8. ¢ = Partial Autocorrelation Coefficient of AR(2) Process:

Dr.1
1 P pk=D) pl- D (1)
(1) 1 pt=3) phk-2 || 7| |p@
Dk k-1
plk—1) plk=2) - p(1) ! p(k)
Drk
fork=1,2,---.
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ik =

1
p()

plk=1) plk=2)--- p1) pk)

p(l) -+ plk—=2) p(1)
1 plk=3) p(2)

1
p(1)

p(L) - pk=2) pk = 1)
1 pk=3) p(k =2)

plk=1) plk=2)--- p(1) 1
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Autocovariance Functions:
y(1) = ¢1¥(0) + ¢oy(1),
¥(2) = ¢1y(1) + ¢2¥(0),
v(1) = ¢ry(t — 1) + dry(t = 2), fortr=3,4,---.

Autocorrelation Functions:

p(1) = b1 + p() = T2,
¢2

p2) = g1p(1) + s = L+ ¢,
— >

(1) = g1p(t — 1) + drp(t — 2), fort=3,4,.---.
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by =p(ly= 2

1—-¢
l 1 p(l)'
bry = LD P2 _ P2 —p(1)* _
22 l 1 p(1)|_ 1 - p(1)? G
p() 1
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I p)
p(1) 1
p(2) p(1)

(D)
p(2)
p(3)

P2 =T
ph 1
) p()

_ (0B = p(Dp(2)) = p(1)*(pB3) = p(1) + pQp(H(P(2) = 1) _

p(2)
p(1)
1

(1 = p(1)*) = p(*(1 = p(2)) + p(2)(p(1)* — p(2))
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9. AR(2) +drift: y, =+ ¢1y1 +doyi2+ €
Mean:

Rewriting the AR(2)-+drift model,

dL)y =pu+¢

where ¢(L) = 1 — ¢ L — ¢ L2

Under the stationarity assumption, we can rewrite the AR(2)+drift model as

follows:

ye =) '+ ¢(L) e
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Therefore,

u

E(y,) = (L) L) 'E(e) = ¢(1) 'y = ——
)=o) u+¢(L) E(e) = (1) [

Example: AR(p) model:  Consider y, = ¢1y—1 + poyio + -+ +d,yi—p + €.

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., the p solutions of x from ¢(x) = 0 are

outside the unit circle),

0_2

0) = < }
A e J o)
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Note that y(1) = p(1)y(0).

Solve the following simultaneous equations for 7 = 0, 1,-- -, p:

Y@ = E(Qr — W (yi—r — 1) = E(y:yi—1)
) eyT =D+ doy(t=2) + -+ dpy(T - p), for 7 # 0,
Pry(t =D+ doy(t =2) + - + ¢,y(T — p) + 02, fort = 0.
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2. Estimation of AR(p) Model:

1. OLS:

min O =1yt — P2y — -+ — ¢p)’t—p)2
b by

2. MLE:

min  log f(yr, -, y1)
b1, 0y

where

T
logf(}’T,"‘aYI) = logf(ypa' ",)’2,)’1) + Z logf(ytlyt—l""’yl)’

t=p+1
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Y1

_ _ 1 )2
FOps e y2.31) = Qo) PRV exp —5()’1 yo oy

Yp
1 ey - p(p=2) p(p-1)
p(l) 1 p(p—=3) plp-2)
V =v(0) . ) .
plp=1) p(p=2) -+ p(1) 1
1
JOulye-r, -5y = wo? eXp(—zfr%(yz =1V = Y2 = e = ¢pyf-p)2)
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3. Yule=Walker (1.—/L * 77 # —7—) Equation:

Multiply y;-1, yi-2. - -, yi-p On both sides of y; = @1y, + doyra + -+ +
¢,yi-p + & = ¥y, take expectations for each case, and divide by the sample

variance (0).

¢
1 p) e pp-2) pp-1) ¢‘ p(1)
pny 1 pr-3 po-2| .| |
N A~ N ¢p—1 R
pip—-1 p(p-=2) ---  pQ) 1 ’ p(p)
14
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where

y(@)
7(0)°

1 T
YO =2 D 0= WO =) ) =

i=r+1
3. AR(p) +drift: y, =pu+¢1y1 +dy2+ - dpyi—p + &
Mean:
¢(L)y: = p+ &
where ¢(L) =1 = ¢;L — ¢poL? — -+ — $,L7.

ye=¢L) 'u+ o) 'e
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Taking the expectation on both sides,

E(y) = ¢(L) '+ ¢(L)"'E(&) = ¢(1)"'
_ M
l-¢1=o— -+ =9

4. Partial Autocorrelation of AR( p) Process:

Gy =0fork=p+1,p+2,---.
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1.3 MA Model
MA (Moving Average) Model:

1. MA( g)

Vvi=€&+tbe+0+ - +0,6,

which is rewritten as:

yi = 80(L)e,

where

O(L) =1+6,L+6,L*+ --- +6,L".
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2. Invertibility (S E5RTRETE):

The ¢ solutions of x from 8(x) = 1 + 61x + x> + -+ + 6,27 = 0 D g are

outside the unit circle.

= MA(g) model is rewritten as AR( co) model.

Example: MA(1) Model: vy, =¢ + 6,6,
1. Mean of MA(1) Process:
E(y;) = E(g + 016-1) = E(&) + 6,E(e-1) = 0
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2. Autocovariance Function of MA(1) Process:

Y(0) = EG2) = E(e + 616-1)" = E(€ + 201661 + 6el )

= E(}) + 20,E(g€1) + 7E(e2 ) = (1 + 60?2

v(1) = EQyi-1) = E((& + 016-1)(&-1 + 016-2)) = 910%

¥(2) = EQyi-2) = E((& + 016-1)(62 + 016-3)) = 0

52



3. Autocorrelation Function of MA(1) Process:

6

=20 _|Tee b
YO o, fort=2,3, -
Let x be p(1).
0
1 =X, i.e., x@%—9+x=0.
1+6;
6, should be a real number.
1 -4x>>0 ie Lo (1)<1
, .., > <p() < o
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4. Invertibility Condition of MA (1) Process:

€ =—016_1 + Vi
= (—91)26—2 +y + (=61)yi-1
= (=01 €3 + Y + (=00)yi1 + (=61)*yi2

= (=01)' €5+ y: + (=01)y,—1 + (=6, )2}’1—2 + -+ (—91)1_‘Y+1)’z—s+1
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When (-6;)°¢,.;, — 0, the MA(1) model is written as the AR(c0) model,

i.e.,
V= =(=00y1 = (<00 = = (O Ny = e

. Likelihood Function of MA(1) Process:
The autocovariance functions are: y(0) = (1 + 6})oZ, ¥(1) = 6,07, and
y(r)=0fort=2,3,---.

The joint distribution of yy, y,, -« -, yr is:

1
(2m)T/2

_ 1, _
JOLY2, - yr) = VI l/2GXI)(—§YV 1Y)

55



where

1+62 6 0 -~ 0
V1
0 1+9% 6,
Y2 )
y=|""|. v=c} o0 0, 0
1+9% 6,
yr
0 - 0 6 1+&
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6. MA(1) +drift: y, =u+e¢€ + 66

Mean of MA(1) Process:
yi =+ 0(L)e,

where (L) = 1 + 6,L.

Taking the expectation,

E(y) = u+ 0(L)E(€) = p.
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Example: MA(2) Model: y, =€ + 6,6_1 + 66,
1. Autocovariance Function of MA(2) Process:

1+62+6)02, fort=0,

(91 + 6192)0%, fort = 1,
Y() = ,

€

6,0 fort =2,

0, otherwise.
2. let —1/B; and —1/8, be two solutions of x from 8(x) = 0.

For invertibility condition, both 8; and 8, shoulg be less than one in absolute

value.
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Then, the MA(2) model is represented as:

Vi=€+ 0161+ 06
= (1 +6,L+6,L¢,
= +aL)1 + L)

AR( o) representation of the MA(2) model is given by:

1
T A+pL( +pL) "
_ (,31/(31 —B2) P/ B —ﬁz))

€

1+pB6/L 1+B6,L
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3. Likelihood Function:

1 -1)2 | R
f(YI,)’Z,"',YT)— (27T)T/2|V| CXP(_EYV Y
where
1+¢9%+9§ 6, + 60,6, 0, 0
Y1
0, + 6,6, 1+ 9]2 + 6% 6, + 6,6,
Y2 5 . .
1 V:O'E 0, 6, + 6,0, .. .. 6,
1+9%+9§ 0, + 6,6,
yr
0 6, 0, + 0,0, 1+ 6% + 6%
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4. MAQ2) +drift: y, =pu+e€ +0€_ + 06>

Mean:

yi = p+0(L)e,
where 6(L) = 1 + 6,L + 6,1

Therefore,

E(y)) = u+ 0(L)E(€) = u
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Example: MA(q) ETI): y=g+0i61+bher+ - +0,6-,
1. Mean of MA(g) Process:

E(.yl‘) = E(Et + 91 E[_l + ezet_z + ce + QqE,_q) = 0
2. Autocovariance Function of MA(g) Process:

q-T
THOobe + O0s1 + -+ + 0,00, =02 > O, T=1,2,00,q,
Y1) = pary

0, T=q+1,q+2,---

where 6y = 1.
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3. MA( g) process is stationary.

4. MA(q) +drift: y,=pu+e+6i61 +06 0+ - +0,64
Mean:
yi = p+0(L)e,
where (L) = 1 + ;L + ,L* + --- +6,L1.

Therefore, we have:

E(y) = u+ 0(L)E(€) = p.
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