(b) Hy: y,=yia+eand Hy : y, = @y + d1y,-1 + € for |¢y| < 1

(ao)_( T Zyt_l)‘l( IRY )
¢/ \Zyer Xyiy) \Zyew

(ao)+( T Zy,_l)l( Ye )
b1 2 Vi1 Zy?_l 2 Vi-1&
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In the true model, @y = 0 and ¢; = 1.
( &o )_( T Zyt_l)‘l( Y& )
¢ -1 Sy 2y \Zyae
( 0,(T) 0,,(T3/2))‘1 (OP(TW))

0,T%) 0,1 ) \ 0,T)
(*) For random variable x and constant k, x = O,(k) implies that x/k

converges in distribution.

To change each element of the matrices to O,(1), we use the following

T'? 0
()
0 T
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matrix:



Multiplying the above matrix from the left, we obtain the following:

|

o

¢ —1

|

TG ) r( 0,(T) op(T3/2))‘1rr_l(Op(T”z))

@ -1))  \o,T%?) 0,17 0,(T)

F—l( O,(T) OP(T3/2))F—1)_IF—1(Op(Tm))
0,(T¥)  0,(T?) 0,(T)

r—‘( T Zy,_l)r_l)‘lr_l( Y6 )
2 Vi1 Zytz_l 2 Vi-1&
-1

1 T‘”Zyt_l) ( T2 Y & )
T2y TSy, ) \T'Tyoe)
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Each matrix converges in distribution as follows:

( 1 T_3/22yt—l) ( 1 fW(r)dr ]

T332 %y T2Yy, fW(r)dr O'f (W(r)*dr

(1 O)[ fW(r)dr ](1 O)
0 o f W(r)dr f WP dr)\0 el
0 0

( T-125 ¢ ) ( o W(l) ] 1 0 w(1)
. |1 :‘Tf( )[1
T L ye Soz(way?-1) 0 oL (way-1)
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Therefore,

( Tl/z&() ) [(1 0)[ 1 fW(r)dr )(1 O)]l
T -1 0 o f W(r)dr f (W(r)ydr)\0 o

10 w(l)
! )(1 2 )
oSS (W' -1)
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Finally, T(¢, — 1) converges to the following distribution:

1
l((W(l))z— 1)—W(1) f W(r)dr
0

2
f (W(r))? dr—( f W(r)dr)

T($—1) —
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The ¢ test statistic is:

b=l _TGi-D

()" ()"

) ) T 2 V-1 10
Vel NV 1

R
57 = > ;(Yt ~ &~ diy-1)’.

where
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The denominator Tzs; converges in distribution as follows:

1

N e N
1 1

0 o f W(rdr f (W(r) dr I

0 0

1

- 1 1
f (W(r))zdr—( f W(r)dr)
0 0

T?s; — o2 (0 1)((
0 o,

2
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Thus, the ¢ test statistic converges to the following distribution:

1 1
E((W(l))z—l)—W(l)foW(r)dr

l'T e : 1 2
[ f (W(r))zdr—( f W(r)dr)]
0 0
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(c) Hy: yr=ap+y;1+eand Hy : y, = ap + ¢1y,-1 + € for || < 1

The model is written as follows:

Vi=Yotaptt(e+e+ - +¢)
=Yyo + @of + Uy,
where u, = ¢+ & + --- +¢€.
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= 0,(T) + 0,(T*) + 0,(T*"?).
Therefore, we obtain:
L (01
_ 0
T § YVi-1 — 7
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T
O  For Z ytz_l,
t=1
T T
Dti= ) Go+agt— D +u)

t=1 =1

—Zy0+2ao(t—l) +Z 1+Z2y0a0(t—l)+22you, 1+Z2a0(t—l)u, 1

= 0,(T)+ 0,(T*)+ 0 (T2) +0 (T2) +0,(T°*) + 0 (T5/2)

Therefore, we have:

L")lc:»m

ngT:y1—>

=1
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T
O  For Z Vie16,
=1

T T
Zyt—lft = Z o+ ap(t—1)+u1)e
=1 t=1

T T T
= Zyofz + Z ap(t - 1)g + Z Ur—1€
=1 =1 =1

O,(T'?) + 0,(T**) + O,(T).

Therefore, we have:

2

7732 Zyt & — N(O, —O' 2e).
=1
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Therefore, OLSE is:

(57)
é1— 1

( T Zyr—l)_l( Ye )

2 Vi1 Zy,z_l 2 Vi-1&
0,(T) O (TH\™"' (0,(T"?)
( 0,(T?) 0,,(T3)) ( 0,(T3/?) ) '

T2 0
r-| )
0 T

Multiplying I' from the left,
@o
T (8 - ay) o ' 2
FRFINY Il | i P |
T3¢y - 1) 0 @
3
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(d) Hy: y;: = @p +y,-1 + € and

Hy: y:=ay+ ait + ¢y + & forlg <1

(abbr.)

A

¢ -1

S¢

9. The distributions of the 7 statistic:
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t Distribution

T | 0.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -249 =206 -1.71 -132 132 171 206 249
50| -240 -2.01 -1.68 -130 130 1.68 201 240
100 | =236 -198 -1.66 -129 129 1.66 198 236
250 | -2.34 -197 -1.65 -1.28 128 165 197 234
500 | =233 -196 -1.65 -1.28 128 1.65 196 233
o | -233 -196 -1.64 -128 128 164 196 2.33
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@Hy: yi=yi1+6€
Hy: y, =¢1yia+eforg; <lor-1< ¢,

T | 0010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -2.66 -226 -195 -160 092 133 170 2.16
50| -2.62 -225 -195 -1.61 0091 1.31 1.66  2.08
100 | =2.60 -2.24 -195 -1.61 090 129 164 2.03
250 | =258 -2.23 -195 -1.62 089 129 163 201
500 | -=2.58 =223 -195 -1.62 089 128 1.62 2.00
o | =258 =223 -195 -1.62 089 128 162 2.00
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(b) Hy : y: = yi1 + &
Hy:y =ay+¢1yi-1+€forg; <lor-1<¢,

T | 0010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| =375 -333 -3.00 -263 -037 000 034 0.72
50| -3.58 -322 -293 -260 -040 -0.03 029 0.66
100 | -3.51 -3.17 -2.89 -258 -042 -0.05 026 0.63
250 | =346 -3.14 -2.88 -2.57 -042 -0.06 024 0.62
500 | =344 -3.13 -2.87 -2.57 -043 -0.07 024 0.61
o | =343 -3.12 -286 -2.57 -044 -0.07 023 0.60
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dHy: yr=ap+y1+¢
H,: Y: =G,'0+G,’1t+¢1yt_1+6tf0r¢1 <lor-1 <¢1

T | 0010 0.025 0.050 0.100 0.900 0.950 0.975 0.990

25| -438 =395 -3.60 -324 -1.14 -0.80 -0.50 -0.15
50| -4.15 -3.80 -3.50 -3.18 -1.19 -0.87 -0.58 -0.24
100 | -4.04 -3.73 -3.45 -3.15 -122 -090 -0.62 -0.28
250 | =399 -3.69 -343 -3.13 -1.23 -092 -0.64 -0.31
500 | =398 -3.68 -3.42 -3.13 -124 -093 -0.65 -0.32
o | =396 -3.66 -341 -3.12 -125 -094 -0.66 -0.33
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3.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.

3.2.1 Augmented Dickey-Fuller (ADF) Test

Consider the following AR(p) model:

Vi =@1yi1 + Yo+t Gpyip + 6 & ~ iid(0, 02),

which is rewritten as:

é(L)y; = €.
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When the above model has a unit root, we have ¢(1) = 0,1.e., 1+ +---+¢, = 1.

The above AR(p) model is written as:
Vi = pYi-1 + 01Ay 1 + 02Ay o + o+ 6, 1Ay pir + &,

wherep=¢1 + ¢+ +d,and 6; = —(djs1 + Pjur + -+ + P)p).

The null and alternative hypotheses are:

Hy : p =1 (Unitroot),

H, : p < 1 (Stationary).
Use the ¢ test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.
Choose p by AIC or SBIC.

Use N(O, 1) totest Hy : ¢6; =0against H, : 6; # Ofor j=1,2,---,p— 1.
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