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1. Sstationarity (FE& %) :

Let yi, y2, -+, yr be time series data.

(a) Weak Stationarity (33E &%) :

E(y) = u,

E( =i =) =y,  7=0,1,2,--

The first and second moments depend on time difference, not time itself.



(b) Strong Stationarity GRE & %) :

Let f(ys» Y1, - - -, 1) be the joint distribution of y;,, y;,, - - -, V..

f(ytl’ytp Tt ’yt,-) = f(yt1+‘r’yt2+7'a Tt ayt,-+‘r)

All the moments are same for all .



2. Ergodicity (T/)LT— F%):

As time difference between two data is large, the two data become indepen-

dent.

Y1, Y2, -+, yr 1s said to be ergodic in mean when y converges in probability to

E(y,).

3. Auto-covariance Function (B 2 £ 5 EiE8 %) :

E( = )ie =) =y(@),  7=0,1,2,--

Y(@) = y(-7)



4. Auto-correlation Function (B 2 t8EAEE%D) :
E(y =)y =) _ y(1)

WVar(y) \Var(y)  7(0)
Note that Var(y,) = Var(y,_,) = ¥(0).

p(r) =

5. Sample Mean (12X E1)) :
T

7
6. Sample Auto-covariance (2B &£ 5780 :
T

(1) = = Z = D — 1)

t T+1
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7. Corelogram (2 L 045 5 L, or #ZA B S AHERE%) :

y(0)
¥(0)

p(7) =

8. Lag Operator (5 J1FEX) :

Ly =y, 7=12,-



9. Likelihood Function (7 ER§%%) — Innovation Form :

The joint distribution of yy, y,, - - -, yr 1S written as:

SOy, yr) = fOrlyr—1, - yD)f -1, 01)

= fOrlyr=i, - yO)SfOr=ilyr—2, -, YO fQOr=2, -+, y1)

= fOrlyr-t, - yOfOr=1lyr—2, -, y1) -+ fOalynfO1)
T

= fo0 | | £odyer,- 0.
t=2



Therefore, the log-likelihood function is given by:
T
log f(y1,y2,+++,yr) = log fy1) + D 1og fGlyi1, -+, ).
=2

Under the normality assumption, f(y|y,—1,---,y1) is given by the normal

distribution with conditional mean E(y,|y,_1, - -, y;) and conditional variance

Var(yyi—1, -, 1)



1.2 Autoregressive Model (E2E/EFE T /L or AR ETJL)

1. AR(p) Model :

Vi= P11t Py + o+ ¢pyt—p + €&,
which is rewritten as:
é(L)y; = &,

where

HL)=1-L—¢poL* = --- —§,L".



2. Stationarity (E&E %) :

Suppose that all the p solutions of x from ¢(x) = 0 are real numbers

When the p solutions are greater than one, y, is stationary.

Suppose that the p solutions include imaginary numbers.

When the p solutions are outside unit circle, y, is stationary.
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. Partial Autocorrelation Coefficient ({7 B 2 8RR ), dis

The partial autocorrelation coefficient between y, and y,_x, denoted by ¢y, 1s
a measure of strength of the relationship between y, and y,_;, after removing

influence of y,_y, -, Yr—x+1-

$11 = p(1)
( 1 P(l))(¢z,1) ~ (P(l))
p(ly 1 /\¢22 p(2)
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L p) p(2)
p(l) 1 p(l)][

p(2) p1) 1

1 p(1)
p(1) 1

plk=1) p(k—2)

p()
= [p(Z)]
p(3)

- pk=2) plk—=1)

plk=3) pk=2)

p(1) 1
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Use Cramer’s rule (7 7 A —/LD/AR) to obtain ¢y 4.

1 p(l) - plk—=2) p(1)
p(1) 1 pk=3) p(2)

plk=1)pk=2)--- p(1) p(k)

Gk =
1 p(l) - plk=2)plk—1)

p(1) 1 plk —=3) p(k =2)

plk=1) p(k=2)--- p(1) 1
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Example: AR(1) Model: y, = ¢y, + €

1. The stationarity condition is: the solution of ¢(x) = 1-¢1x = 0,1.e., x = 1/¢y,

is greater than one, or equivalently, ¢; < 1.

2. Rewriting the AR(1) model,

Vi=¢1yi1 + &
2
=¢1Vi2t+ €&+ 16

3 2
=P Vst &+ P61 + P62

14



s s—1
= ¢i)’t—s +&6+dig+ o+ ¢i €r—s+1-
As s is large, ¢) approaces zero. = Stationarity condition
3. For stationarity, y, = ¢1y,-1 + € 1s reeritten as:
2
Vi= &t +P6 2+ -0

MA representation of AR model.

(MA will be discussed laler.)
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4. Mean of AR(1) process, u

u=EQy)=E(g+¢i&+die o+ )
= E(&) + $1E(6-1) + ¢1E(62) + -+ =0

5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:

-1
V=@ Vr+ &+ e+ 0 + D] Erir.
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Therefore, the autocovariance function of AR(1) process is:

y() = E((r = ) e—r — 1)) = EQrye—r)
= E((¢‘i—yt—‘r +te+drg-1+ -0 + ¢§_le,_7+1)yt_7)
= ¢YE()’t—ryt—r) + E(&yi—) + $1E(&-1yi-0) + -+ + ¢‘{_1E(Et—‘r+1yt—‘r)

= ¢17(0).

The autocorrelation function of AR(1) process is:

p(r) = 20) é;.
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Multiply y,—. on both sides of the AR(1) process and take the expectation:

E(yyi—r) = $1EQi-1y1-2) + E(&yi—1)

ory(t = 1), fort # 0,
y(1) =
ory(t—1)+ 02, forr = 0.

Using y(7) = y(-7), (1) for T = 0 is given by:

¥(0) = g1y(1) + 0 = ¢1¥(0) + 0.

Note that y(1) = ¢;v(0).
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Therefore, y(0) is given by:

6. Partial autocorrelation function of AR(1) process:

é1.1 = p(l) = ¢,
' I p)

bro = p(1) p(2)l _pQ)—p(1)*
2’2‘| 1 p(l)l_ 1-p(1)2

p() 1
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7. Estimation of AR(1) model:

(a) Likelihood function

T
log f(yr,++y1) = log f(1) + Y log f(ilye-1,-++,y1)
=1

2

1 1 o2 1
= ——log(2n) — < log( ) - y?
2 2 1-¢2) o2/ -¢d)"!
T-1 T-1 1 —
—log(2n) - log(e?) = — > (v = diyi-1)*
o t=2

20



T T 1 1
== log(2m) — 0 log(c?) — 3 log (1_—¢%)
B 1

202/(1 = ¢7)

T
1

2 _ 2

N~ 55 22(% P1yi-1)

Note as follows:

3 1 B 1 2)
Fou 2n02/(1 — ¢%) CXP( 20%/(1 - ¢%)y1

1
SOy, y0) = exp (—27‘_2(}% —¢1)’t—1)2)

1
V2ro?
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olog fGr.---.y) _ T 1 1

1 T
— 2 B 2 _
do? 207 " 204 /(1 — ¢%)y1 * 204 ;:2,(% ¢1yi-1)" =0

dlog I(yr, -+, y1) & 6, 1 T
= — + — 4+ — _ ~ = 0
0py 1 - ¢? 21T 2 22 e = d1y-1)yi-1

The MLE of ¢; and o2 satisfies the above two equation.
1 T
5 = T ((1 — dDy; + Z()’z - ¢1yz—1)2)
=2

Zthz)’th—l (~ 5 5‘2(;51 ) L )
| B S — + ¢1y1 - — y[—l
T2V 1-¢; /;

=Y
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(b) Ordinary Least Squares (OLS) Method

T
S@) =D 0= ¢y’
=2

is minimized with respect to ¢;.

_ Z?:z)’t—l)’t Z[T:Zyt—let + (1/T) Z;T=2)’t—1€t

¢ = =¢1 + = ¢
Zszz yzz_1 Zszz y¢2_1 (1/T) ZtT:2 )’12_1
E(y,_
— Py + (yt21€t) = &
E(yt—l

OLSE of ¢, is a consistent estimator.
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