3.2.2 Phillips-Perron (PP) Test

The model is given by:
Vi = G1yi—1 + Uy, U = Z V€, € ~ 11d(0, 0’3),
s=0
where o = 0 and Y7 sly| < oo.
Note that the errors are serially correlated and heteroskedastic.

The autocovariance function of u; is:

Y@ = Bty o) = 02 ) Yithser,  T=0,1,2,--.

s=0
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Define the long-run variance of u; as:

(5]

1< N N
2 = lim TE((; u)= ) y(@) =(0) +2 Zl OETHON DS

J=0

T=—00

The PP test statistic 77 is:

. (yON? 1 Tss
t (7) lr—ﬁ?(ﬂ - (0)),

T =

where

tr denotes the ¢ statistic of @1, 54 18 the standard error of gAbl, and

T
1 A

2 _ B 2

ST= T ;:1 e — b1y
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Estimate A by:

A=9(0)+ 22 ()

which is called Newey-West estimator, where k;(x) = 1—|x|for x < 1 and k;(x) = 0

for x > 1, which is called Bartlett kernel, or

A=9(0)+ 22 ()

where ky(x) = 1 —6x> + 6x3 for 0 < x < % ky(x) = 2(1 = x)? for %st 1 and

ko(x) = 0 for x > 1, which is called Parzen kernel, or
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N T U T
1= —— (y(()) + Z; (- lw(r)],

where ki(x) = 3 (sin(67rx/5)

(6mrx/5)2\ 671x/5
order spectrum kernel.

- cos(67rx/5)), which is called the second-

We need to choose the bandwidth q.

Use the same statistical tables as before to test Hy : ¢y = 1 against H; : ¢ < 1.
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Some Formulas:
For proof, we use following formulas.

Let u, = y(L)e; = Z‘}‘;O Y j€-j, where Z;io Jl¥jl < oo and {g} is an i.i.d. sequence

with mean zero, variance ¢ and finite fourth moment.

Define:
y(j) = E(uat,—j) = 0 Y2 g Ythyyj  for j=0,1,2,--,
A=0 Yo =oy(l),
&= ufort=1,2,---,T and & =0.
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Then,

T
1. T_I/ZZL!, — AW(1)

=1

T
2. T_l/ZZut_jE, — N(0,0%y(0)), forj=1,2,---

=1

T
3. T-‘Zu,u,_,- — y(j), forj=1,2,--

=1

T
4. T_IZ§,_16, — %O'/I(W(I)Z— 1

=1
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%(/lZW(l)z — ¥(0)), for j =0,

T
5. T_IZ§,_1M,_]~ —> | j-1
= SWWAY =y O) + ) @), forj=1,2.-
i=0

T 1
6. T‘WZSH — 4 f W(r)dr
=1 0
T 1
7178 ) s — A(W(l)—f W(r)dr)’ forj=0,1,2,---
t=1 0

T 1
8. 72 &, — 2 j; (W(r))2dr
=1
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T

1
9. T2 3 1g — 2 f rW(r)dr
0

=1

T 1
10. T‘3Zt§t_1 — 2 f r(W(r)2dr
=1 0

T
1
I e . forp=0,1.2,-
u

=1
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3.3 Cointegration (¥#01%)

1. For a scalar y,, when Ay, = y, — y,_; is a white noise (i.e., iid), we write
Ay, ~ I(1).
2. Definition of Cointegration:

Suppose that each series in a g X 1 vector y; is I(1), i.e., each series has unit
root, and that a linear combination of each series (i.e, a’y, for a nonzero vector

a) is 1(0), i.e., stationary.

Then, we say that y, has a cointegration.
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3. Example:
Suppose that y, = (y1,, y2,)" 1s the following vector autoregressive process:
Yig = ¢1y2,t + €1,
Yor = Y2,-1 + €
Then,
Ay =&, + €1, — €121, (MA(L) process),
Ayr; = €,

where both y;, and y,, are /(1) processes.
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The linear combination y;, — ¢y, 1s 1(0).
In this case, we say thaty, = (y1,, y2,)’ 1s cointegrated with a = (1, —¢;).
a = (1, —¢,) is called the cointegrating vector, which is not unique.

Therefore, the first element of a is set to be one.

. Suppose that y, ~ I(1) and x;, ~ I(1).

For the regression model y; = x;8 + u,, OLS does not work well if we do not

have the 8 which satisfies u, ~ 1(0).

—> Spurious regression (&t T D EF)
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Y1,
5. Suppose that y, ~ I(1), y; is a g X 1 vector and y, = ( t),
Yo
Y2 is a k X 1 vector, where k = g — 1.

Consider the following regression model:
Vig =@+ Yy +uy, t=1,2,---,T.

OLSE is given by:
(QA) ( 1 Z)é,t ) 1( Z)’l,t )
A)’ Z Yo Z )’2,1)’/27, Z YiYa,r
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Next, consider testing the null hypothesis Hy : Ry = r, where Risam X k

matrix (m < k) and r is am X 1 vector.

The F statistic, denoted by F'r, is given by:

1 -1

I . T Xy, \(0
FTW(R&—:”)'[sT(o R)( | ) ( )] Ry 1),

2V ZyZ,ty’z,, R
where
1 T
SZT = Z(Ylt_a’_ylym)

When we have the y such that y,, — yy,, is stationary, OLSE of y, i.e., ¥, is

not statistically equal to zero.
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When the sample size T is large enough, Hy is rejected by the F test.

. Phillips, P.C.B. (1986) “Understanding Spurious Regressions in Economet-
rics,” Journal of Econometrics, Vol.33, pp.95 — 131.

Consider a g x 1 vector y, whose first difference is described by:

Ay =P = ) W6y,
s=0
for € an 1.1.d. g X 1 vector with mean zero , variance E(ge€/) = PP’, and finite

[

fourth moments and where {s%¥},

is absolutely summable.
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Letk=g—1and A =¥(1)P.
Vi I 2'21

Partition y, as y, = ( ) and AA’ as AA’ = ( ), where y;, and X,

Yo X Xp .
are scalars, y,, and X,; are k X 1 vectors, and X, is a k X k matrix.

Suppose that AA’ is nonsingular,and define 0'}‘2 =2 - 2’2]2521221.

Let L,, denote the Cholesky factor of 2521, i.e., Ly, is the lower triangular

matrix satisfying X0 = Ly L),.

Then, (a) — (c¢) hold.
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(a) OLSEs of @ and v in the regression model y;, = a + ¥y, + u,, denoted

by &r and Jr, are characterized by:
T_]/2€YT O'Tl’l]
[prmmn) = L)
Yr — 2521 21 o Lynhy

(hl) ( 1 b wierydr )1 ( ) wirdr )

)\ [ wiodr [ wieowseydr) [T wsmwiedr

where

where W} (r) and W;(r) denote scalar and g-dimensional standard Brow-

nian motions, and W7 (r) is independent of W;(r).
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(b) The sum of squared residuals, denoted by RSS; = Y. #i?, satisfies
TRSS; — o}’H,

where

! "Wrrdr vy
H:f(wf(r))zdr—(( 1f° 0 )( 1)) .
0 Jy Ws(wirdr/ \hy
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(c) The F7 test satisfies:

1
T_IFT — —(() TR*hz - r*)'

1 -1
1 Wi (r)dr -1

X|o?H (0 R*)(
( 1 [ wadr [ W)W 'dr

X(o R hy — 1),

where R* = RLy and r* = r — R¥) %y
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(a) indicates that OLSE %7 is not consistent.

1 T
(b) indicates that s7. = T Z i? diverges.
— 84

(c) indicates that Fr diverges.

= Spurious regression (&t A\ [T D[E)F)
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7. Resolution for Spurious Regression:
Suppose that y;, = @ + ¥y, + u, 1s a spurious regression.

(1) Estimate y;; = a + ¥'yo; + ¢yi1-1 + Oyo1 + Uy,

Then, y7 is \T-consistent, and the ¢ test statistic goes to the standard normal

distribution under Hy : y = 0.

(2) Estimate Ay, = @ +y'Ay,, + u;. Then, &y and [A?T are VT-consistent, and

the ¢ test and F test make sense.
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(3) Estimate y;;, = a + y'y», + u, by the Cochrane-Orcutt method, assuming

that u, is the first-order serially correlated error.

Usually, choose (2).
However, there are two exceptions.
(i) The true value of ¢ is not one, i.e., less than one.

(i1) y;, and y,, are the cointegrated processes.

In these two cases, taking the first difference leads to the misspecified regres-

sion.
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8. Cointegrating Vector:
Suppose that each element of y, is I(1) and that a’y, 1s 1(0).
a is called a cointegrating vector (#1537~ % bk JL), which is not unique.

Set z; = a’y,, where z, is scalar, and a and y, are g X 1 vectors.
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For z; ~ 1(0) (i.e., stationary),

For z, ~ I(1) (i.e., nonstationary, i.e., a is not a cointegrating vector),
T 1
T2 ) @y — 2 f (W(r))* dr,
=1 0

where W(r) denotes a standard Brownian motion and A? indicates variance of

(I = L)z.

If a is not a cointegrating vector, T~' '°_, 72 diverges.
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= We can obtain a consistent estimate of a cointegrating vector by mini-

mizing Y|, z2 with respect to a, where a normalization condition on a has to

be imposed.

The estimator of the a including the normalization condition is super-consistent

(T -consistent).
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