determinant??, is rewritten as:

ge

RR=1- = €e=(1-R)yM

YNy ( )y My

My—ee B,X;MXop . .
R2=yly,y,\,|y N ;,MyZBZ BXsMXoB, = Ry My

Therefore,
ByXsMXofo/(K—1) Ry My/(k - 1)

ee/(n-K) - (1-R)y'My/(n-k)
_ Rk-1)

T (1-R)/(n-K

Thus, usingR?, the null hypothesisly : 3, = 0 is easily tested.

~ F(k-1,n—K)
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5 Restricted OLS (Hl#914 & /N Z5F%)

1. Let 3 be the restricted estimator.

Consider the linear restrictioms = r.

2. Minimize (y — XB)'(y — XB) subject toR3 =r.

Let L be the Lagrangian for the minimization problem.

L =(y—XB)'(y~XB) — 24 (RB ~r)
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Becauses andl minimize the Lagrangiah,

oL ~ ~
—~:—2X’ - —ZR’/IZO
PY: (y - XB)

oL ~

—~:—2 -r :O.

== —2(RE-1)

OX AX

a /
(*) Remember that%( =aand = (A+A)x

Froma—li = 0, we obtain:
oB
B=(X'X) Xy + (X'X)IRA=B+ (XX)RA
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Multiplying R from the left, we have:
R3 = R3 + RIX'X) 'R A.
BecauseR5 = r has to be satisfied, we have the following expression:
r=R8+RX'X) R
Therefore, solving the above equation with respeat, iwe obtain:
1= (RXX)™R) ™ (r - RB)
Substitutingl into 3 = B + (X’X)"1R 1, the restricted OLSE is given by:
B =B+ (XX)R (RXX)R) ™ (r - R).
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(a) The expectation ¢f is:

E@) = E@) + (X X)'R(RX'X)'R)(r - RE(3))
=B+ (X' X)'R(RX'X)'R) ™ (r - Rg)
= ﬁ,

because oR3 =r.

Thus, it is shown that is unbiased.
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(b) The variance of is as follows.

First, rewrite as follows:

B-B) = B-B)+ (XX R (RXX)R) " (R8 - RY)
= (B-B) - (XX) 'R (RXX)'R) " (RB - RY)
= (B-B) - (XX 'R (RXX)'R) RB-B)
= (Ik= (XX R (RXX)'R) " R)B - )
= W(@B-B),

-1

whereW = I, — (X'X) 'R (R(X'X)'R) "R.
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Then, we obtain the following variance:
V(B) = E((B- B)(B - B)') = E(W(B - B)(B - BY W)
= WE((8 - B)(B — B) )W = W (B)W' = o®W(X'X) "W/
= o?(1 - (X)) 'R (RXX)R) T R)(XX)™
x(1 = (XX)R (RXX)'R) " R)
= ?(X'X)t = FA(X'X)'R (R(X’X)‘lR)_l R(X'X) ™t
= V(B) - 2(XX) R (ROXX)R) T RXOX)™

Thus, V) — V(B) is positive definite.
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3. Another solution:

Again, write the first-order condition for minimization:

aL
9B
oL
ol

= 2X'(y—XB) - 2R1=0,
=-2R3-1) =0,
which can be written as:

X'XB - RA=Xy,

&,
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Using the matrix form:
(e S
R o/\-i) \r )
The solutions off and—1 are given by:

G- S )
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(*) Formula to the inverse matrix:
A B\' (E F
(B’ D) :(F’ G)’
whereE, F andG are given by:

=(A-BD'B)*=A"'+A'B(D-BA'B)'BA?
F=-(A-BD'B)'BD'=-A"BD-BA"'B)™"
=(D-BAB)*=D'+D!B(A-BD'B)!BD*
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In this caseE andF correspond to:

E=(XX)!- (X’X)‘lR(R(X’X)‘lR')_lR(X’X)‘l

-1

F = (XX)'R(RX'X)"'R)
Thereforeg is derived as follows:

B=EXy+Fr
= B+ (XX R(RXYX)R) (1 - RB).
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The variance is:

Therefore, V) is:

V(B) = 0?E = o*((X'X) ™" - (X/X)‘lR’(R(X’X)‘lR’)_1R(X’X)‘1)

Under the restrictionRg =r,
V(B) - V(B) = o-Z(X’X)‘lR(R(X’X)‘lF\V)_lR(X’X)‘l
is positive definite.
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6 F Distribution (Restricted and Unrestricted OLSS)

1.

As mentioned above, under the null hypothd4$is R8 =,
(RB- 1 (RXX)'R)(RB-1)/G
(y—-XB)'(y-XB)/(n-K)
whereG = RankR).

~ F(@G,n-K),

Using = B+ (X X)"'R (R(X’X)‘lF\y)_1 (r — RB), the numerator is rewritten

as follows:
(RB - ) (R(X'X)'R)H(RB - ) = (B - BY X'X(B - B).
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Moreover, the denominator is rewritten as follows:
(Y = XBY (y = XB)=(y = XB — X(B - B))' (y - XB - X(B - B))
=(y = XB)'(y — XB) + (B - B) X'X(B - B)
—(y = XBY X(B - B) — (B - B X'(y — XB)
=(y — XB)' (Y — XB) + (B — BY X' X(B - ).

X'(y — XB) = X'e = 0 is utilized.
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Summarizing, we have following representation:
(RB — ) (RX'X)"R)H(RB — 1)=(B — BY X' X(B - j)
=(y = XBY (y = XB) — (y — XB)' (y - XB)
=0'0- €e
wheree and U are the restricted residual and the unrestricted residual, i.e.
e=y-Xgandu=y- X3
Therefore, we obtain the following result:

(RB -1 (RX'X)'R) (RB-n)/G_(rii - ee)/G
(= XB)'(y = XB)/(n - K) ee/(n-K)
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7 Example: F Distribution (Restricted OLS and Un-
restricted OLS)

Date file = cons99.txt (Next slide)

Each column denotes year, nominal household expenditgtgsifiZ¢, 10 billion
yen), household disposable incona® I rI 4L 73 FifS, 10 billion yen) and house-
hold expenditure deflatoB¢itiHZ 7 7 L — &, 1990=100) from the left.
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1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969

5430.
5974.
6686.
7169.
8019.
9234.
10836.
12430.
14506.
16674.
18820.
21680.
24914.
28452.
32705.

NN @ O 1 O O N W N W N e

6135
6828
7619
8153
9274

10776.
12869.
14701.
17042.
19709.
22337.
25514.
29012.

34233

39486.

W oA ON R A W WU 2

18.
18.
19.
19.
19.
20.
21.
23.
24.
26.
27.
29.
30.
31.
32.

© Ok @ ® @ VW N U N R e W e

1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984

37784.
42571.
49124.
59366.
71782.
83591.
94443 .
165397.
115960.
127600.
138585.
147103.
157994.
166631
175383

B O @ R @ L W BN R R R R o e

45913.
51944.
60245.
74924,
93833.
108712.
123540.
135318.
147244.
157071.
169931.
181349.
190611.
199587.
209451.

© 0 U1 N UV R N R O N s W N
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35.
37.
39.
44.
53.
59.
65.
70.
73.
76.
81.
85.
87.
89.
91.

® U N R @ U RN W R N U N

1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

185335.
193069.

202072

212939.
227122.
243035.
255531.
265701.
272075.
279538.
283245.
291458.
298475.

MNUs N W NN L oo -

220655.
229938.
235924.
247159.
263940.
280133.
297512.
309256.
317021.
325655.
331967.
340619.
345522.

93.

94
95
95
97

100.
102.
104.
105.
106.
106.

107.
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Estimate using TSP 5.0.
LINE B g e Al T bt b o b e A e b e b i bt b L A A A T S L S L SR L S
1 freq a;
2 smpl 1955 1997;
3 read(file="cons99.txt’) year cons yd price;
4 rcons=cons/(price/100);
5 ryd=yd/(price/100);
6 d1=0.0;
7 smpl 1974 1997;
8 di1=1.0;
9 smpl 1956 1997;
10 dlryd=dl*ryd;
11 olsqg rcons c ryd;
12 olsqg rcons c dl ryd dlryd;
13 end;

131



Equation 1

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.

Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .127951E+10
Variance of residuals = .319878E+08

Std. error of regression = 5655.77

R-squared = .994890
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Adjusted R-squared = .994762
Durbin-Watson statistic = .116873
F-statistic (zero slopes) = 7787.70
Schwarz Bayes. Info. Crit. = 17.4101
Log of likelihood function = -421.469

Estimated Standard

Variable Coefficient Error t-statistic
C -3317.80 1934.49 -1.71508
RYD .854577 .968382E-02 88.2480
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Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.

Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .244501E+09
Variance of residuals = .643423E+07

Std. error of regression = 2536.58

R-squared = .999024
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Adjusted R-squared = .998946
Durbin-Watson statistic = .420979

F-statistic (zero slopes) = 12959.1

Schwarz Bayes. Info. Crit. = 15.9330

Log of likelihood function = -386.714

Estimated Standard

Variable Coefficient Error t-statistic
C 4204.11 1440.45 2.91861
D1 -39915.3 3154.24 -12.6545
RYD .786609 .015024 52.3561
D1RYD .194495 .018731 10.3839
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1. Equation 1
Significance test:

Equation 1is:

RCONS = ﬁl +ﬂ2RYD
Ho: B2=0
(No.1) t Test = Compare 88.2480 arn42 — 2).

R?/G _ .9948901 ~
(1-R)/(n-K  (1-.994890)(42-2)
77878 andF(1, 40). Note thaty77878 = 88.2485.

(No.2) F Test = Compare
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1% point of F(1,40)=7.31

Ho : B, = Oisrejected.

. Equation 2:

RCONS = f31 + B2D1 + B3RYD + B4RYD X D1

Ho: B2=B3=pB4=0

R?/G 9990243

I-RD/(n—K) ~ (1-.999024)(@2—a) ~ 1290%°

F Test = Compare
andF(3, 38).
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1% point of F(3,38) = 4.34

Ho : B> = B3 = B4 = O is rejected.

3. Equation 1vs.Equation 2
Test the structural change between 1973 and 1974.

Equation 2is:
RCONS = 1 + B2D1 + B3RYD + 34RYD x D1

Ho: B2=B84=0
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Restricted OLS—= Equation 1
Unrestricted OLS— Equation 2

(- €e)/G  (.127951E + 10 — .244501E + 09)/2

= =8043
ee/(n-Kk) .244501E + 09/(42- 4)

which should be compared wit(2, 38).
1% point of F(2,38) = 5.211< 8043
Ho : B> = B4 = 0is rejected.

= The structure was changed in 1974.
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8 Generalized Least Squares Method (GLS—#&1t
SUNSES)
1. Regression model: y = X8 + u, u~ N(0,0%Q)

2. Heteroscedasticity IFE 28, FH—0 )

o2 0 -~ 0
0 0'3
o2Q =
0
0 0 o2
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First-Order Autocorrelation ( —F& D B 24868, *5I+EE)

In the case of time series data, the subscript is conventionally givémioy
i

U = ply_1 + &, & ~ iid N(0, o)
1 p  p? Pt
o 1 p pn—Z
2 ol 2 n-3
720 = = 0 0 1 - p
o 2 i3 1



0_2

V(w) = 0% = —

3. The Generalized Least Squares (GLS-##{t.ix/N — &%) estimator ofs,

denoted byb, solves the following minimization problem:

min (y — Xb)'QY(y — Xb)
b

The GLSE ofg is:
b=XQX)'XQly
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4. In general, whef is symmetricQ is decomposed as follows.
Q=AAA

A is a diagonal matrix, where the diagonal elementd aire given by the
eigen values.

Ais a matrix consisting of eigen vectors.

WhenQ is a positive definite matrix, all the diagonal elementadadre posi-
tive.

5. There exist$ such tha2 = PP (i.e., takeP = AAY?). = P1QP 1 =1,
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Multiply P~* on both sides of = X3 + u.

We have:
y* — X*B + U*,

where y*=Ply, X*=P1X, and u*=Plu
The variance ofr* is:
V(u*) = V(Pu) = PV(U)P ™ = 0?PIQP T = o,

becaus®) = PP, i.e.,,P QP! =I,.
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Accordingly, the regression model is rewritten as:
y* = X*B +U*, u* ~ (0,°l,)
Apply OLS to the above model.

Let b be as estimator ¢f from the above model.

That is, the minimization problem is given by:

min (y* — X*b)' (y* — X*b),
b
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which is equivalent to:

min (y — Xb)'Q(y — Xb).
b

Solving the minimization problem above, we have the following estimator:

b — (X*IX*)—lx*ly*

— (X/Q—lx)—lxl Q_ly,

which is called GLS (Generalized Least Squares) estimator.
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b is rewritten as follows:
b=pg+(X"X*) XU = g+ (X'Q X)X Q'
The mean and variance bfare given by:

E() =5,
V(b) = c2(X*' X))t = (X QX)L
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6. Suppose that the regression model is given by:
y = X8+ U, u ~ N(0, 0%Q).
In this case, when we use OLS, what happens?

B=(X'X)IXy =B+ (X'X)X'u

V(B) = ?(X' X)X QX(X’X) 1

Compare GLS and OLS.
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(a) Expectation:
E@) =4 and Eb) =4
Thus, both3 andb are unbiased estimator.

(b) Variance:

V(B) = o2(X' X)X QX(X'X) ™
V(b) = F2(X'Q1X)

Which is more €icient, OLS or GLS?.

149



V(B) = V(b) = c2(X'X) X' QX(X'X) ™t = 2(X'Q1X) 2
= (X X)X - (X QX)X QT
(X)X = (X))
= o’ AQA
Q is the variance-covariance matrix of which is a positive definite

matrix.

Therefore, except faR = 1,,, AQA’ is also a positive definite matrix.
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This implies that V) — V(b;) > O for theith element of3.

Accordingly,b is more dficient than3.

7. If u~ N(O, o?Q), thenb ~ N(B, c2(X'Q1X)™1).
Consider testing the hypotheskd, : R =r.
R: Gxk, rankR =G <k
Rb~ N(RB, r2R(X'Q"1X)"IR).

Therefore, the following quadratic form is distributed as:

(Rb—r)(RX'QX)'R)(Rb-r)

— ~ X*(G)
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8. Becausey* — X*b)'(y* — X*b)/a? ~ y?(n — k), we obtain:

(y ~ XByQ Yy - Xb)

= K=K

9. Furthermore, from the fact thatis independent oy — Xb, the following F

distribution can be derived:

(Rb=r) (RX'QX)R) X (Rb-r)/G
(y = Xby'Q Yy - Xb)/(n - k)

~ F(G,n-kK)
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10. Let b be the unrestricted GLSE aifxcbe the restricted GLSE.

Their residuals are given landu, respectively.

e=y— Xb, =y-Xb

Then, theF test statistic is written as follows:

Q- eQle)/G
eQ-te/(n-K)

~F(G,n-k)
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8.1 Example: Mixed Estimation (Theil and Goldberger Model)

A generalization of the restricted OLS= Stochastic linear restriction:

r=RB+v, E(v) =0 and V§) = o?¥
y=XB+u, E(u) =0 and V() = &I,

Using a matrix form,
y X u u 0 u I, O
Ll =)o) =)=l )
r R Y v 0 v 0O v
For estimation, we do not need normality assumption.
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Applying GLS, we obtain:

b:[(X' R’)(

1 -1

o v (&) [ s

= (XX + R¥R) " (X'y + Rw™r).

Mean and Variance df:

b:((X’ R)(

b is rewritten as follows:

1

o o) () o (s

ws<foc ol 3) () ()
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Therefore, the mean and variance are given by:

Eb) =48 = bis unbiased.

ool w3 2 )

= (XX +R¥R)

-1

156



9 Maximum Likelihood Estimation (MLE, &%)
— Review of Last Semester

1. The distribution function ofX;}?; is f(x; 8), wherex = (X1, Xz, - - -, X») and
0= (u,X).

Note thatX is a vector of random variables ards a vector of their realiza-

tions (i.e., observed data).

Likelihood functionL(:) is defined ad.(8; x) = f(x; 6).
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Note thatf(x;6) = [T, f(x;6) whenXy, X,, - -+, X, are mutually indepen-
dently and identically distributed.

The maximum likelihood estimator (MLE) @fis 6 such that:

max L(6; X). = max logL(g; X).
9 9

MLE satisfies the following two conditions:

dlogL(6;X) _
(@) ——— =0,

d%logL(6; X) . _ N |
®) ERFTETEE negative definite matrix.
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2. Fisher's information matrix ( 7 1 v & ¥+ —D1E#H175!) is defined as:

2 :
1(6) = —E(M),

06006’

where we have the following equality:

#logL(0; X)\ _,dlogL(6; X) dlogL(F; X)\ ., dlogL(s;X)
- 9000’ )=&( 90 a0 )=v( 90 )

Proof of the above equality:

fL(H; X)dx = 1
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Take a derivative with respect &

fc’)L(e; X)dx 0
00

(We assume that (i) the domain wtloes not depend ahand (ii) the deriva-
. 0L(6; %)
tive

06

Rewriting the above equation, we obtain:

dlogL(6;x), , B
f 9 L(6; x)dx = 0,

exists.)

c(Zeote)
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Again, differentiating the above with respectiowe obtain:

logL(®;x), , dlog L(6; xX) OL(6; X)
f ST L(6; X)dx + f % 54 dx

_ [ *logL(®;x), . dlogL(g; x) dlogL(; %), ,
_ f Eo L6 9dx+ f = =216 ¥ax

_ (9logL(6; X) dlogL(#; X) dlogL(6; X)
- E( 3000’ )+ E( a0 00

Therefore, we can derive the following equality:
_E(az log L(6; X)) ~ E(a log L(6; X) dlog L(6; X)) _v (a log L(6; X))

)=0.

0006’ a0 o0’ a0
. . logL(#; X
where the second equality utlllzez{%) =0.
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3. Cramer-Rao Lower Bound (7 Z X —JL - S ZDTFR): (1(6)*
Suppose that an estimator®is given bys(X).

The expectation of(X) is:

E(s00) = [ s09L(E: 9
Differentiating the above with respect#o

GE(S(X)) fs( )GL(Q X)d — fs( )ML(Q x)dx

dlogL(#; X)
)

_ Cov(s(X),
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For simplicity, lets(X) and6 be scalars.
Then,

(GE(S(X))
00

. 2
W)) =V (s(X))V(

dlogL(g; X)
a0 ’

2 .
) :(Cov(s(X), dlogL(o; X))

09
<V (X)) V (

dlogL(d; X)

wherep denotes the correlation cheient betweers(X) and %
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Cov(s(X),

W\/ 6IogL(¢9 X))

dlogL(g; X)
=)

p:

Note thatp| < 1.
Therefore, we have the following inequality:

IE(S(X))\?
( o )SV(s<X))V(

dlogL(6; X)
06 ’
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(aE(s(X»)Z

V(s(X)) 2

dlogL(0; X)
ey

Especially, when E{(X)) = 6,

V(s(X)) = = ()™

0% logL(6; X)
=5
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Even in the case wher#X) is a vector, the following inequality holds.

V(s(X)) = (1(6) ™,

wherel (0) is defined as:

10 - £ 20X
_E dlogL(@; X) dlog L(6; X) _v dlogL(0; X)
_( 06 00’ )_( 90 )

The variance of any unbiased estimatoé & larger than or equal td (¢)) 1.
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4. Asymptotic Normality of MLE:

Let § be MLE ofé.

As n goes to infinity, we have the following result:

-1
Vn(@ - 6) — N(o,lm(@) )

n

. il
where it is assumed that |I6’)%) converges.

N—oo

That is, whem is large,d is approximately distributed as follows:
6~N(0.(10)™).
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Suppose thas(X) = 6.

Whenn is large, (s(X)) is approximately equal td (6)) .

5. Optimization (&&1t):

MLE of 8 results in the following maximization problem:

max log L(6; X).
6

We often have the case where the solutiof of not derived in closed form.
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= Optimization procedure

0= dlogL(¢;x) dlogL(6*; x) . 0% log L(6"; X)
Bl A6 - 90 000’

@ - 6).

Solving the above equation with respecttave obtain the following:

0o 82logL(6*; )\ alogL(6*; X)
- 9606’ 90
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Replace the variables as follows:

g —s 60+

g —s 60

Then, we have:

i+ = gl) _ (52 log L(6“; x) )_1 dlogL(6"; x)

06000’ 06

= Newton-Raphson method Ea21— k> - STV ViK)
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2 @i)- 2 (i) -
Replacin 0%logL(6"; x) by E(a logL(6"; x)

0006' 06006’
timization algorithm:

o0 _ g _ (g (22109 L(6; x) )\ 9log L(6?; X)
0606’ 00
-1 0log L(67; x)
06

), we obtain the following op-

=0 + (1(6)

= Method of Scoring (X 3 773%)
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9.1 MLE: The Case of Single Regression Model

The regression model:

Vi = B1+ B2X% + Ui,
1. u ~ N(0, o?) is assumed.

2. The density function ofj is:

f(u) = ! ex —iu2
1] — W p 20_2 i |-

Becausau, Uy, - - -, U, are mutually independently distributed, the joint den-

172



sity function ofuy, uy, - - -, Uy is written as:

f(ug, Up, - -+, un) = fug) f(uz) - - - f(un)
1 1 <
= (27m-2)n/2 exp(_T‘-Z Z u'z]

i=1
3. Using the transformation of variable;(= y; — 81 — B2X), the joint density

function ofyy, y,, - - -, ¥, IS given by:

1 1 <
f(yn Yo, - ¥n) = Cro?)2 eXp(—r‘_z Z(Yi -B1 _IBZXi)z)
i-1

= L(ﬂlvﬁZa 0-2|y1’ y2’ ) yn)'
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L(B1, B2, 02ly1, Yo, - - -, Yn) is called the likelihood function.

log L(B1, B2, oIy, ¥a, - - -, Yn) is called the log-likelihood function.

|Og L(,Bl,ﬁz, 0'2|y1, Yo, -, yn)
_ n n 2 1 & 2
= —5 log(2n) - 5 log(?) - 5= ;(yt — B1 — B2X)
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4. Transformation of Variable ( Z#Z #2):
Suppose that the density function of a random variabie f,(x).

Defining X = g(Y), the density function oY, f,(y), is given by:

() = fx(g(y»| 90),

In the case wher® andg(Y) aren x 1 vectors

4@' should be replaced by

'8g(y)‘ which is an absolute value of a determinant of the maféagl
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Example: WhenX ~ U(0, 1), derive the density function of = —log(X).

f(X) = 1

X = exp(Y) is obtained.

Therefore, the density function 8f, f,(y), is given by:

f(a(y)) = | — expy)l = exp(y)

dx
fy(y) = @
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5. Given the observed datg, Yz, - - -, Yn, the likelihood functiorL (81, B2, oIy,
Yo, -+, Yn), Or the log-likelihood function lodL(B1, B2, o2ly1, Yo, -+, Yn) IS

maximized with respect tay( 5, o?).

Solve the following three simultaneous equations:

010gL(B1, Bos 7AYL Yo, - oY) 1 o
g (Blﬁzaa,)ﬁyz y):;Z(yi—ﬁl_ﬁZXi):O’
i—1

dlog L(B1, B2, 7Y1, Y2, - - -
op

» yn 1 s
) = ;Z(Yi — B1—B2%)% =0,
io1
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010gL(B1, B2, oY, Yar - 5¥n) _ N1 1 oo .
Oo2 - 2 02 + 204 ;(yl :81 182X|) =0.

The solutions of £, B,, 0%) are called the maximum likelihood estimates,
denoted byf:, 3,, 52).

The maximum likelihood estimates are:

- YL =R -Y) s o = ., I, s s
Fe é{]:l(xi_i)z » Pi=y-pX ‘72:—;(%—!31—[32&)2.

n 4

The MLE of o2 is divided byn, notn — 2,
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9.2 MLE: The Case of Multiple Regression Model |

1. Multivariate Normal Distribution: X : nx 1 andX ~ N(u, X)

The density function oX is:

£ = (20" expf (¢~ )5~ ).
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2. Regression model: y=X8+u, u~ N(0,c?l,)

Transformation of Variables fromtoy:

fu(u) = (2no?)™"? exp(—%u’u)
g

50) = - X8|
= (210?) " ext{ 55y ~ XB (y - Xp)

= L(6;y, X),

whered = (B, 0?), because o% =1,
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Therefore, the log-likelihood function is:
. n 2 1 ’
log L(6:y. X) = ~3 log(210®) ~ 5—5(y — XB)' (¥ ~ XB).

Note thatX| 2 = |2l Y? = 2.

3. max logL(6;y, X)
0

(FOC) 6Iogl_a(6;y,X) 0
d*logL(6;y. X)

(50C) —jeoer

is a negative definite matrix.
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We obtain MLE ofg ando:

o = XD - XP)

B = (xx)7xy, .

wherecd? is divided byn, notn — k.

4. Fisher’s information matrix is:

0% log L(6;y, X))

16) = -§( 9606

The inverse of the information matrik(6)~*, provides a lower bound of the
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variance - covariance matrix for unbiased estimatois.of

(7 )

20"

_ (B B\ (P(XX)T 0
For largen, we approximately obtam( 2) ~N (( ) ( 204 ))

o o2 0
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9.3 MLE: The Case of Multiple Regression Model Il

1. Regression model: y=X8+u, u~ N(0,0°Q)

Transformation of Variables fromtoy:

fu(u) = (2no?) QY2 ex;( 53U 'Q u)

= (2n0?) QI exif 5 5y~ X8y - XB))
= L6y, X),
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wheref = (8, 0?), because o% =lp.

The log-likelihood function is:

1 1
l0g L@, X) = ~3 log(2re) - S 10g1Q - 5y — X8 2 (y - XB),

whered = (8, o2).

2. max logL(6;y, X)
6
dlogL(6;y,X) _

0
9*logL(6;y, X)

0600’

(FOC) 0

(SOC) is a negative definite matrix.
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Then, we obtain MLE of ando:
52 = (y = XB)YQ Xy - XB)

n

B — (X/Q—lx)—lle—ly’

3. Fisher’s information matrix is defined as:

9*logL(6;y, X))
0006’

1(6) = —E(

The inverse of the information matrik(6)~%, provides a lower bound of the

variance - covariance matrix for unbiased estimator wfhich is given by:

a2(X'QIX)t 0 )

16) " = ( 0 20"
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9.4 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AB(Model (p ¥X D B . [a] )& € 7 )L):

yt = ¢1yt—l + ¢2yt—2 +-0+ ¢pyt_p + U

AR(1) Model: t=23,---,n,
Ve = Y1+ U, U~ N(O,07)

wherejg,| < 1 is assumed for now.
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To obtain the joint density function of;, y2,---,Yn, f(Yn,Yn-1,---,Y1) is decom-

posed as follows:

n
F O Yoty = FO) | | FOAIYe, -+ ya).
t=2

Fromy; = ¢1Y;_1 + U, We can obtain:

EGVilYe1,--+> Y1) = 1Yo, and Vi1, -+, Y1) = o2

Therefore, the conditional distributiof(y;|y;_1, - - -, Y1) iS:

1
f(YelYe1, -+, Y1) = exp(—ﬁ(yt — d1ye1)?|.

1
V202
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To obtain the unconditional distributiof(y;), y; is rewritten as follows:

Vi = P1¥e-1 + U

2
= ¢1Ye2 + U + Pl

= PIVej + U+ prlg + - + Pl

= U + Palig + Pl o+ - -, whenj goes to infinity.
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The unconditional expectation and variance;as:
E(;)) =0, and V)= 0'2(1 + ¢i + ¢‘l" +--4)

0.2

= 1_¢%_

Therefore, the unconditional distribution ypfis given by:

1

1
expl—-———
2102/(1 - ¢2) Xp( 20%/(1 - ¢9)

f(y) =
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Finally, the joint distribution ofy, y», - - -, Y, IS given by:
n
F O Yoty = FO) | | FORIYea, -+, )
t=2
/27.(0-2/(1 _ (ﬁ) 20'2/(1 - ¢%)

L 1
X eXp(—ﬁ(Yt - ¢1Yt—1)2)

g

oo V2no?2
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The log-likelihood function is:

_
20%/(1 - ¢%)

n-1 1 <
% log(270?) - 252 ;(yt — P1ye1)>

1
log L(¢l’ 0-2; Yns Yn-1," "+ yl) = _é Iog(27TO'2/(1 - ¢§)) - yi

Maximize logL with respect tap, ando?.

Maximization Procedure:
¢ Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the rarde< ¢; < 1,

changing the value af; by 0.01)
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

Yi=XB+UW,  W=pUi+e& &~ iid NO,o2).

The joint distribution ofu,, U,_1, - - -, Uy iS:

n
fu(Un, Un_1, - - -, Up; p, 02) = fu(ug; p, o2) rl fu(WlU1, -+ -, Ug; p, 02)
t=2
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_ 1
= (2no2/(1 - p?)) V2 exp(—mﬁ)

1 n
252 Z(Ut - ,DUt—l)z] .

€ t=2

x(2n?)~ (12 exp[—

By transformation of variables fromm, U,_1, - - -, Uz 10 Yn, Yn_1, - - -, Y1, the joint dis-

tribution of y,, Yn_1, -, Y1 iS:

fy(yn, yﬂ—l’ ) yl;P’ Uf»ﬂ)

= fu(Yn — XaB, ¥n-1 — Xn-1B, -+, Y1 — X135 o, 0'3)

ou ‘
oy’
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= (2na?/(1 - p?)~Y? exp(— (V1 — xlﬂ)z)

1
202/(1 - p?)
l n
X(2no2) U2 exp[— 552 Z((Yt = pYe1) — (% — PXt—l)ﬁ)z)
€2

1
55 (V1-p1— V1= pleﬂ)z)

_ @ro?) V1 — )2 exp(—

n

Z((Yt —pY-1) — (% — PXt—l)ﬁ)z)

1
x(2n0?) D2 expl —
202 o

= (21031 - p*)*2 exp(— 2(173 Vi - X”iﬁ)z) x eXp(—Z%Z - x;‘ﬁ)z]

€ t=2
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= (20 (P (L - pP)M exp[— 52 204 - x:ﬁ)Z]

= L(p, 0'3,,3; Yoo Y1, 5 Y1),

wherey; andx; are given by:

v {\/1—p2yt, fort =1,
t:

Vi — pYr1, fort=23,---

. V1-p2x%, fort=1,
X‘[ =

Xt — pX-1, fort=23,---
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© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect

to B8 should be zero.
. T T
B=0 XKW
t=1 t=1
— (X*/X*)—lx*/y*

= This is equivalent to OLS from the regression modgl:= X*8 + € ande ~
N(O, o2l ,), whereo? = 02/(1 - p?).

197



© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect
to o2 should be zero.

~2
€

7= o D06 KB = L XYY - XB)

where
Y1 Vi-p*1 X; V1-p2x
Y5 Yo — pY1 X5 X2 — pX1
y=|"71=| " | x=|7]|=
Ya Yn — PYn-1 X4 Xn — PXn-1
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© For maximization, the first derivative &f(o, o2, 8; Yn, Yn_1, - - - » Y1) With respect

to p should be zero.

mzzale(p,af,ﬁ;y) is equivalentto  mak(p, 52,3, y).
Boep p

L(p, 52,3, y) is called theconcentrated log-likelihood function #9548 B8
#0), which is a function op, i.e., botho andj3 depend only op.
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The log-likelihood function is written as:

~o = n n - 1 n
logL(p, 52 B;Y) = =3 log(2r) - > log(5?) + > log(1- p%) - 5

= —g log(2r) - g - g log(62(p)) + % log(1- p?)

For maximization of lod., use Newton-Raphson method, method of scoring or

simple grid search

Note thato® = 62(p) = %(y* = X"BY(y" = X*B) for B = (X' X*)1X*"y".
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Remark: The regression model with AR(1) error is:

Yo = X8 + U, U = ple_1 + &, & ~ iid N(0, o?).

1 o p2 . pn—l
o 1 o p2 . pn—2
2 ne
V(u) = o p3 p2 .1 .p . p' 3 = o?Q, whereg? = 105 5.
Je o R : -p
: p
pn—l pn—z .. p2 P 1

where Covii, u)) = E(uu;) = 0?11, i.e., theith row andjth column ofQ is pl'-1I,

201



The regression model with AR(1) erroris: y= X8+ u, u ~ N(O, o2Q).
There exist$? which satisfies tha® = PP, because is a positive definite matrix.
Multiply P! on both sides from the left.

Ply=PIXg+Plu = vy =Xg+u andu* ~ N(O,o2l,)
= Apply OLS.
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Yi V1-p% L
—pP

Yo Y2 — pY1

Yn Yn — PYn-1 0

X; V1 - p%xg

X Xo — pXq

2 = = 71X
X; Xn — PXn-1

203
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-

0
y
0 1
y
=Py
0
Yn
- 1

CheckP1QPY = al,,
wherea is constant.



9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables,

regression model is written as follows:
=XB+U, U~ IidN@Oo?), of =(zae)
The joint distribution ofu,, u,_1, - - -, U3, denoted byf,(:; -), is given by:

log fu(Un, Un_1,- -+, Up; 0%, - -+, 02) = Z log fu(u; o)

__n Iog(27T) -5 Z log(e?) -5 Z( )
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Ui 2
_ 0 Iog(27r) -5 Z log(za)® - - (Z._a)

By the transformation of variables from, u,_1,---, Uy tO Yp, Vo1, - -, Y1, the log-

likelihood function is:

L(@.B; Y, Yn-1, - - - » Y1) = 10G Ty(Yn, V-1, - - -, Y1; @, B)
= |Og fu(yn - Xﬂﬁa yn—l - Xn—:lﬁ, Tt yl - X]ﬁ, 0-|2)

5
oy
_.n LN ez L0 (Y XBY
= 2Iog(27r) 2iZ‘Iog(z.a) 2;‘( za )

— Maximize the above log-likelihood function with respecptanda.
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (£ %5 IX&R)

A series of random variables;, X, ---, Xy, - -- have distribution functions

Fi1, Fo, - -+, respectively.

If
limF,=F,

n—oo

then we say that a series of random varialdgsX,, - -- converges td- in

distribution.
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2. Consistency &i%):

(a) Definition: Convergence in Probability (FEERUINR)
Let{Z : i1=12,---} be aseries of random variables.

If the following holds,
lim P(Z -6l <€) = 1,
for any positivee, then we say thal; converges t@ in probability.
g is called aprobability limit ( #ZRIER) of Z;.
plim Z; = 6.
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(b) Letd, be an estimator of parameter

If 6, converges t@ in probability, we say thad; is a consistent estimator
of 6.

3. Chebyshev’s inequality:

Forg(X) > 0,

P09 2 k) < DO,

wherek is a positive constant.
4. Example: For a random variablX, setg(X) = (X — u)' (X —u), EX) = u
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and Vari) = X.
Then, we have the following inequality:

PX -~/ (X~ ) 2K < T

Note as follows:

E((X = 1) (X = 1)) = E{tr((X = ) (X = ) = E(tr((X = ))(X = 1))
= tr(E(X - (X - w))) = tr(D).
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5. Example 1 (Univariate Case):
Suppose thaX; ~ (u,0?),i=1,2,---,n.

Then, the sample averad@s a consistent estimator pf

Proof:
2
Note thatg(X) = (X — u)2, € = k, E(g(X)) = V(X) = ‘%
Use Chebyshev’s inequality.
If n — oo,
P(X-ul>€<— —0, for anye.
Ne
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That is. for anye,
lim P(X -yl <€) =1
. Example 2 (Multivariate Case):
Suppose thaX; ~ (u, %), i =1,2,---,n.
Then, the sample averad@s a consistent estimator pf
Proof:
Note thatg(X) = (X — 1)’ (X — p), €2 = k, E(g(X)) = V(X) = %2.

Use Chebyshev’s inequality.
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If N — oo,
tr(X) »
P((X — )’ (X — ) > k) < K — 0, for any positivek.

That is. for any positivé,

lim P(X -y (X-p) <k =1
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7. Some Formulas:
Let X, andY,, be the random variables which satisfy pipn= cand plimY,, =
d. Then,
@) plim(X,+Yy,) =c+d
(b) plim X,Y, = cd
(c) plim X,/Y,=c/dford # 0
(d) plim g(X,) = g(c) for a functiong(-)
— Slutsky’s Theorem (R JL*Y ¥ —EIE)
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8. Central Limit Theorem ( H/0& R E 1)

Univariate Case: Xy, Xy, - - -, X, are mutually independently and identically

distributed asx; ~ (u, o).
Then, _ L
X-EX) X-u

& = o/ i — N(O, 1),

which implies

<o L Ny 2
V(X — ) = ﬁ;(x. @) — N(O,c?).
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Multivariate Case: Xi, Xy, - -+, X, are mutually independently and identi-

cally distributed as ~ (u, X).
Then, L a
7 ;(x -1) — N(O.3)
9. Central Limit Theorem (Generalization)

X1, X3, - -+, Xp are mutually independently and identically distributecKas
(u, ).
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Then,
5y
V=
where
1 n
z = lim (ﬁ Z zi].
i=1
10. Definition: Letd, be a consistent estimator &f

Suppose that/n(6, — 6) converges tdN(0, X) in distribution.

Then, we say that, has arasymptotic distribution (EHE4%8): N(6, Z/n).
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11. Definition: We say tha®, is consistent uniformly asymptotically normal,

when the following three conditions are satisfied:
(a) 6, is consistent,
(b) VN, — 6) converges tdN(0, X) in distribution,

(c) Uniform convergence.

12. Definition: Suppose thai, andé, are consistent, uniformly, asymptotically

normal, and that the asymptotic variances are giveB foyandQ/n.

If Q-3 is positive semidefinite}, is asymptotically more dficient (754
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13.

14.

IZE%) thand,.

Definition: If a consistent, uniformly, asymptotically normal estimator is
asymptotically moreféicient than any other consistent, uniformly, asymptoti-
cally normal estimators, we say that the consistent, uniformly, asymptotically

normal estimator is asymptoticallyfeient @iz A %h).

The suficient condition for an asymptoticallyffecient and consistent, uni-
formly, asymptotically normal estimator is that the asymptotic variance is

equivalent to Cramer-Rao lower bound.
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15. X3, Xy, - -+, Xy are random variables with density functib(x; 6).
Let 6, be a maximum likelihood estimator 6f
Then, under some regularity conditiorgs.is a consistent estimator éfand

the asymptotic distribution of/n(é — 6) is given by:N (O im ( (0)) ]

16. Regularity Conditions:

(a) The domain ofX; does not depend ah

(b) There exists at least third-order derivative fik; ) with respect ta,

and their derivatives are finite.
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17. Thus, MLE is

(i) consistent
(ii) asymptotically normal and
(iif) asymptotically dficient.
18. Slutsky’s Theorem

Let 6 be a consistent estimator @f

Then,g(d) is also a consistent estimator g{B), whereg(-) is a well-defined

continuous function.
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19. Invariance of Maximum Likelihood Estimation ( &Z;EDAZE )
Letdy, By, - - -, 6, be maximum likelihood estimators 6f, 65, - - -, 6.
Consider the following one-to-one transformation:

a1 = a1(01,602, -+, 6k), a2 = a2(bh,62,---,6k), -, ax=ax(br,62, -, 06k)

Then, MLEs ofay, a», - - -, ax are given by:

&1 = al(éla éZa et aék)! &2 = aZ(él’ éza et aék), Tt &k = a’k(él’ éZa et aék)-
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11 Consistency and Asymptotic Normality of OLSE

Regression model:
y=XB+U, u~ (0,02l,)

Consistency:

1. LetB, = (X’X)"1X’y be the OLS with sample size

Consistency: As is large 3, converges tg.
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2. Assume the stationarity assumption ¥ri.e.,

1
HX'X — M.

Then, we have the following result:
1
—X'u — 0.
n

Proof:

According to Chebyshev’s inequality, fg(Z) > 0,

E(9(2))

PO(2) 2 k) < — —,
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wherek is a positive constant.
1
Setg(Z2) = Z2'Z, andZ = HX’u.
Apply Chebyshev’s inequality.
1 ’ /1 ’ _ 1 ’ ’ _ 1 / ’ _ 1 ’
E((ﬁx Uy’ =X u) = FE(u XXu) = PE(tr(u XX'U)) = FE(tr(xx uu))

! 0-2 0 0-2 7 0-2 1 !
@tr(xx E(uu)) = STXX) = tr(X'X) = —tr(-X'X).

Therefore,

1 ’ /1 ’ 0-2 1 4
P((EX u) F\X u> k) < H(tr(ﬁx X) — 0xtr(My) =0
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Note that from the assumption,

1
HX'X — M.

Therefore, we have:
1 1
(=X'u)=X'u— 0,
n n

which implies:

1
—X'u— 0,
n

1., . . ,
because%X’u)’ﬁX’u indicates a quadratic form.
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3. Note that

1
ﬁX,X — MXX

results in
1
(HX’X)‘l — M}

= Slutsky’s Theorem

(*) Slutsky’s Theorem  g(6) — g(6), whend — 6.
4. OLS is given by:
Bn =B+ (X'X)X'u
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1 ’ -1 1 ’
=B+ (ﬁx X) (HX u).
Therefore,
Bn— B+Mix0=p

Thus, OLSE is a consitent estimator.
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Asymptotic Normality:

1. Asymptotic Normality of OLSE

VAB.-B) — N(0.0°M;}), whenn — co.

2. Central Limit Theorem: Greenberg and Webster (1983)

Zy, 2, - -+, Zy are mutually indelendently distributed with mearand vari-

ancey;.
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Then, we have the following result:
1 n
— ) (Zi-p) — N(O,%),

where
(18
x = lim [ﬁ ; zi].
The distribution ofzZ; is not assumed.

3. Definez = xu;. Then,%; = Var(Z) = X .
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4. ¥ is defined as:

. 1
zzmo[ Zo-x,x,) o-rl]m( x'x) My,

where
X1

X2

Xn
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5. Applying Central Limit Theorem (Greenberg and Webster (1983), we obtain

the following:

Z XU = X’u —s N(O, ®Myy).

On the other hand, from, = 8 + (X’X)"1X’u, we can rewrite as:

VA - B) = (%X'x)_l%xu

1,011, 1,11,1,—11,/
Var((ﬁXX) %Xu):E((ﬁXX) 7>< ((nxx) %Xu))

231



1 1l 1
= (3xx) 1(ﬁx E@NX)(3X'X) ’

1

- az(ﬁX’X)_l

—s o?M L.

Therefore,
VR -B) — N(O,0°My
= Asymptotic normality iz 1E &) of OLSE

The distribution ofy; is not assumed.
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12 Instrumental Variable (2/EZ %)

12.1 Measurement Error (Bl EEFRE)

Errors in Variables

1. True regression model:

2. Observed variable:



V: is called themeasurement error (I EEFRZE or £AIFRE).

3. For the elements which do not include measurement erroxs the corre-

sponding elements i are zeros.

4. Regression using observed variable:
y=XB+(u-Vp)
OLS ofBis:
B= XXXy =B+ (XXX (U= VB)
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5. Assumptions:
(@) The measurement error Kis uncorrelated wit in the limit. i.e.,
1.
lim(=X"V) = 0.
plim(ZX'V)
Therefore, we obtain the following:
pIim(}X’X) = pIim(})N(’)N() + pIim(}V'V) =3T+Q
n n n

(b) uis not correlated withy.

uis not correlated witkX.
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That is,
N N R
pllm(ﬁV u) =0, pllm(nX u) =0.
6. OLSE ofgis:
B=B+ XXX (U=VB) =B+ (XX)HX + V) (u-VB).
Therefore, we obtain the following:

plimB=8- (= + Q) 0B
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7. Example: The Case of Two Variables:

The regression model is given by:
yt:a+,8)~(t+ut, Xt:)?t+vt.

Under the above model,
1
1 - ) % 1
S . U
Z:pllm(ﬁX’X):pllm[l A 2]:( , 2),
ﬁ Z X ﬁ Z X Hoptto
whereu ando? represent the mean and variancegof ~
0 O

Q= pIim(%V’V) = plim(g %ZOV?) = (o 05).
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-G 26 0

ey 1w
()7l e

Now we focus orB.

B is not consistent. because of:

oB B

o2+02 1+ 02/0?

plim(3) =5 - <p
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12.2 Instrumental Variable (IV) Method (#Z/EZ$0% or IV %)

Instrumental Variable (1V)

1. Consider the regression modgl= X3 + uandu ~ N(0, o1,,).

In the case of EX’u) # 0, OLSE ofg is inconsistent.

2. Proof:

N 1,01, _
,B:,B+(EX X) 1ﬁxU — B+ M 1My,
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where

1 1
EX’X — Mxx, EX,U — qu¢0

3. Find theZ which satisfies%Z’u — Mg, =0.
Multiplying Z’ on both sides of the regression modek Xg + u,
Z’y=7Z'"XB+Z'u

Dividing n on both sides of the above equation, we take plim on both sides.
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Then, we obtain the following:
(1, (1, I S N o
plim (HZ y) = plim (EZ X)ﬁ + plim (nZ u) = plim (nZ X),B.
Accordingly, we obtain:
1, 0\ 1
= |plim|=2Z'X lim(=2Z"y].

p= pim (G2 oim G2)

Therefore, we consider the following estimator:
B = (Z'X)*2Z'y,

which is taken as an estimator &f
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= Instrumental Variable Method (I 2/EZHU% or IV %)

4. Assume the followings:
1

1 1
ﬁz’x — sz, HZ,Z — Mzz, EZ,U — O
5. Distribution of By :
B = (Z'X)Z'y=(Z'X)Z'(XB+u) =B+ (ZX)*Z',

which is rewritten as:

V6w -p) = (52%) '(~2)
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: - 1._, .
Applying the Central Limit Theorem t()%z u), we have the following re-
sult:

1
%Z’u —s N(0, *Myy).

Therefore,
1,41, 2np-1 ;-1
\/ﬁ(ﬁ|v —ﬁ) = (HZ X) (%Z U) S N(O, o MZX MZZMZX

= Consistency and Asymptotic Normality
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6. The variance oB)y is given by:
V(Bw) = S(ZX)'Z2Z(X'2)™,

where

2= (Y = XBi)'(y = XBiv)
n-k '
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12.3 Two-Stage Least Squares Method @& & /N —F%, 2SLS
or TSLS)

1. Regression Model:
y=XB+u, u~ N(0,c?l),

In the case of E{'u) # 0, OLSE is not consistent.
. . . 1
2. Find the variableZ which satlsfles—nZ’u — M,,=0.

3. UseZ = X for the instrumental variable.
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X is the predicted value which regressésn the other exogenous variables,

sayW.

That is, consider the following regression model:
X=WB+ V.

EstimateB by OLS.

Then, we obtain the prediction:

whereB = (WW)2W’'X.
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Or, equivalently,
X = WWW) W' X.

X is used for the instrumental variable %f
4. The IV method is rewritten as:
Brv = (XX) IRy = (XWW W)W X)X WW W) W'y
Furthermorep,y is written as follows:
Biv =B+ (X'WWW)~2W X)X W(W W) TW'u.
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Therefore, we obtain the following expression:

N (%xw)( 1W’W)_l(iW’u)

To,ongdo o1l
VAt - ) = ((Exw)ww) " (Gxw) | Sww) (=

— N(0, (MM M5,) ™).
5. Clearly, there is no correlation betwe#handu at least in the limit, i.e.,
1
lim(=W'u) = 0.
plim(wu)
6. Remark:
X'X = X'WWW) W' X = X'W(WW) 2 WWWW) WX = X'X.
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Therefore,
Biv = (X' X)Xy = (X' X)Xy,

which implies the OLS estimator gfin the regression mode = X3 + u

andu ~ N(0, o21,,).
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Example:

Vi=aX +B%+U, W~ (0,09

Suppose that; is correlated withy butz is not correlated withy,.
e 1st Step:

Estimate the following regression model:
X = YWt + 0% + -+ - + Vg,

by OLS. = Obtainx; through OLS.
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e 2nd Step:

Estimate the following regression model:

Vi = a¥% + Bz + U,

by OLS. = a;, andgy
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Note as follows. Estimate the following regression model:
Z =YW + 02Z + -+ - + Va,
by OLS.

= ¥, =0, 5, = 1, and the other cdicient estimates are zeros. i.B.="z.

Eviews Command:

tslsyxz@wz ...
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13 Large Sample Tests

13.1 Wald, LM and LR Tests

f:Kx1

h(9) : G x 1 vector functionG < K

0:Kx1

The null hypothesi$i, : h(d) = 0 = G restrictions
6 : kx 1, restricted maximum likelihood estimate

6 kx 1, unrestricted maximum likelihood estimate
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1(0) : kx kK, information matrix, i.e.,

2
1(6) = —E(%).
log L(gz]( I)og-likelihood function
0
o 8algg L(S) <
Fg B T k 1

1. Wald Test (7L k#85): W = h@) (Ri(1)R,) h(d)

ah(e)

(@) h(0) ~ h(@) + ——=(—-0) < h(6)is linearized around = 6.
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Under the null hypothesis(6) = 0,

oh(6)

h(6) ~ - (0 - 6) = Ry(6 - )

(b) 6is MLE.

From the properties of MLE,

m())

— 00 n

Vn@e-6) — N(O,rl‘
That is, approximately, we have the following result:
(6-6) ~ N(0.(1(6) ).
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(c) The distribution oh(d) is approximately given by:
h(8) ~ N(0.R;(1(6)'R;)
(d) Therefore, the?(G) distribution is derived as follows:
h@)(Rs(1(6)'R;) (@) — x*(G).

Furthermore, from the fact thag) — 1(6) asn — o (i.e., conver-

gence in probabilityf# =13 ), we can replacé by 6 as follows:
~ ~ -1 A
h@)(Ri(1 ) 'R;) "h(B) — x*(G).
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2. Lagrange Multiplier Test (575 > ¥ T /EMRTE): LM = Fy( 0))1F;
(&) MLE with the constraint(#) = O:
max logL(#), subjectto h(@) =0
The Lagrangian function:

L = logL(6) + Ah(6)
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(b) For maximization, we have the following two equations:

oL _ dlogL() , ah(e) _

- o0 ‘Yt 0
oL
=) =0

. logL .
(c) Mean and variance o?%w) are given by:

E(a log L(e)) _o. V(a log L(H)) _ _E(82 log L(6)

= 1(6).
06 00 0000’ ) (©)

258



(d)  Therefore, using the central limit theorem,

1 8Iog L(9) 0Iogf(X.,9) vt
Vn Z (O’ rllmo(ﬁl (0)))
(e) Therefore, N L(H) SlogLE)
09 0g
g (O = — X©)

Because MLE is consistent, i.6.,— 6, we have the result:

F.(1@)'F; — x*(G).
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3. Likelihood Ratio Test (LEL#&TE): LR=-2logl — x?G)

_L®
L)

(a) By Taylor series expansion evaluatediat 6, logL(6) is given by:

log L(6) = log L(8) + M

(@ - 6)
& logL(6)
600"
,0%log L(6)
0000

+%(e—é)' ©O—-0)+--

= IogL(§)+%(0—@) ©-0)+
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dlog L(6)

Note that — 0 becaus® is MLE.

& log L(é)) "

~2(logL(6) - log L(8)) ~ —(¢ - 6)'( T -0)
- Vio - oy (-22109L0) ('909%;(9)){ A0 - 6)

— x*(G)
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Note:

(1) 6 — o,
162 log L(é) & logL(d)
@) —5 %00 r!Lw(n ( 9000’ )= nw( ).

(3) Vn(@-6) — N(o, Am(ﬁl(e))).
(b) UnderHg : h(9) =

—2(logL(6) — logL(8)) — x?(G).
Remember that(d) = 0 is always satisfied.
For proof, see Theil (1971, p.396).

262



4. All of W, LM andLR are asymptotically distributed a2(G) random vari-
ables under the null hypothedit : h(6) =0 .

5. Under some comditions, we haWé¢ > LR > LM. See Engle (1981) “Wald,
Likelihood and Lagrange Multiplier Tests in Econometrics,” Chap. 13 in
Handbook of Econometrics/ol.2, Grilliches and Intriligator eds, North-
Holland.
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13.2 Example: W, LM and LR Tests

Date file = cons99.txt (same data as before)

Each column denotes year, nominal household expenditgtghiii £, 10 billion
yen), household disposable incom&{l fl L4 At 5, 10 billion yen) and house-
hold expenditure deflatoBt it 7 7 L — &, 1990=100) from the left.
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1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969

5430.
5974.
6686.
7169.
8019.
9234.
10836.
12430.
14506.
16674.
18820.
21680.
24914.
28452.
32705.

NN @ O 1 O O N W N W N e

6135
6828
7619
8153
9274

10776.
12869.
14701.
17042.
19709.
22337.
25514.
29012.

34233

39486.

W oA ON R A W WU 2

18.
18.
19.
19.
19.
20.
21.
23.
24.
26.
27.
29.
30.
31.
32.

© Ok @ ® @ VW N U N R e W e

1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984

37784.
42571.
49124.
59366.
71782.
83591.
94443 .
165397.
115960.
127600.
138585.
147103.
157994.
166631
175383

B O @ R @ L W BN R R R R o e

45913.
51944.
60245.
74924,
93833.
108712.
123540.
135318.
147244.
157071.
169931.
181349.
190611.
199587.
209451.

© 0 U1 N UV R N R O N s W N
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35.
37.
39.
44.
53.
59.
65.
70.
73.
76.
81.
85.
87.
89.
91.

® U N R @ U RN W R N U N

1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

185335.
193069.

202072

212939.
227122.
243035.
255531.
265701.
272075.
279538.
283245.
291458.
298475.

MNUs N W NN L oo -

220655.
229938.
235924.
247159.
263940.
280133.
297512.
309256.
317021.
325655.
331967.
340619.
345522.

93.

94
95
95
97

100.
102.
104.
105.
106.
106.

107.

W @ N N L U@ N ® W o



PROGRAM

freq a;
smpl 1955 1997;

ThAANNNNN NN N AR ddddddedededdededededdededededededededdhhh Nk

read(file=’cons99.txt’) year cons yd price;

rcons=cons/(price/100);
ryd=yd/(price/100);
lyd=log(ryd);

olsq rcons c ryd;

olsq @res @res(-1);

arl rcons c ryd;

olsq rcons c lyd;

param al ® a2 0 a3 1;

frml eq rcons=al+a2*((ryd**a3)-1.)/a3;
1sq(tol=0.00001,maxit=100) eq;
a3=1.15;
rryd=((ryd**a3)-1.)/a3;

arl rcons c rryd;

end;

Tedededef R BfR NN TSN Te T Je o Jo Jo Je e dodedededededededededededededede e de e
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Equation 1

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

146270. LM het. test
79317.2 Durbin-Watson
.129697E+10 Jarque-Bera test
.316335E+08 Ramsey’s RESET2

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals

.207443 [.649]
.115101 [.000,.000]
9.47539 [.009]
53.6424 [.000]

Std. error of regression 5624.36 F (zero slopes) 8311.90 [.000]
R-squared .995092 Schwarz B.I.C. 435.051
Adjusted R-squared .994972 Log likelihood = -431.289
Estimated Standard
Variable Coefficient Error t-statistic P-value
C -2919.54 1847.55 -1.58022 [.122]
RYD .852879 .935486E-02 91.1696 [.000]
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Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: G@RES

Current sample: 1956 to 1997

Number of observations:

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals
Std. error of regression
R-squared

Adjusted R-squared

LM het. test
Durbin-Watson

Durbin’s h

Durbin’s h alt.
Jarque-Bera test

42

-95.5174
5588.52
.146231E+09
.356662E+07
1888.55
.885884
.885884
.760256 [.383]
1.40409 [.023,.023]
1.97732 [.048]
1.91077 [.056]
6.49360 [.039]
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Ramsey’s RESET2
Schwarz B.I.C.
Log likelihood

.186107 [.668]
377.788
-375.919

Estimated Standard
Variable Coefficient Error t-statistic P-value
@RES(-1) .950693 .053301 17.8362 [.000]
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Equation 3

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Objective function: Exact ML (keep first obs.)

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

Mean of dep. var. = 146270. R-squared = .999480
Std. dev. of dep. var. = 79317.2 Adjusted R-squared = .999454
Sum of squared residuals = .145826E+09 Durbin-Watson = 1.38714
Variance of residuals = .364564E+07 Schwarz B.I.C. = 391.061
Std. error of regression = 1909.36 Log likelihood = -385.419
Standard
Parameter Estimate Error t-statistic P-value
C 1672.42 6587.40 .253881 [.800]
RYD .840011 .027182 30.9032 [.000]
RHO .945025 .045843 20.6143 [.000]
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Equation 4

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

146270. LM het. test
79317.2 Durbin-Watson
.256040E+11 Jarque-Bera test
.624487E+09 Ramsey’s RESET2

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals

2.21031 [.137]
.029725 [.000, .000]
3.72023 [.156]
344.855 [.000]

Std. error of regression 24989.7 F (zero slopes) 382.117 [.000]
R-squared .903100 Schwarz B.I.C. 499.179
Adjusted R-squared .900737 Log likelihood = -495.418
Estimated Standard
Variable Coefficient Error t-statistic P-value
C -.115228E+07 66538.5 -17.3175 [.000]
LYD 109305. 5591.69 19.5478 [.000]

271



NONLINEAR LEAST SQUARES

CONVERGENCE ACHIEVED AFTER 84 ITERATIONS

Number of observations = 43 Log likelihood = -414.362
Schwarz B.I.C. = 420.004
Standard
Parameter Estimate Error t-statistic P-value
Al 16544.5 2615.60 6.32530 [.000]
A2 .063304 .024133 2.62307 [.009]
A3 1.21694 .031705 38.3839 [.000]

Standard Errors computed from quadratic form of analytic first derivatives
(Gauss)

Equation: EQ
Dependent variable: RCONS

Mean of dep. var. = 146270.
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Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals
Std. error of regression
R-squared

Adjusted R-squared

LM het. test
Durbin-Watson

79317.2

.590213E+09
.147553E+08
3841.27

.997766

.997655

.174943 [.676]
.253234 [.000,.000]
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Equation 5

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Objective function: Exact ML (keep first obs.)

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

Mean of dep. var. = 146270. R-squared = .999470
Std. dev. of dep. var. = 79317.2 Adjusted R-squared = .999443
Sum of squared residuals = .140391E+09 Durbin-Watson = 1.43657
Variance of residuals = .350977E+07 Schwarz B.I.C. = 389.449
Std. error of regression = 1873.44 Log likelihood = -383.807
Standard
Parameter Estimate Error t-statistic P-value
C 12034.8 3346.47 3.59628 [.000]
RRYD .140723 .282614E-02 49.7933 [.000]
RHO .876924 .068199 12.8583 [.000]
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1. Equation 1vs.Equation 3 (Test of Serial Correlation)

Equation 1is:
RCONS; = B1 + BRYD + U, & ~ iid N(O,02)
Equation 3is:
RCONS; = 31 + BoRYD; + Uy, U = pl_1 + &, & ~ iid N(0, o)

The null hypothesisigly: p=0
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Restricted MLE= Equation 1
Unrestricted MLE= Equation 3

The log-likelihood function oEquation 3 is:
logL(8,0%.p) = 5 |09(27r) -5 log(crz) +5 log(l p%)

5 Z(RCONSt — B1CONST; — B,RYD;)?,
€ t=1

where

\/1— p?RCONS;, fort =1,

RCONS; =
RCONS; — pRCONS; ;, fort=2,3,---,n
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V1-p2, fort=1,

1-p, fort=2,3,---,n,

v/1 — p?RYD;, fort =1,
RYD; =

RYD; — pRYD; ;, fort=23,---,n.

CONST; = {

e MLE with the restrictionp = 0 (Equation 1) solves:

maxlog L(B, a?,0)

B.oe

Restricted MLE= j3, 52

Log of likelihood function = -431.289
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e MLE without the restrictiorp = 0 (Equation 3) solves:

maxlog L(8, o2, p)
Bt

Unrestricted MLE= 3, 62, /

Log of likelihood function = -385.419

The likelihood ratio test statistic is:

—2log(l) = -2 |09(M) = —2(logL(8, 52, 0) - log L(3,67.p))

€

—2(—431289— (-385419)) = 9174,
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The asymptotic distribution is given by:
~2log(2) ~ x*(G),

whereG is the number of the restrictions, i.&,= 1 in this case.

The 1% upper probability point gf?(1) is 6.635.
9174 > 6.635

ThereforeHy : p = 0is rejected.

There is serial correlation in the error term.
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2. Equation 1 (Test of Serial Correlation— Lagrange Multiplier Test)
Equation 2 iS:
@RES; = p@RES;_; + &, & ~ N(0, 02),
where @RES; = RCONS, — 31 — 3,RYD;, andB; andj3, are OLSEs.
The null hypothesisisly: o =0

@RES(-1) .950693 .053301 17.8362 [.000]

Therefore, the Lagrange multiplier test statistic isS8B6Z = 31813 >
6.635.
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Ho : p = 0isrejected.
3. Equation 3 (Test of Serial Correlation— Wald Test)

Equation 3is:
RCONS; = 31 + BoRYD; + Uy, U = pli1 + &, & ~ iid N(0,0?)

The null hypothesisigly: p=0
RHO .945025 .045843 20.6143 [.000]

The Wald test statistics is 8143 = 42495, which is compared wit?(1).
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4. Equation 1vs. NONLINEAR LEAST SQUARES (Choice of Functional Form
— linear):
NONLINEAR LEAST SQUARES estimates:
RYDZ — 1

RCONS; = al + a2———— + U:.
t a3 t

Whena3 = 1, we have:
RCONS; = (al - aZ) + aZRYDt + Uk,
which is equivalent t&quation 1.

The null hypothesis isly : a3 = 1, whereG = 1.

282



e MLE with a3 =1 MLE (Equation 1)
Log of likelihood function = -431.289

e MLE withouta3 = 1 (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362
The likelihood ratio test statistic is given by:
—-2log(1) = —2(—431289— (—414.362)) = 33854
The 1% upper probability point af?(1) is 6.635.

33.854> 6.635
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Ho : a3 = lis rejected.

Therefore, the functional form of the regression model is not linear.

. Equation 4 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form
—log-linear):

In NONLINEAR LEAST SQUARES, i.e.,

RYD® — 1
RCONS; = al + aZT + U,

if a3 = 0, we have:

RCONS; = al + a2 logRYDy) + u,
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which is equivalent t&quation 3.

The null hypothesis isly : a3 =0, whereG = 1.

e MLE with a3 = 0 (Equation 3)
Log of likelihood function = -495.418

e MLE withouta3 = O (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362
The likelihood ratio test statistic is:
-2log(?) = —2(—495418— (—414.362)) =162112> 6.635
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ThereforeHy : a3 = 0is rejected.

As a result, the functional form of the regression model is not log-linear,
either.

. Equation 1 vs. Equation 5 (Simultaneous Test of Serial Correlation and
Linear Function):

Equation 5 iS:

RYD2 — 1
RCONS; = al + a2——- =
a3

+ U, U = pU_1 + &, & ~ iid N(O, O'?)
The null hypothesisisly: a3=1, p=0
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Restricted MLE= Equation 1

Unrestricted MLE= Equation 4

Remark: In Lines 14-16 ofPROGRAM, we have estimateflquation 4,

givena3 = 0.00,0.01,0.02, - - -.

As aresulta3 = 1.15 gives us the maximum log-likelihood.
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The likelihood ratio test statistic is:
~2log(1) = —2(-431289- (-383807)) = 94.964

—-2log() ~ x?(2) in this case.

The 1% upper probability point af?(2) is 9.210.
94.964 > 9.210

Ho: a3=1,p = 0is rejected.
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Equation 3 vs. Equation 5 vs. (Taking into account serially correlated

errors, Choice of Functional Form — linear):
The null hypothesisisly: a3=1, p=0

FromEquation 3,

Log likelihood = -385.419
FromEquation 5,
Log likelihood = -383.807
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2(-383807- (-385419))= 3.224 < 6.635

Ho : a3 = 1is not rejected, givep # 0.

Thus, if serial correlation is taken into account, the regression model is linea
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14 Time Series Analysis & %519 47)

14.1 Introduction

Textbooks

- J.D. Hamilton (1994Econometric Analysis
AR -k _EER (2006) TR FIEKT (& - T)J
- A.C. Harvey (1981)lime Series Models
E & - IUAER (1985) MR %1€ 7L A

- AR (2010) T#EHE - 7 7 1 F U AT — X DFHRFERSIHT)
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1. Stationarity (€& %) :

Letys, Y, -+, yr be time series data.

(a) Weak Stationarity (38 M) :

E(Yt) =M,
E(0 — 1) (Vi-r — 1)) = ¥(7), =012

The first and second moments depend on tinfiednce, not time itself.
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(b) Strong Stationarity (38 F 1)

Let f(yi,, Vi, - - -» V) be the joint distribution o¥:,, Vi, - - -, . -

f(ytp yt2’ Tty Yt,) = f(yt1+‘r’ yt2+Ta Tty Ytr+r)
All the moments are same for all

2. Auto-covariance Function (B 22 &E%X) :

E(ye — 1) (Yer — 1)) = ¥(7), 71=0,1,2,---

y(@) = y(-7)
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3. Auto-correlation Function (B S+8R3EI%X) :

o) = E@ =00 =) _ ()
JVariy) VWVar(y.,)  7(0)
Note that Vary;) = Var(y;_.) = v(0).

4. Sample Mean (EA&¥1) :
.

ﬁ:TZyt

t=1

5. Sample Auto-covariance EXB S H 2 HY) :

| =

OE Z(yt e — )

t T+1
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6. Correlogram (2L OY 3 A, or fZZ24AH AR :

5
A0 =50)

7. Lag Operator (5 71FER) :

LTyt = yt—Ta T= 1, 2’ e
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8. Likelihood Function ( 75 ER8%1) — Innovation Form :

The joint distribution ofyy, y», - - -, yr IS written as:

f(ys, Y2, oo yr) = fyrlyr—1, -, yo) f(Yr-1, -+, Y1)
= f(yrlyr-1, - yo) F(yralyr—2, -, yo) F(Yr—2, - - . Y1)

= f(yrlyr=1, -, yo) fF(Yralyr—2, -, Y1) - F(Yalyr) f(ya)

-
= ) [ | fORea - ya).
t=2
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Therefore, the log-likelihood function is given by:
T
log f(y1, Y2, yr) = og f(ya) + > l0g f (WY, y1)-
t=2

Under the normality assumptiorf,(ytly:_1,---,Y1) IS given by the normal

distribution with conditional mean E{y;_1, - - -, Y1) and conditional variance

Varyilyi-1, - - -, Y1)
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14.2 Autoregressive Model B2 B/ E 7 /L or AR E7 /L)

1. AR(p) Model :

Vi = P11+ PaYe2+ 0 + PpYrp t+ &,

which is rewritten as:
o(L)y: = &,
where

HL) = 1= il - gol?— - — gyLP.
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2. Stationarity (EEF M)

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers

When thep solutions are greater than orygjs stationary.

Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.

Example: AR(1) Model: v = ¢1yi 1 + &

1. The stationarity condition is: the solutiongfx) = 1-¢;x = 0, i.e.,Xx = 1/¢1,

is greater than one in absolute value, or equivalently< ¢, < 1.
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2. Rewriting the AR(1) model,

Vi = P11+ &
2
= ¢V2+ & + P16

3 2
=P V3 + & + Pr61 + PrE 2

1
= PVist+ &+ P61+ o0 + P Esi

As sis large, ¢7 approaches zero— Stationarity condition
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3. For stationarity, y; = ¢1yi_1 + & IS rewritten as:
Vi = & + Pr16-1 + (ﬁet_z + -
4. Mean and Variance of AR(1) procegs,
pu=EW) = E(g + dr6.1 + do6 o+ ---)
= E(&) + ¢1E(a-1) + ¢5E(62) + -+ =0
¥(0) = V() = V(& + pre1 + ¢l 2 + ---)

= V(Gt) + V(¢1Et_1) + V(¢%Et_2) + .-

2

O

_ 2 2 2 4 2 _
_O-e+¢1o-e+¢lo-e+”'_l_¢2
1
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5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Ve = @Yir+ &+ P11+ 0 + B Erin
Therefore, the autocovariance function of AR(1) process is:
¥(1) = E(0r — ) (Vir — 1)) = EMiV1r)
= E((‘ﬂ%—r +te&+ Pt o0+ ¢§__16t—-r+1)yt—r)
= $IEMi—rYior) + E(&Yior) + 1E(6-1Yir) + -+ + 8] E(6-rs1¥i-r)
= ¢17(0).
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The autocorrelation function of AR(1) process is:

o) = 10

7(0) = ¢1.

6. Another solution:

Multiply y;_, on both sides of the AR(1) process and take the expectation:

EMiYi-r) = #1EMi-1Yi--) + E(&Yi--)

ory(r — 1), fort # 0,
y(7) =
ory(r—1)+ aﬁ, fort =0.
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Usingy(r) = y(-7), y(r)fort = 0is given by:

7(0) = ¢1y(1) + 07 = ¢7¥(0) + 0%,

Note thaty(1) = ¢,y(0).
Therefore;y(0) is given by:

O

7(0)=1- 7
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7. Estimation of AR(1) model:

(a) Likelihood function

)
log f(yr, -+, y1) = log f(y1) + " log f(ydlyi 1.+, y1)

t=2
1 1 [ o 1
:——Iog(2ﬂ)—‘|°g(1_¢2)_ 2/(1—‘152)yi
T-1 a2 Liog(e?
S og(2r) - —— log(c?) - = tZzl(yt $1Yi-1)?
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T T o 1 1
=-3 log(2r) - = |09(0'e) -5 |09 (1—¢2)

1
2021 ¢) " 202 Z(Yt $1Yi-1)?

Note as follows:

1 1
) = exp - —yz)
Jora-gp N 24
1 1 R
f(Vilye-1, -+, y1) = Voo exp(—2 5 (Yt — dyi-1) )
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T

dlog f(yr, -, y1) _ _Ii 1 Z — ¢1¥11)° =0

007 207" - 2 &

dlog f(yr, --,y1) p1 H
0p1 1 2 O.zyz o2 tzzl()’t P1Yr-1)Yi-1 =

The MLE of ¢; ando? satisfies the above two equation.
1 T
l= < ((1 ~FVi+ D k- ¢1yt_1)2)
t=2

~ Zthz YiVt-1 (~ o 551 )
= — + —
b1 SR P1y5 1- 32 /ZYtz 1
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(b) Ordinary Least Squares (OLS) Method

T
S(¢1) = ) | — dryea)’
t=2

IS minimized with respect tg;.

. Vi L oVie 1YT) ST i1
by = Zt_T2Yt21Yt . Zt_Tz)’tzl t gt (1/ )Zt_Tz)’tzl i
D=2 Y1 22 Y (1/T) X2 Via
E(Yi-1€)
— ¢+ =¢
BN

OLSE of¢, is a consistent estimator.
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The following equations are utilized.

E(yi-16) =0
E(y ;) = Var(i1) = ¥(0)

8. Asymptotic distribution of OLSE:

VT (1 - ¢1) — N(O,1-¢2)

Proof:
0_4
Vi, t=1,2,---, T, are distributed with mean zero and variaF:rLeeE—z.
"1
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From the central limit theorem,

(L/T) Il Y16

o4/ (L - ¢/ NT

— N(0, 1)

Rewriting,
4

¢2)

.
ZYt 1& — N(O,
=1

Next,
2

1¢2

)
2V — E6RD) =¥0)=
t=1
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yields:

L/ VNT) Il Y&

\/-T By — =
)= = m s e,

— N(0,1- ¢3)

9. Some formulas:

(a) Central Limit Theorem
Random variablegy, x,, - - -, Xr are mutually independently distributed

with meanu and variancer?.

DefineX = (1/T) 31, %.
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Then,
X“E® _ XK, N1

WE /T

(b) Central Limit Theorem I

Random variablesg;, x,, - -+, Xr are distributed with mean and vari-
ancec?.
Definex = (1/T) 3, X

Then,
*E® _, No1)
V(X ’
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(c) Let xandy be random variables.

y converges in distribution to a distribution, araonverges in proba-

bility to a fixed value.
Then,xy converges in distribution.

For example, consider:
y — N(u, o), X — C.

Then, we obtain:

xy — N(cu, ¢?0?)
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10. AR(1) +drift: Vi = U+ d1Yi1 + &
Mean:

Using the lag operator,
(L = u + &
whereg(L) = 1 - ¢,L.

Multiply ¢(L)~* on both sides. Then, wheg| < 1, we have:

Yo = p(L) i + ¢(L) e
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Taking the expectation on both sides,

E() = ¢(L)u + ¢(L)'E(e)

— 1—1 — M
(1) "u -0
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15 Unit Root (81i74R) and Cointegration (3(#14)

15.1 Unit Root #{I4R) Test (Dickey-Fuller (DF) Test)

1. Why is a unit root problem important?

(a) Economic variables increase over time in general.
One of the assumptions of OLS is stationarityypandx;.

This assumption implies th%{X’X converges to a fixed matrix dsis

large.
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That is, asymptotic normality of OLS estimator does not hold.

(b) In nonstationary time series, the unit root is the most important.
In the case of unit root, OLSE of the first-order autoregressivéficoe
cient is consistent.
OLSE is VT-consistent in the case of stationary AR(1) process, but
OLSE isT-consistent in the case of nonstationay AR(1) process.

(c) A lot of economic variables increase over time.

It is important to check an economic variable is trend stationary (i.e.,

Vi = & + a1t + &) or difference stationary (i.ey; = by + i1 + &).
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Considerk-step ahead prediction for both cases.

(Trend Stationarity) Yirkit = 8o + a1t + K)

(Difference Stationarity) Vit = bok + Wt

2. The Case ofi¢,| < 1:

Vi = P11 + &, & ~ i.i.d. N(0, o?), Yo =0, t=1---.T
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Then, OLSE ofp, is:

.
Z Yi-1Yt



Note as follows: ;
1
T Z Yi-16& — E(i-1&) = 0.
t=1

By the central limit theorem,

ye—EGe) N(O, 1)
V(Ye)
where
1 T
ye = T Z Yi-16&
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E(ve) =0,
1 o 1
V(Ye) = V(? Z Yi-16) = E((? Z Yt—16t)2)

T T

T
1 1
- ; Yi- 1Ys—1€t€s = -ITZE( ytz—letz) = ?0'37(0)-

t= t=1

Therefore,

ye 1
50T o V(0) VT £

Zyt 16 — N(0,2),

321



which is rewritten as:

1 T
= 2, Y — NO.oEy(0)
t=1

Using = T Z:yt2 ., — E?,) = y(0), we have the following asymptotic

dlstrlbutlon
l T
ﬁzyt—let )
O'
VT (1 — 1) = . L —>N( 7(O)) N(0,1-¢3).
%
t=1



2

g
Note thaty(0) = —.
1- 92

3. Inthe case op; = 1, as expected, we have:
ﬁ(le -1 — 0.

That is,¢, has the distribution which converges in probabilitysio= 1 (i.e.,

degenerated distribution).

Is this true?

4. The Case of¢, = 1. = Random Walk Process
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Vi = Y1 + & With yp = 0 is written as:
Vi=€&+6&1+6& 2+ 0 e
Therefore, we can obtain:
yi ~ N(O, oft).
The variance of; depends on timeé = Y, is nonstationary.

2 V16
XYy
(a) First, consider the numeratdry;_i .

5. Remember thap, = ¢ +
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We haVeytz = Y1+ &)= yt2_1 + Y16 + Etz-

Therefore, we obtain:

1
Vi-16 = E(Ytz - yt2—1 - ftz)

Taking into accouny, = 0, we have:

T T

Z Vi-16 = y% - = Z

t=1 t=1

Divided byo?T on both sides, we have the following:

1 2 1
O_Z-I—Zytlt ( )— ?le
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Fromy; ~ N(0, o?t), we obtain the following result:

) <o

Moreover, the second term is derived from:

T Zet — E(&d) = o2

Therefore,
T

1 < 1 yr ¥V 11w, 1,
> Ve =3 - == Z(y3(1) - 1).
oZT tzlyt a 2(0'6\/'?) 202T £ T Z(X() :

€ t=1
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(b) Next, considep y?,.

T T
E(ny_l]=2 620 =Y ct-1=c D,

t=1 t=1 t=1

Thus, we obtain the following result:

.
! E[Z ytz_l] — afixed value
t=1

Therefore,

1y o
=3 E y2, — adistribution
t=1
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6. Summarizing the results up to NnoW¢; — ¢1), not VT (¢1 — ¢1), has limiting

distribution in the case af;, = 1.

(L/T) X Ve

— adistribution
TNy,

T(¢1— 1) =

7. Basic Concepts of Random Walk Process:

(@) Model: vy =Vyi1+ &, Yo =0, & ~ N(0O,1).
Then,

Vi=&+ 61+ - + €.
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Therefore,
Vi ~ N(O, t).

= Nonstationary Process (i.e., variance depends onttime

Difference betweey andy; (s> t) is:
Vs— Vit =€+ €1+ -+ + €2 + Eq1-
The distribution ofys — y; is:
Ys— ¥t ~ N(O,s-1).
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(b) Rewrite as follows:
Yi=Y-1t &
=Yratert€er+ - e\
whereeg = e + €1+ -+ + ey
e, &y, -, eng are iid withe  ~ N(0, 1/N).

That is, suppose that there axesubperiods between tinteand time

t+ 1.

330



The limit whenN — o is acontinuous time (&#%h+E) process known

asstandard Brownian motion or Wiener process

The value of this process at times denoted byV(r) forO <r < 1.

Definition:
Standard Brownian motiow(r) denotes a continuous-time variable at

timer and a stochastic function.

W(r) for r € [0, 1] satisfies the following:

i. W(0)=0
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li. Foranytime periods @ ry <rp < --- <re <1, W(rp) — W(ry),
W(r3) — W(ry), - - -, W(ry) — W(ry_,) are independently multivariate
normal withW(s) — W(t) ~ N(O, s—t) for s> t.

lii. W(r) is continuous irr with probability 1.

An example:
aW(r) ~ N(0, o%r),

which denotes the Brownian motion with variance

Another example;
W(r)? ~ r x x*(1).
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(c) Assumes ~ iid (0,02). DefineX:(r) for r € [0, 1] as follows:

1

€1 1<r<2

T’ T T

Xr(r) =1 &t e 2or<3

T’ T T
€G+e+ - +er

r=1

T b
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Let [Tr] be the largest integer which is less than or equdl tor.

[T1]
1
Xr( =2 ) & VT Xr(r) — N(O,ro?).
t=1
Note that
185 _[1] 1 k5,
= t— T+ 4. ty
T & T [T &
[Tr]

Tr 1
L] : & N(0, ),
T V[T &

171 [T 1
\/TXT(I‘)— . i \/[T_r;&’ ﬁ — ?
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Therefore, we obtain:
VT % (r) — N(O,ro?).

Moreover, we have the following results:

@ L NO.T) = W(r),

VT (X7(r2) — X1(r1))

O¢

— W(rz) — W(r1) = N(O,rz —ry).

335



For example, consider:

Xr(1) =

T
E €t.
t=1

=l

Then,

Vi) 1 < . _
T tzll & — W(1) = N(O, 1).
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(d) Considery; = y;_1 + &, Yo = 0 ande ~ N(0, o2).

Xt (r) is defined as follows:

1
0, 0<r< =,
ST
i 1.2
T T T
2’ ESI‘<§’
Xr(r)=3T T T
Y1-1 -
, <r<l,
T <
Y1
=, r=1.
T
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DefineS+(r) as follows:

St(r) =

1
0, 0<r< =,
T
y? 1 2
] — < —
T T <
Y3 2 3
b3 — < —
T T=M<T
o, o T-
<r<l
T sh<4
y2
— r=1.
T’
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1 1
To obtainf X1 (r)dr andf S+ (r)dr, we compute a sum of rectangu-
0 0

lars as follows:

1
yif2 1) y2(3 2y = yraf, T-1
fOXT(r)dr”T(T T)+T(T T)+ T (1 T )

_£+y2+“'+E:iZyt7

T2 T2 TZ T2t:1
1 2 2 2
y]_ 2 1 y2 3 2 y-|-_1 T_l
~ 2|+ Z2(2-2 1-
fOST(r)dr T(T T T\ 7)° T T
Vi Y3 Yia_ 1y
T2 2t +F—ﬁ§‘yt2
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We have already known thafT Xr(r) — o W(r).

Therefore,
1 1
f VT X (Ndr — o, f W(r)dr.
0 0

That is,
1 < 1
t=1 0

340



FromSq(r) = (\/‘TXT(r))Z,
St = (VX)) — o2 (W)Y,

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem (E# B & EHE):
if xr — X (convergence in distribution) argf-) is a continuous func-

tion, theng(xr) — g(X) (convergence in distribution).
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Threfore, we have the follwoing result:

1 1
0'2 2 .
j; St(r)dr — efo (W(r))-dr

That is,

1 ¢ 1
ﬁzgyg — o? fo (W(r))?dr.
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8. Asymptotic Distribution of AR(1) Model:
(@ Ho: yr=Yyia+eandHy: yi = dryi1 + & for [¢1] < 1
OLSE of¢1, denoted byps, is given by:

~ T Vi1l _ Y1 Y16
=73 5 ThtST o
2i=1Ye1 2t=1Ye1

Using¢; = 1 and some formulas shown above, we obtain:

1
T ZtT=1 Yi-1€t N 2 ((W(l))2 B 1)
T*Z Z;r:]. yt2_1 ! W 2 d
fo (W(r)2 dr
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T(p1—-1)=



Remember that
! 1
-1 2 2
T ;yt_let — 507 ((w()? - 1)
and
T 1
T2y, — of [ e
=1 0

where(W(1))? = ¥3(1).
We say thath, is super-consistent #8—2f4) or T-consistent

Remember that whejg;| < 1 we haveVT (1 — ¢1) — N(O,1 - ¢?),

and in this case we say thaiis VT-consistent
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Conventionat test statistic is given by:

by — 1
t:¢1 ’

Sy

1 <« .
and s = T-1 ;(Yt — 1¥r-1)>.
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Next, considet statistic.
Thet test statistic, denoted liyis represented as follows:

:(31_1:1-((’151_1)

t
S Ts

The denominator is:
1 T

Ts = (Sz/ﬁzyg—l)
t=1

— (Uf/(ﬁf fo 1 (W(r))zdr))l/2 = ( fo 1 (W(r))zdr)_l/z’

wheres> — o2 is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
- > (w2 -1
b1 2(1 )/(fl(W(r))zdr)
¥ | weeyrar
0

2 (W -1)

( [ 1 (W(r))Zdr)1/2~

Therefore, the distribution of thestatistic shown above isfiierent from

-1/2

thet distribution.
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(b) Ho: Yyi =Y+ eandHy: yi=ao+ @1yi1 + € for |¢] < 1
@o _ T YY)\ IW
(<?’1) B (ZYt—l Zytzl) (ZYt—l)’t)
LS T Yyl Xa
B (¢1) " (Zyt—l Zytz_l) (ZYt—lft)
In the true modelgy = 0 andg, = 1.
@ \ (T XV 1 Ta
((;51_ 1) B (ZYt—l Zytz_l) (Zyt—lft)
Op(T)  Op(T¥2)\ /1 Oy(TY?)
) (op(T3/2) 0,(T?) ) ( 0u(T) )

348



(*) For random variablex and constank, x = Op(K) implies thatx/k

converges in distribution.

To change each element of the matrice©gl), we use the following

TV2 0
-, L)
0 T

Multiplying the above matrix from the left, we obtain the following:

matrix:

-1

( o )_( TY24 )—r( Op(T) op(T3/2)) FF_l(Op(T”Z))
$i-1) \T@-1) \0yT3) 0412 Op(T)
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1“—1( Op(T)  Oy(T%?) ) r—l)_l 1 ( Op(TY 2))
Op(T¥%)  Oy(T?) Op(T)
1 ( T Yy ) F_l)‘l - ( e )
PRETDY yt2_1 2 Y16
1 T_3/22yt—1)_1( T3 e )
T2y vy T2Yy, T 1Y v .
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Each matrix converges in distribution as follows:

1
( 1 T-3/12 Z Vi1 ) [ 1 O'EL W(r)dr ]
TRTy, T2Iy ' 2 [ Wiy
1 1 O fo W(r)cjr fops j; (W(r))“dr
= 1 1 )
0 o, 2 0 o.
fo W(r)dr fo (W(r))=dr
( T2y ¢ ) ( o W(1) ] (1 0 )[ W(1) )
— =0, .
T Y Y %0'5 ((W(1)?-1) 0 o %((W(l))2 - 1)
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Therefore,
1
( TY24, ) [(1 O)[ 1 j(;W(r)dr )(1 O)]l
T(#1-1) 0 o lWrdr 1Wr 2dr J\O 0
) (r) ; (W(r))

(1 0 )( W(1) )
X0 e .
0 o1 (way-1)

352



Finally, T(¢:, — 1) converges to the following distribution:

}((W(l))z - 1) - W(1) f 1 W(r)dr
T(¢—-1) — 2 0 .

s [ wos|
fo (W(r))=dr fo W(r)dr
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Thet test statistic is:

tzfil—l_T@l—l)

(" ()™

where

T 1\ 1/0
ngsz(o 1)( Zytl) ( )’
Zyt—l Zytz_l 1

1 .0 - s
$ = T2 ;(yt ~ &0 — $1yi-1)”.
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The denominatoTzsé converges in distribution as follows:

oo ) ! b e o

f W(r)dr f (W(r)2dr J\O /) AL
0

f (W(r))?dr — (fo W(r)dr)2
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Thus, thet test statistic converges to the following distribution:

1((W(1»2 - w() f W(rar

212"
[f (W(r))?dr — (f W(r)dr)]

356



() Ho: Yi=ap+ Yiei+€eandHy @ vy = ag+ d1yi1 + € for |¢q| < 1

Tl/z(&o _ QO) 0 1 E
el )
T¥%(¢y - 1) 0/ |a @f
(abbr.)
(d) Ho: Vi = ap+ Vio1 + € and

Hi: Y=o+ ait + ¢1yi1 + € for [¢1] < 1

(abbr.)
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9. The distributions of thé statistic:

t Distribution

¢1-1

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990
25| -249 -206 -171 -132 132 171 206 249
50| -240 -201 -168 -130 130 168 201 240
100 -236 -198 -166 -129 129 166 198 236
250| -234 -197 -165 -128 128 165 197 234
500 -233 -196 -165 -128 128 165 196 233
o | -233 -196 -164 -128 128 164 196 233
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(@ Ho: Yt = Y1+ €
Hi: yi=d1ya+ e forgr <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -266 -226 -195 -160 092 133 170 216
50| -262 -225 -195 -161 091 131 166 208
100| -260 -224 -195 -161 090 129 164 203
250| -258 -223 -195 -162 089 129 163 201
500| -258 -223 -195 -162 089 128 162 200
o | =258 -223 -195 -162 089 128 162 200

359



P)Ho: Vi = Vi1 + &
Hi: Yyt = o+ ¢y + g for ¢ <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -375 -333 -300 -263 -037 000 034 Q72
50| =358 -322 -293 -260 -040 -003 029 066
100| -3.51 -317 -289 -258 -042 -005 026 063
250| -346 -3.14 -288 -257 -042 -006 024 062
500| -344 -313 -287 -257 -043 -007 024 061
o | -343 -312 -286 -257 -044 -007 023 060
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(d)Ho: yi=ao+ Y1+ &
Hi: Yi=ao+ it + ¢1yi1 + € for ¢ < Lor-1< ¢

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -438 -395 -360 -324 -114 -080 -050 -0.15
50| -415 -380 -350 -318 -119 -087 -0.58 -0.24
100| -4.04 -3.73 -345 -315 -122 -090 -0.62 -0.28
250| -399 -369 -343 -313 -123 -092 -064 -031
500| -398 -3.68 -342 -313 -124 -093 -065 -0.32
o | -396 -366 -341 -312 -125 -094 -066 -0.33
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15.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.

15.2.1 Augmented Dickey-Fuller (ADF) Test

Consider the following ARg) model:
Vi = ¢1Yr1+ PV o+ -+ PpYip t+ &, & ~ 1id(0, 0'3),

which is rewritten as:

p(L)Y: = .
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When the above model has a unit root, we ha{d = 0, i.e.,¢1 + ¢ +

The above ARp) model is written as:
Yt = PYi-1 + 01AY 1 + 02AY 2 + - - + +0p_ 1AV pi1 t+ &,

wherep = ¢1 + ¢p + - + ¢p ands; = —(Pj1 + Pjaz + - -+ + Pp).

The null and alternative hypotheses are:

Ho : p =1 (Unitroot),

H; : p < 1 (Stationary)
Use thet test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.
Choosep by AIC or SBIC.

UseN(0,1) totestHy : ¢; =0againsH; : 6;#0forj=1,2,---,p-1.

Reference

Kurozumi (2008) “Economic Time Series Analysis and Unit Root Tests: Develop-
ment and PerspectiveJapan Statistical Societyol.38, Series J, No.1, pp.39 —
57.

Download the above paper from:

http://ci.nii.ac.jp/vol_issue/nels/AA11989749/ISS0000426576_ja.html
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15.3 Cointegration ¢£#143)

1. For a scalay;, when (1- L)%, is stationary, we writg;, ~ 1(d).

WhenAy; = y; — ;1 is stationary, we writé\y, ~ [(0) ory; ~ 1(1).

2. Definition of Cointegration:

Suppose that each series ig & 1 vectory; is I (1), i.e., each series has unit
root, and that a linear combination of each series#iyg for a nonzero vector

a) is 1(0), i.e., stationary.

Then, we say that has a cointegration.
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3. Example:

Suppose thay; = (Y11, Y21)' is the following vector autoregressive process:
Yit = ¥Yar + €1,
Yot = Yot-1 + €2t
Then,
Ay1y = yer + €1p — €11-1,  (MA(1) process)
Ayt = €y,
where bothy;; andy,; arel (1) processes.
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The linear combinatiog; ; — yy»; is [ (0).

In this case, we say thgt = (Y11, Y21)’ IS cointegrated witla = (1, —y).

a = (1, —y) is called thecointegrating vector (#1942 b JL), which is
not unique. Therefore, the first elementaak set to be one.

. Suppose thay; ~ 1(1) andx; ~ 1(1).

For the regression modg! = x5 + U, OLS does not work well if we do not

have thes which satisfiesy ~ 1(0).

= Spurious regression & & A7 DEF)
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Y1,
. Suppose thay; ~ 1(1),y; is ag x 1 vector andy; = ( “)_
Yor
Y21 IS ak x 1 vector, wher& = g — 1.

Consider the following regression model:
yl,t:Q’+')/,y2,t+Ut, t:l,2,~-,T.
OLSE is given by:
5 ) (s
y 2 Yot 2 Y2tYa, 2 Y1tYat
Next, consider testing the null hypothesis : Ry = d, whereRis aG x k
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matrix (G < k) andr is aG x 1 vector. G denotes the number of the linear
restrictions.

TheF statistic, denoted b¥, is given by:

-1

1 T 2 Yoi /0
F=Z=(Ry-d)y|s(0 R)( ’ ) ( )) Ry —d),
G( 79 ( Y2t 2 Y2tYay R Rr=d

where ;
2= Y- -y
T-g t=1 ’ ’

When we have theg such thaty;; — yy; is stationary, OLSE of, i.e., v, is

not statistically equal to zero.
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When the sample siZE is large enoughtig is rejected by thé& test.

6. Phillips, P.C.B. (1986) “Understanding Spurious Regressions in Economet
rics,” Journal of Econometrigs/ol.33, pp.95 — 131.

Consider g x 1 vectory; whose first diference is described by:
Ayt = \P(L)Et = Z \PSEt_S,
s=0

for ¢ an i.i.d. g x 1 vector with mean zero , varianceds() = PP, and finite

fourth moments and whege¥s}2 , is absolutely summable.
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Letk=g—1andA = ¥(1)P.

Y1t i X5

Partitiony; asy; = ( ) andAA’ asAA’ = ( ) wherey;; and;;

Yoi 201 X _
are scalarsy,; andX,; arek x 1 vectors, and,; Is ak x k matrix.

Suppose thah A’ is nonsingular,and defingl = £;; — £, 3,7%,;.

Let Ly, denote the Cholesky factor djgg, i.e., Ly, is the lower triangular

matrix satisfyings;; = Lo,L),.

Then, (a) — (c) hold.
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(a) OLSEs ofa andy in the regression modgl; = @ + y'y,; + Ui, denoted

by @+ andyt, are characterized by:
T_l/Z&T 0'1h1
(50 sate) = Lot
Y1 — 5520 o1laohy

(hl):( 1 folwz(r)’dr )1( folwl(r)dr )

)\ PWa(rydr L Wa(Wa(rydr )\ FWa(r)Wa(r)dr

whereW;(r) andW,(r) denote scalar angidimensional standard Brow-

where

nian motions, andlVy(r) is independent oiV,(r).
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(b) The sum of squared residuals, denoted by RSS’/", (7, satisfies

T?RSS — o2H,

where

B 1 , _(( folwl(r)dr )’(hl))‘l
H_fo(wl(r)) o e Wa(rydr ) \hp /)

0
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(c) TheF test satisfies:

T'F — é(alR*hz—d*)'
1 o Wa(rydr

H(0 R
X[(TlH( )( FrWa(rdr [ Wao(r)W(r)dr

x(1R'hy — d),

whereR" = RLy, andd* = d - RZ;1%,;.
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(a) indicates that OLSEk; is not consistent.
1 T
(b) indicates thas’> = —— » 02 diverges.
T-g ; t

(c) indicates thaF diverges.

— Spurious regression & A\ F DE)F)
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7. Resolution for Spurious Regression:
Suppose that;; = @ + ¥’z + U iS @ spurious regression.

(1) Estimatey1; = a@ + y'Yar + @Y1-1 + 0Yor-1 + Ut

Then,yy is VT-consistent, and thitest statistic goes to the standard normal

distribution undeH, : y = 0.

(2) EstimateAy;; = @ + v’ Ay, + U. Then,at and[%T are VT-consistent, and

thet test andF test make sense.
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(3) Estimatey,r = @ + y'Y21 + U by the Cochrane-Orcutt method, assuming

thatu, is the first-order serially correlated error.

Usually, choose (2).
However, there are two exceptions.
(i) The true value o in (1) above is not one, i.e., less than one.

(i) y.r andy,; are the cointegrated processes.

In these two cases, taking the firstfdrence leads to the misspecified regres-

sion.
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8. Cointegrating Vector:
Suppose that each elementypfs | (1) and tha&'y, is I (0).
ais called acointegrating vector Gt#143~X 2 kJL), which is not unique.

Setz = a'y;, wherez is scalar, ané andy; areg x 1 vectors.
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Forz ~ 1(0) (i.e., stationary)
T T
TN Z2=T1) (@y? — E@).
t=1 t=1
Forz ~ I(1) (i.e., nonstationary, i.ea is not a cointegrating vector),
T 1
T2Y @ — 4 [ (W)t
t=1 0

whereW(r) denotes a standard Brownian motion aidndicates variance of
(1-L)z.

If ais not a cointegrating vectof,* 3., Z diverges.
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= We can obtain a consistent estimate of a cointegrating vector by mini-
mizing 3., Z> with respect ta, where a normalization condition @has to

be imposed.

The estimator of thaincluding the normalization condition is super-consistent

(T-consistent).
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Stock, J.H. (1987) “Asymptotic Properties of Least Squares Estimators o
Cointegrating Vectors EconometricaVol.55, pp.1035 — 1056.

Proposition:

Lety: be a scalary,; be akx 1 vector, andy, y,,)’ be agx 1 vector, where

g=k+1.

Consider the following model:
Yit = @ +Y'Yar + Upy
AYot = Upt
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Uzt
( ) = \P(L)Et

Uo ¢

& is agx 1i.i.d. vector with E&) = 0 and E&¢€/) = PP.

OLSE is given by:

SRl B Sl
y 2Y2t 2 YatYa, 2 Y1tYat .

DefineAy, which is agx 1 vector, and\,, which is ak x g matrix, as follows:

m)p:(f).

2

382



Then, we have the following results:

(Tl/Z(& _ a)) . 1 (Az fW(r)dr)/

Ty -v As f W(r)dr Az( f (W(r)) (W(r))’ dr)A

where

-1

()

hy A1'W(1)
(hz) (Az (fW(r) (dw(r))’ )/11 + Z E(Uuy, t+‘r)]

W(r) denotes @-dimensional standard Brownian motion.

1) OLSE of the cointegrating vector is consistent even thamgh serially

correlated.
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2) The consistency of OLSE implies thEt! 3" 02 — o2

3) Becausel ! 3 (vt — ¥4)? goes to infinity, a coicient of determination,

R?, goes to one.
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15.4 Testing Cointegration

15.4.1 Engle-Granger Test

ye ~ 1(1)
Yit =@+ 7YYo + U
e U; ~ 1(0) = Cointegration

e U ~ I(1) = Spurious Regression
Estimatey;; = @ + y'Y»; + U by OLS, and obtain~
EStImatle = pl’:lt,]_ + 51A|:|t,1 + 62A0t,2 + -+ 6p—1A0t—p+1 + & by OLS.
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ADF Test:
e Hy: p =1 (Sprious Regression)
e H; : p < 1 (Cointegration)

— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Hans
(1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors, | (a) Regressors have no drift | (b) Some regressors have drift
excluding constant 1% 2.5% 5% 10%| 1% 25% 5% 10%
1 -396 -3.64 -337 -307|-396 -367 -341 -3.13
-431 -402 -377 -345|-436 -4.07 -380 -3.52
-473 -437 -411 -383|-465 -439 -416 -384
-507 -471 -445 -416|-504 -477 -449 -4.20

-528 -498 -471 -443| -536 -502 -474 -4.46
J.D. Hamilton (1994)Time Series Analysip.766.

aa b~ W N
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The Other Topics

e Generalized Method of Moments % {LFE %%, GMM)

e System of Equations (Seemingly Unrelated Regression (SUR), Simultaneot
Equation {17 5 #20), and etc.)

e Panel Data{(X+ )L - 7—X)

e Discrete Dependent Variable, and Limited Dependent Variable

e Bayesian Estimation¢ 1 X 5E)

e Semiparametric and Nonparametric Regressions and Tests/( 7 X b 1) v

7, JUNT ANy IHERE - BE)
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Exam — Jan. 29, 2014 (AM8:50-10:20), and # 509

e 60 - 70% from two homeworks (2 DfE D> 5 60 - 70%)

e 30 - 40% of new questions (30 - 4093 L\ [7#)

e Questions are written in English, and answers should be in English or Japanes
(HHREIXOEEE, MR I EEE £ 72 X HARGE

e With no carrying in fF53AA 7% L)
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