6. Summarizing the results up to now, (¢, — ¢;), not VT (¢, — ¢1), has limiting

distribution in the case of ¢; = 1.

(1/T) X yi-1&
(1/TH X7,

—> a distribution.

T(¢) —¢1) =

7. Basic Concepts of Random Walk Process:

(a) Model:  y, =y, +¢€, yo =0, &~ N(Q,1).

Then,
y,:€t+6,_1 + .- +€]
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Therefore,

yt ~ N(O’ t)

— Nonstationary Process (i.e., variance depends on time t.)

Difference between y, and y; (s > ?) is:

Vs = Vi =€+ €1+ - + €40t €4

The distribution of y, — y; is:

Vs =Y ~ N, s —1).
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(b) Rewrite as follows:

Ve=Y-1 1t €&
=Y1t+teipter+ - teny,
WheI'e 6, = elJ + 82’1 + cee + eN’t.

€1 €y, ey, are iid with e;, ~ N(0, 1/N).

That is, suppose that there are N subperiods between time ¢ and time

t+ 1.
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The limit when N — oo is a continuous time (GE{RF4) process known

as standard Brownian motion or Wiener process.

The value of this process at time ¢ is denoted by W(z).

Definition:

Standard Brownian motion W(¢) denotes a continuous-time variable at

time ¢ and a stochastic function.

W() for t € [0, 1] satisfies the following:

1. W0)=0
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ii. For any time periods 0 < r; <r, < -+ <rpy < 1, W(rp) = W(ry),
W(r;) — W(ry), - - -, W(r) — W(ri—) are independently multivariate
normal with W(s) — W(¢) ~ N(O, s — 1) for s > t.

iii. W(?) is continuous in ¢ with probability 1.
An example:
oW () ~ N0, o°1),
which denotes the Brownian motion with variance o2
Another example;

W) ~ t x x*(1).

121



(c) Assume ¢ ~ iid (0, (Tf). Define X7(r) for r € [0, 1] as follows:

1

0, 0<r<—=
T

€1 1 2
—, _Sr<_
T T T
Xr(n={at+te 2.3
T ° T T

e+e+ - +er
, r=1
T
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Let [Tr] be the largest integer which is less than or equal to 7' X r.

(T7]

Xr(r) = %Z &  VTXp(r) — N, rod).

t=1

Note that
[T7] [Tr]
1 [Tr] 1
T;G’_ T [Tr];e“
[Tr)
T 1
% — D& — NO,o),

VITrl 5

[T 1 & [T 1
\/TXT(I’)— T [Tr]m;e,, T — NG
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Therefore, we obtain:
VTXr(r) — N(O,rc?).

Moreover, we have the following results:

\/T(XT(Fz) = Xr(r1))

Oe

— N@QO,r, —1y),

NT X7 (r) W
O¢
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For example, consider:

1
Xr(1) = T

Mﬂ

€.
=1

Then,

VIXr(1) 1 <
= l‘_)Wl :NO,l .
= aeﬁ;e (1) = NO, 1)
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(d) Considery; =y, +¢, yo =0and & ~ N(0,0?).
Xr(r) is defined as follows:

1
0, 0<r<—,
T
)i’ lSr<z,
T T T
2
2o 242
Xr(ry={T T T
yT—l’ - <r<l,
T
)i, r=1.
T
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Define S 7(r) as follows:

1

0, OSI"<?,

2

&, lgr<%,

T T T

2

)2, 2Sr<i’
S;r) =4 T T T

2 —

yT_l, <r<l,

T

y—% r=1

T’



1 1
To obtain f X7(r)dr and f S r(r)dr, we compute a sum of rectangu-
0 0

lars as follows:

1
2 1 3 2 _ T-1
fXT(r)drN)i___ +)2 ___+...+yT1 1 -
0 T\T T T\T T T T

T

N » yr-1 1

SEtEt Ut T
1=

1 2 2 2
yi(2 1)\ »(3 2 Vi1 T-1
S dr~ == - — ZZ_Z )4 ... ¢ 1—
fo r(dr T(T T)+T(T T T T

— —
—_— 4 —= 4+ e 4+ — J— )71"
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We have already known that T Xr(r) — o W().

Therefore,
1 1
f VT X (r)dr — o, f W(r)dr.
0 0

That is,
1 — !
mZy, — ogf W(r)dr.
t=1 0
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From S7(r) = (VTX7() .
Sr(r) — oz (W),

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem GE{i E1& E I2):
if x; — x (convergence in distribution) and g(-) is a continuous func-

tion, then g(x7) — g(x) (convergence in distribution).
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Threfore, we have the follwoing result:

1 < 1 1
=D fo S1(rndr = o fo (W(r)*dr.
t=1

T
(e) Decompose 7>/ Z v;-1 as follows:

=1

T
TNy =T (e +(@+e)+(@+a+ea)+ -
t=1
tHe+e+ - +er))
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=TT -De + (T -2)e+ (T -3)e + -

+2er2 + €r-1)
T T T
= 7732 Z(T — e =T\ Z 6 — T Z te,
t=1 =1 t=1

We utilize the following fact:
T

T_I/ZZEI O
=1
— N((
0

T
Y g
t=1

€ is stationary. = Apply CLT to (1/T) Y, €.

SN —
mqm
—_——

[E—
W= N =
N ———
~—
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te,/T is stationary. = Apply CLT to (1/7) Z,T: te/T.
Using a matrix form, we ca rewrite as follows:

T

re Y.

T
_ =1
T2 ya=0 -1 ’
t=1

T
Y g
=1

Then, the variance of 7-2 Y y,_; is given by: )

T 1
-3/2 _ 2 _
v(r ;yt_l) = o1 1){ {
2
Therefore, T2 3L, y,.1 ~ N(0,02/3).
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We have already known:

T 1
T2y — o f W(r)dr,
t=1 0

1 T
?Zq — o W().
=1

That is, the following relationship holds:

1 T T T
o f W(r)dr ~ T2 Z Vo = T712 Z € — T3 Z te
0 =1 1 =1

1=

T
~ o W()-T73? Z te

=1
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Therefore, we obatain the following result:
T 1 o2
T3 Z te, — o W) -0 f W(r)dr = N(0, =5).
=1 0 3

(f) Some Formulas: Model: y, = y,_| + €.
T

i T2 ) 6 — o W(l) = NO,0?)

t=1
d 1 1
.. —1 2 2 _ 2 2
ii. T ;y,_le, — 50 (W) -1) = 50 (- 1)
Note that we obtain (W(1))* ~ Y*(1) from W(1) = N(0, 1).

T i 2
iii. 7732 Z te — o W) - O'Ef W(r)dr = N(O, %)
0

t=1
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1v.

Vi.

Vii.

Vviil.

T 1 2
T2 Zyt—l — o, f W(r)dr = N0, Z)
t=1 0 3
T 1
T—Z Z y[2—1 N O'zf (W(r))2 dr
t=1 0

T 1
T-5/2 Z tyig — O-Ef r W(r)dr
t=1 0

T 1
T-3 Z ty:, — o'if r (W(r)*dr
0

t=1

T
1
Tt % ¢ — forv=0,1,---
; v+1
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8. Asymptotic Distribution of AR(1) Model:

(a) True Model: y, = y,_1 + ¢ and Estimated Model: y, = ¢,y;_1 + ¢
OLSE of ¢;, denoted by ¢, is given by:

_ Zszlyt—lyt — ¢ + Z[T=1)’z—1€z
T T 2 AT Tr o
Zt:l y;2_1 Zt:lytz_1

Using ¢; = 1 and some formulas shown above, we obtain:

1

pSSY

1
TSy 3 (W - 1)
To~T 2 A
T2 Y Vi f (W) dr
0

137

T( - 1) =




Remember that
d 1
-1 2 2
T ;:1 vty — S0 (WD) =1)

and

T 1
T2 3, — o fo (W(r)) dr,

=1

where (W(1))* = x2(1).
We say that ¢, is super-consistent (2—221%) or T-consistent.

Remember that when |¢;| < 1 we have \/7(&1 - ¢1) — NQO,1 - gbf),

and in this case we say that ¢, is VT-consistent.
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Conventional ¢ test statistic is given by:

where

T 172 T
1 n
Sp = (S%/Z yf_l) and s} = T-1 Z(yz — $1yi-1)’.
=1 t=1
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Next, consider ¢ statistic.

The ¢ test statistic, denoted by #7, is represented as follows:

_$i-1_T@ -1
S¢ TS¢

It

The denominator is:
1 &
ro=[4lE 2o
. 1 1/2 1 -1/2
(et [ ) ([ o

where s° — o2 is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
5 _ —((W(@)* -1 | -172
tr = ‘bls L, 2(1 ) / ( (W(r))zdr)
’ f Wy
0

(v - 1)

1 12"
( f (W(r)? dr)
0

Therefore, the distribution of the ¢7 statistic shown above is different

from the ¢ distribution.
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