Stock, J.H. (1987) “Asymptotic Properties of Least Squares Estimators o
Cointegrating Vectors EconometricaVol.55, pp.1035 — 1056.

Proposition:

Lety: be a scalary,; be akx 1 vector, andy, y,,)’ be agx 1 vector, where

g=k+1.

Consider the following model:
Yit=a+yYu+Z
AYot = Upt

188



( A ) - ¥ (L)g

Up ¢

& is agx 1i.i.d. vector with E&) = 0 and E&¢€/) = PP.

OLSE is given by:

() (e s (o
y 2Y2t 2 YatYa, 2 Y1tYat .
DefineA;, which is ag x 1 vector, and\}, which is ak x g matrix, as follows:

| 3
vap=().
A
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Then, we have the following results:

(Tl/z(&—a)) { ! (Azf W(r)dr)
Ty -7) A f W(r)dr A;( f (W(r)) (W(r)) dr)AZ’

where

-1

()

(hl)_( EW@) ]
he) Az( [ wo (dW(r»')Az+ZE(uz,t4T) |

. \ .7=0 .
W(r) denotes @-dimensional standard Brownian motion.

1) OLSE of the cointegrating vector is consistent even thamgh serially

correlated.
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2) The consistency of OLSE implies thEt! 3" 02 — o2

3) Becausel ! 3 (vt — ¥4)? goes to infinity, a coicient of determination,

R?, goes to one.
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3.4 Testing Cointegration

3.4.1 Engle-Granger Test

ye ~ 1(1)
Yit =@+ 7YYo + U
e U; ~ 1(0) = Cointegration

e U ~ I(1) = Spurious Regression
Estimatey;; = @ + y'Y»; + U by OLS, and obtain~
EStImatle = pl’:lt,]_ + 51A|:|t,1 + 62A0t,2 + -+ 6p—1A0t—p+1 + & by OLS.
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ADF Test:
e Hy: p =1 (Sprious Regression)
e H; : p < 1 (Cointegration)

— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Hans
(1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors, | (a) Regressors have no drift | (b) Some regressors have drift
excluding constant 1% 2.5% 5% 10%| 1% 25% 5% 10%
1 -396 -3.64 -337 -307|-396 -367 -341 -3.13
-431 -402 -377 -345|-436 -4.07 -380 -3.52
-473 -437 -411 -383|-465 -439 -416 -384
-507 -471 -445 -416|-504 -477 -449 -4.20

-528 -498 -471 -443| -536 -502 -474 -4.46
J.D. Hamilton (1994)Time Series Analysip.766.

aa b~ W N
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3.4.2 Error Correction Representation

VAR(p) model:

Ve =a+P1Ye1+ Yo+ + PpYip + &,

wherey;, @ ande indicateg x 1 vectors fot = 1,2,---, T, andgs is ag x g matrix

fors=1,2,---,p.
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Rewrite:
Vi = @+ pYi1+ 01AY 1 + 62AYr 2+ - + +0p 1AV pi1 t &,
where

p=drtdot-+op,

632_(¢s+1+65+2+"‘+¢p), fOfS:].,Z,"',p—l.
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Again, rewrite:
Ay = @ + OoYi-1 + 01AY1_1 + 02AYi 2 + - - + +0p_1AYi_pi1 + &,

where
do =p- Ig = _¢(1)’

for (L) = Ig — 511 — 6,L% — - - - — 6, LP.
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If y; hash cointegrating relations, we have the following error correction represen-

tation:
AYr = @ — BAYi_1 + 01AYi-1 + 02AYr2 + - - + +0p_1AYi_pi1 + &,

whereA'y;_; is a stationaryx 1 vector (i.e.h 1(0) processes), andandAaregxh

matrices.
Note that ¢(1) = BA for (L) = lIg— 1L — 6,L% — -+ — 6,LP.

Each row ofA’ denotes the cointegrating vector, i.&.,consists oh cointegrating

vectors.
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Suppose that ~ N(0, ). The log-likelihood function is:

logl(e, 81, - -+, 6p-1, BIA)
__Tg T
= —— log(2r) - 5 log[Z|

1 J
3 Z(AYt —a+BAYi 1~ 01AYi1 —+ — Op-1AYepi1) T
=1

X(AY; — a + BAYi_1 — 01AY1-1 — - - — 0 p-1AYt_p+1)
Given A andh, maximize lod with respect ta, 61, - - -, 6p_1, B.
Then, giverh, how do we estimatd? — Johansen (1988, 1991)
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(*) Canonical Correlatoion (1E #£4HE8)
X' = (X1, X, -+ %) @ndy’ = (Y1, Y2, -, Ym), Wheren < m.

U=a'X=aiX; + aXo + -+ + anXn,

v =D0'y=byys + byys + - - + bym,

where V) = V(v) = 1 and EK) = E(y) = 0 for simplicity.

Define:
V(X) = Zx, E(Xy) = Exy’ V(Y) = Zyy’ E(y)() = Zyx = Z;y'
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The correlation ca@cient betweem andv, denoted by, is:

p = C:OV—(U’V) — a’z b
WOWNY
where V) = aZa=1and V{) = b'’Z,b = 1.

Maximizep = a’Z, b subject toa’Z,,a = 1 andb’Zy,b = 1.
The Lagrangian is:

1 1
L = &Syb - ZA@T0a- 1) - Su(b'E,b - 1)
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Take a derivative with respect goandb.

oL
% = nyb - /‘lZXXa - O,

a

Usinga'Zya = 1 andb’Xyb = 1, we obtain:
A=pu=axyb.
From the first equation, we obtain:
a= %Zgizxyb,
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which is substituted into the second equation as follows:

1
2T W Zyb — AZb =0,

(Ery Zr o Eny — Alm)b = 0,

IEy Zr EnZxy — A%l = 0O

The solution ofi? is given by the maximum eigen value By, ZixZxy, andbis

the corresponding eigen vector.
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Back to the Cointegration:

Estimate the following two regressions:
AYy = b1g + D11AY1 + DoAY o + - -+ Dy p 1Ay pra + Ung
Vo1 = Doo + D2 1AY 1 + DooAY o + - + Do p 1A i1 + Uny

Obtaindi; fori = 1,2 andt =1,2,---, T, and compute as follow:

1y 1y
X1 = T Z Ug U7 4, Y = T Z Uz, U5,
t=1 t=1
T
- 1 ~N ooy < </
Y12 = T Z U Uy, o1 = 2o
t=1
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From$;15,,5715,,, computeh biggest eigenvalues, denoted by A, - - -, s, and
the corresponding eigen vectors, denotecih\as, - - -, &,, whered; > A, > --- >
An,

The estimate oA, A, is given byA = (a1, &, - - -, &).

How do we obtairh?
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3.5 Testing the Number of Cointegrating Vectors

Trace Test (k L—R&E):
Ho: 2hs1=0 and H;i: 2, > 0.

9
2(logly —loglo) = =T )" log(1- &) — tr(Q),

i=h+1

Q= ( fo 1 W(r)dW(r)’), ( fo l W(r)W(r)’dr)_l ( fo l W(r)dW(r)’).

where
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Trace Test for # of Cointegrating Relations

# of Random| (a) Regressors have no drift (b) Some regressors have drift
Walks @ — h) 1% 2.5% 5% 10% | 1% 2.5% 5% 10%
1 11.576 9.658 8.083 6.691 6.936 5.332 3.962 2.816
2 21.962 19.611 17.844 15.5839.310 17.299 15.197 13.338
3 37.291 34.062 31.256 28.43635.397 32.313 29.509 26.791
4 55.551 51.801 48.419 45.2483.792 50.424 47.181 43.964
5 77911 73.031 69.977 65.956/6.955 72.140 68.905 65.063

J.D. Hamilton (1994)Time Series Analysip.767.
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Largest Eigenvalue Test & XE A ERE):
Ho: A4hy1 =0 and Hy: 2,>0.

2(logl; — loglg) = =T log(1 - Ans1) — maxmum eigen value d,
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Maximum Eigenvalue Test for # of Cointegrating Relations

# of Random| (a) Regressors have no drift

Walks @—h) | 1%

2.5%

5%

10% | 1%

2.5%

5%

(b) Some regressors have drift

10%

11.576
18.782
26.154
32.616
38.858

gaa A W N B

9.658
16.403
23.362
29.599
35.700

8.083
14.595
21.279
27.341
33.262

6.691 6.936
12.78317.936
18.9525.521
24.91731.943
30.81838.341

5.332
15.810
23.002
29.335
35.546

3.962
14.036
20.778
27.169
33.178

2.816
12.099
18.697
24.712
30.774

J.D. Hamilton (1994)Time Series Analysip.768.
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4 GMM (Generalized Mothod of Moments, —fi&{t &
RiK)

1. Method of MomentsfgE=:i%):
Regression Modely; = x8 + &
From the assumption, E(g) = 0.

The sample mean is given by:

1 « 1 -
?ZX{Q: ?ZX{(Yt—Xt,B) =0.
t=1 t=1
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Therefore,
1& ) (1
oo 207) (£ 2]
which is equivalent to OLS.
2. Generalized Mothod of Moments (GMM; i L& 2R 1%):
E(h(6;w)) =0

0 is ak x 1 parameter vector to be estimated.

W, is an observed vectoy;, = (y;, X).
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h(0; wy) is ar x 1 vector function, where > k.

Defineg(8; Wr) as follows:

i
o W) = > (e ),
t=1

whereWr = {wr, Wr_g, -, Wi}.

Compute:
min(g(s; Wr)) S~(g(6; Wr))

The solution o, denoted by, corresponds to the GMM estimator, where
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S is defined as follows:

In empirical studiesS is replaced by its estimate, i.&r.

Whenh(;w), t = 1,2, ---, T, are not serially correlated, the followirgy is

consistent, i.e.,

| Y

)
= = ) (h@riw) (hEriw)) — s.
t=1
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Whenh(0;w;), t = 1,2,---, T, are serially correlated,

q
~ A T A A ,
$; =1(0)+ 2, k(qu)(r(r) + (7)),
. 1 & . .
wheref(z) = = Z h(fr; W)h(fr; Wr_s)'.
t=r+1

k(X) = 1 - x = Bartlett kernel (Newwey-west estimator),

k(x) = Parzen kernel, and etc.
Then, we obtain:
VT(fr-6) — N(0,(DS™D)?),
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where
_09(6; Wr)
Y

D
Note thatD is ar x k matrix.
Let D1 be an estimate db.
The variance estimator @ is given by:

5. = ag(6r; Wr)
I TR
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