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1. Stationarity (€& %) :

Letys, Y, -+, yr be time series data.

(a) Weak Stationarity (38 M) :

E(Yt) =M,
E(0 — 1) (Vi-r — 1)) = ¥(7), =012

The first and second moments depend on tinfiednce, not time itself.



(b) Strong Stationarity (38 F 1)

Let f(yi,, Vi, - - -» V) be the joint distribution o¥:,, Vi, - - -, . -

f(ytp yt2’ ) Yt,) = f(yt1+‘r’ yt2+Ta ) Ytr+r)

All the moments are same for all



2. Ergodicity (T/)LI— K%) :
As time diference between two data is large, the two data become indeper

dent.

Y1, Y2, -+ -, Y7 IS said to be ergodic in mean whgronverges in probability to

E@).

3. Auto-covariance Function (B &2 8% :

E(M: — )Ver — 1) = ¥(7), =012,

y(7) = ¥(-7)



4. Auto-correlation Function (B ©+8R3E3%X) :

o) = E@ =00 =) _ ()
JVariy) VWVar(y.,)  7(0)
Note that Vary;) = Var(y;_.) = v(0).

5. Sample Mean EA&¥1) :
.

ﬁ:TZyt

t=1

| =

6. Sample Auto-covariance EXB S HDHY) :

OE Z(yt e — )

t T+1
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7. Correlogram (2L O % 5 A, or 24 H AR :

5
A0 =50)

8. Lag Operator (5 7 1FER) :

LTyt = yt—Ta T= 1, 2’ e



9. Likelihood Function ( 75 ER8#%1) — Innovation Form :

The joint distribution ofyy, y», - - -, yr IS written as:

f(ys, Y2, oo yr) = fyrlyr—1, -, yo) f(Yr-1, -+, Y1)
= f(yrlyr-1, - yo) F(yralyr—2, -, yo) F(Yr—2, - - . Y1)

= f(yrlyr=1, -, yo) fF(Yralyr—2, -, Y1) - F(Yalyr) f(ya)

-
= ) [ | fORea - ya).
t=2



Therefore, the log-likelihood function is given by:
T
log f(y1, Y2, yr) = og f(ya) + > l0g f (WY, y1)-
t=2

Under the normality assumptiorf,(ytly:_1,---,Y1) IS given by the normal

distribution with conditional mean E{y;_1, - - -, Y1) and conditional variance

Varyilyi-1, - - -, Y1)



1.2 Autoregressive Model B2 @/ EF /L or AR E5 L)

1. AR(p) Model :

Vi = P11+ PaYe2+ 0 + PpYrp t+ &,
which is rewritten as:
o(L)y: = &,

where

HL) = 1= il - gol?— - — gyLP.



2. Stationarity (EEF M)

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers

When thep solutions are greater than ongjs stationary.

Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.
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. Partial Autocorrelation Coefficient (f& B SEBE%%X), by :

The partial autocorrelation ciecient betweely; andy;_x, denoted bypyy, IS
a measure of strength of the relationship betwgemndy; «, after removing

influence ofy;_1, - - -, Yi_ks1-

$11 = p(1)
( 1 P(l))(¢2,1):(/0(1))
p(1) 1 /\¢22/ \p(2)
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1 p(1) p(2)
[p(l) 1 p(l)][

p(2) p(1) 1
1 p(1)

p(1) 1

pk=1) pk=2) --

$31 p(1)
$32 ] = [P(Z)]
$33 P(3)

P 1
- pk=2) pk-1)
bk2
pk=3) pk-2) .
Prk-1
p(1) 1
Prk
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Use Cramer’s rulef 7 X —)L D /A=) to obtaingy.

1 p(A) - pk=2)p(2)
p(1) 1 p(k—=3) p(2)

pk=1)pk=2)--- p(1) p(K)

Pk =
1 p(1) - pk=2)p(k-1)

p(1) 1 pk=3)p(k-2)

pk=1)pk=2)--- p(1) 1
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Example: AR(1) Model: Vi = ¢1yr 1+ &

1. The stationarity condition is: the solutiongfx) = 1-¢;x = 0, i.e.,x = 1/¢;,

Is greater than one, or equivalentpy, < 1.

2. Rewriting the AR(1) model,

Vi = P11 + &
2
= P12+ & + D161

3 2
= PiYi-3 + & + P161 + 1€ 2
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=V st+ &+ P&t o + O e s
As sis large, ¢7 approaches zero— Stationarity condition
3. For stationarity, y; = ¢1y_1 + € IS rewritten as:
Vi = & + dre1 + P o+ -

MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) procesg

M= E(yt) = E(Et + ¢l€t—l + (]5%61;_2 + - )
= E(&) + #1E(&-1) + ¢7E(6-2) + --- =0

5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:

-1
Vi =@ Yir + &+ 161+ 0 D] Eri1
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Therefore, the autocovariance function of AR(1) process is:

y(™) = E(0r — ) (Ve — 1)) = EGrYe-r)
= E((#i%ir + &+ 161+ oo + ] 6 ri)Vi)
= $IEM-cYio) + EeYer) + $1E(6 1Y) + -+ + 6] El&-re1¥er)
= ¢17(0).

The autocorrelation function of AR(1) process is:

p(r) = (0) ¢
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Multiply y;_, on both sides of the AR(1) process and take the expectation:

EMiYi-r) = p1EMi-1Yi--) + E(&Vi--)

ory(r - 1), fort 0,
y(1) =
dry(r = 1)+ 02, forr =0.

Usingy(r) = v(-71), v(r)forr = 0is given by:

¥(0) = ¢1y(1) + 0 = $7¥(0) + 0.

Note thaty(1) = ¢,y(0).
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Therefore;y(0) is given by:

0_2

1-¢?

¥(0) =
6. Partial autocorrelation function of AR(1) process:

$11 = p(1) = ¢1
' 1 p0)

p(1) p@)| _ p(2)-pay _
' 1 p(l)l 1-p(1p
p(1) 1

P22 =
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7. Estimation of AR(1) model:

(a) Likelihood function

)
log f(yr, -+, y1) = log f(y1) + " log f(ydlyi 1.+, y1)

t=1
1 1 o2 1
= 3108(@n ~ 3 '09(1 — ¢i) “a-a”
T-1 1 1 «
> log(2r) — |0g(0'2) -z tZ;()/t - ¢1yt—1)2
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T T 1 1
=-3 log(2r) — = log(crz) -3 '09(1—¢2)

1
20_2/(1 ¢2) 2 2 Z(Yt ¢1Yt l)

Note as follows:

1 1
f = expl-——
o) 2102/(1 - ¢2) Xp( 202/(1 - ¢2) Yi)
1 1 ,
f(Wilyi-1, -+, Y1) = Voo eXp(_ZT'Z(yt - ¢1Yi-1) )
o
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ologf(yr,---,y0) T 1 1

do? S22 204/(1 - ¢2)

dlog f(yr,--,y1) g1 i, 1y
=- +SYi+ = > (o= d1Y1)yer =0
g1 1-¢2 o2 o2 ;

The MLE of ¢, ando? satisfies the above two equation.
1 - g -
G = T ((1 — ¢y + Z(Yt - ¢1Yt—1)2]
t=2

~ Zthz YiVi-1 (~ 5'2551 ) 4
= — + —_ = -
¢1 Z;rzz ytz_l ¢1Yi 1_ ¢% /; yt2 1

22
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(b) Ordinary Least Squares (OLS) Method

T
S(¢1) = ) | — dryea)’
t=2

IS minimized with respect tg;.

. Vi L oVie 1YT) ST i1
by = Zt_T2Yt21Yt . Zt_Tz)’tzl t gt (1/ )Zt_Tz)’tzl i
D=2 Y1 22 Y (1/T) X2 Via
E(Yi-1€)
— ¢+ =¢
BN

OLSE of¢, is a consistent estimator.
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The following equations are utilized.

E(yi-16) =0
E(y ;) = Var(i1) = ¥(0)

8. Asymptotic distribution of OLSE:

VT (1 - ¢1) — N(O,1-¢2)

Proof:
0_4
Vi, t=1,2,---, T, are distributed with mean zero and variaF:rLeeE—z.
"1
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From the central limit theorem,

(L/T) Il Y16

o4/ (L - ¢/ NT

— N(0, 1)

Rewriting,
4

¢2)

.
ZYt 1& — N(O,
=1

Next,
2

1¢2

)
2V — E6RD) =¥0)=
t=1
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yields:

L/ VNT) Il Y&

\/-T By — =
)= = m s e,

— N(0,1- ¢3)

9. Some formulas:

(a) Central Limit Theorem
Random variablegy, x,, - - -, Xr are mutually independently distributed

with meanu and variancer?.

DefineX = (1/T) 31, %.

26



Then,
X“E® _ XK, N1

WE /T

(b) Central Limit Theorem I

Random variablesg;, x,, - -+, Xr are distributed with mean and vari-
ancec?.
Definex = (1/T) 3, X

Then,
*E® _, No1)
V(X ’
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(c) Let xandy be random variables.

y converges in distribution to a distribution, araonverges in proba-

bility to a fixed value.
Then,xy converges in distribution.

For example, consider:
y — N(u, o), X — C.

Then, we obtain:

xy — N(cu, ¢?0?)
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10. AR(1) +drift: Vi = U+ d1Yi1 + &
Mean:

Using the lag operator,
(L = u + &
whereg(L) = 1 - ¢,L.

Multiply ¢(L)~* on both sides. Then, wheg| < 1, we have:

Yo = p(L) i + ¢(L) e

29



Taking the expectation on both sides,

E() = ¢(L)u + ¢(L)'E(e)

— 1—1 — M
(1) "u -0
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Example: AR(2) Model: Considery; = ¢1Vi1 + ¢2Vi2 + &.

1. The stationarity condition is: two solutions efrom ¢(x) = 1—¢1X—¢,x2 = 0

are outside the unit circle.
2. Rewriting the AR(2) model,
(1-p1l — gLy = &.
Let 1/a; and Ya», be the solutions of(x) = 0.

Then, the AR(2) model is written as:
(1-al)1-al)y: =&,
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which is rewritten as:

1
Y e —amD)
_ (/e —a2)  —ap/(a1 — a2) .
T\ 1-al 1-aL |

3. Mean of AR(2) Model:

Wheny; is stationary, i.e.q; anda, are within the unit circle,

p=El) =E(@(L)e) =0
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4. Autocovariance Function of AR(2) Model:

y(r) = E(0: — 1) (Ver — 1)) = EMiVer)
= E((¢1Yt—1 + P2 + ft)yt—r)
= 01EMi-1Yi-r) + 02E(Mi-2¥1--) + E(&Yi-r)

B dry(t = 1) + doy(r — 2), fort # 0,
¢1y(r — 1)+ doy(t — 2) + o2, for r = 0.

The initial condition is obtained by solving the following three equations:
¥(0) = ¢1y(1) + ¢2¥(2) + o2,
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¥(1) = ¢17(0) + ¢2y(2),
¥(2) = ¢1y(1) + ¢2¥(0).

Therefore, the initial conditions are given by:

_(1-¢2 ol
7(0)_(1+¢z)(1—¢2)2—

o 91 \(1-¢2 o’
)= 1 ¢ (0)_(1—¢2)(1+¢2)(1—¢2)2—

Giveny(0) andy(1), we obtainy(r) as follows:

v(1) = dry(r — 1) + ¢oy(r — 2), fortr=23,---.
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5. Another solution for y(0):
Fromy(0) = ¢1y(1) + ¢2y(2) + 02,
2
g’

YO = T — 6 @)

where

¢1 B i+ (1 ¢2)2
1-6, p(2) = ¢1p(1) + ¢2 = 19,

6. Autocorrelation Function of AR(2) Model:

p(1) =

Givenp(1) andp(2),
o(7) = pro(t = 1) + ¢op(r — 2), forr=3,4,---,
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7. ¢« = Partial Autocorrelation Coefficient of AR(2) Process:

ok,

1 p) - pk-2) pk-1) ¢“ p(1)

p(1) 1 pk=3) pk-2)[| @
Prk-1

pk=1) pk-2) - p(1) 1 p(K)
drk

fork=12,---.
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1 p(A) - pk=2)p(2)
p(1) 1 p(k—=3) p(2)

pk=1pk=2)--- p(1) p(K)

Pk =
1 p(1) - plk=2)p(k-1)

p(1) 1 pk=23) p(k-2)

pk=1)pk=2)--- p(1) 1
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Autocovariance Functions:
¥(1) = ¢17(0) + ¢2y(1),
¥(2) = ¢1¥(1) + ¢2¥(0),
(1) = ¢ry(r — 1) + ¢oy(r — 2), forr=3,4,---.

Autocorrelation Functions:

_ 4t
p(1) = g1+ ¢20(1) = — e
¢
p(2) = d1p(1) + b2 = 7— i 2,

o(7) = ¢p1p(t = 1) + ¢op(r — 2), forr=3,4,---.
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b1
1-¢
ll p(1)

p(1) p(2| _ p(2)-p(1)?
= ¢

$11=p1) =

$22 = =
l 1 p(1) | 1-p(1)
1

p(1)
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1 p(1)
p(1) 1
p(2) p(1)

p(1)
p(2)
P(3)

BT ()
p() 1
p(2) p(1)

_ (p3) = p(1)o(2) = p(1)*(p(3) — p(1)) + p()p(1)((2) - 1) _

p(2)
p(1)
1

(1-p(1)) - p(1)2(1 - p(2)) + p(2) (1) - p(2))

40

=0.



8. Log-Likelihood Function — Innovation Form:

;
log f(yr,-++,y1) = 10g f(y2,y2) + > log f (lye-a, -+ )

t=3
where
f (Yo, y1) = i|y(0) ) _wexp(_}(y y)(Y(O) Y(l))_l(yl)]
7T 2n]y(1) y0) 27y v \y))
f(VilYe-1, -+, y1) = ! — exp(— Ziz Ve — P11 — ¢2Yt—2)2) :

€

Note as follows:

(7(0) 7(1)):y(0)( 1 p(l)):y(o)( 1 ¢1/(1—¢z))
¥(1) ¥(0) pl) 1 $1/(1 - ¢2) 1 '
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9. AR(2) +drift: Yy = u + ¢1Yi1 + Vi 2 + &
Mean:

Rewriting the AR(2}-drift model,

d(L)yr = u + &

whereg(L) = 1 — ¢1L — ¢»L2.

Under the stationarity assumption, we can rewrite the AR{#jt model as

follows:
Yi = ¢(L) '+ ¢(L) e

42



Therefore,

B0 = 6() u+ 6L B (@) = 00 ' = T —

Example: AR(p) model:  Considery; = ¢1yi-1 + ¢2Ye2 + -+ + PpYip + &-

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., thpesolutions ofx from ¢(x) = O are

outside the unit circle),

S 1-¢up(1) = -+~ ¢po(p)



Note thaty(r) = p(7)y(0).
Solve the following simultaneous equations fot 0,1, - - -, p:
¥(1) = E((r — 1) (Vs — 1)) = E(iV—r)

pry(r = 1)+ doy(r = 2) + - + dpy(r — ), fort 0,
dry(t — 1)+ doy(r = 2) + -+ + dpy(r — P) + 02, fort = 0.
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2. Estimation of AR(p) Model:

1. OLS:
T
min Z Ve — d1Ye1 — PoVea — =+ — DpYip)®
$1,- - :¢p t=p+1
2. MLE:
max Iog f(yT7 et 7y1)
$1,- . dp
where

)
log f(yr, -+, y1) =10g f(Yp, -, Y2, ¥1) + D 10g f (Ve 1.+, Y1),

t=p+1
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Y1

1 y
F(Yp -+ ¥2,y2) = (20) AV 2 expl =S(yaya -+ Yp)V ! ;2
Yp
1 p(l) - p(p=2) p(p-1)
p(1) 1 p(p-3) p(p-2)
V =(0) - , '
p(p-1) p(p-2) --- p(1) 1
1 1
fylye-1,- -, Y1) = 2ro? eXF(— 202 Yt — d1Y1-1 — P22 — -+ — ¢th—p)2)
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3. Yule=Walker (. —JU - 7 # —#—) Equation:

Multiply Yi-1, Yi-2, -, Yi-p ON both sides ofx = ¢1yi-1 + doyr2 + -+ +
dpYip + & = Y1, take expectations for each case, and divide by the sampile

variancey(0).
R . R b1 R
1 p(1) - p(p-2) p(p-1) ’ p(1)
PO 1 Ap-3) -2 | |5@
. . . $p-1 .
p(p-1) p(p-2) --- p(2) 1 ! P(p)
p
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where

0= Y G- o) = 20
TS T 7(0)

3. AR(p) +drift:  Yi =+ P11 + PoVe2 + - dpYip + &
Mean:
p(Lyr = p+ &
wherep(L) = 1 - gL — L2 — --- — ¢ LP.

e = ¢(L)'u + o(L) e
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Taking the expectation on both sides,

EG) = ¢(L) 1+ 6(L)'Ee) = ¢(1)
_ H
T1-gi—do- -~y

4. Partial Autocorrelation of AR( p) Process:

dk=0fork=p+1,p+2---
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1.3 MA Model
MA (Moving Average, #%&j¥13) Model:

1. MA( Q)
Vi = &+ 0161+ 060+ -+ + Oh€_q,
which is rewritten as:
Yt = 6(L)e,

where

O(L) = L+ 61L + L2 + -+ +6,LC.
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2. Invertibility ( RExATBEM):

Theq solutions ofx from (x) = 1+ 61X+ 6,X2 + -+ + 6gx3 = 0 D g are

outside the unit circle.

= MA(q) model is rewritten as AR¢) model.

Example: MA(1) Model: y; =& + 0161
1. Mean of MA(1) Process:
EMW) = E(& + 616-1) = E(&) + 61E(6-1) = 0
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2. Autocovariance Function of MA(1) Process:

v(0) = E(ytz) = E(g + 91&_1)2 = E(et2 + 201661 + 9%65_1)

= E(¢f) + 20:E(q€-1) + B2E(€2 1) = (1 + 69)0?

y(1) = EMiYe1) = E((& + 616-1) (61 + b16_2)) = 6102

¥(2) = E(\iYt-2) = E((& + 616-1)(6-2 + 616-3)) = 0

52



3. Autocorrelation Function of MA(1) Process:
01

B )’(T) ~ m, forr =1,
D=0,
Y 0, forr=2,3,--.
Let x bep(1).
7] .
— =X e, Xx5-0+x=0.
1+67
6, should be a real number.
1 1
1 - 4% - Z<p(1)< =.
x> 0, i.e., 2_p()_2
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4. Invertibility Condition of MA(1) Process:

& = —016-1 + Y
= (—=61)%€-2 + Yt + (=011

= (—01)%6-3 + Yt + (—01)Yi1 + (—61) V2

= (—61)%s+ Yt + (=01)Ye1 + (002 + -+ + (=61)"" s
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When (6,)°¢_s — 0, the MA(1) model is written as the AR() model,

le.,
Ve = —(=0)Yi-1 — (-0 Y2 — -+ = (—0) i1 — - + &

. Likelihood Function of MA(1) Process:

The autocovariance functions arey(0) = (1 + 69)02, ¥(1) = 6,02, and
y(r)=0forr=23,---.

The joint distribution ofyy, Y5, - - -, yr is:

1 1
f0ny2, ) = oVl v exp(—EYV 1Y)
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where

1+62 6, 0 .- 0
6 1+62 6
0 61 0
1+62 6
0 e 0 6 1462
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6. MA(1) +drift: Vi =+ 6+ 0161

Mean of MA(1) Process:
Vi = u+6(L)e,

wheref(L) = 1+ 6,L.

Taking the expectation,

Ely) = 1+ 0(L)E(e) = 1.
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Example: MA(2) Model: v, = g + 6161 + G262

1. Autocovariance Function of MA(2) Process:

a+ 95 + 9%)0'3, forr =0,

(91 + 6192)0'3, forr = 1,
y(r) =

6202, fort = 2,

0, otherwise.

2. let-1/B; and-1/8, be two solutions ok from 6(x) = O.

For invertibility condition, bothB; andg, should be less than one in absolute

value.
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Then, the MA(2) model is represented as:

Vi = & + 0161 + bhE 2
= (1+6.L + 6,9
=(1+p:1L)(1+BL)e

AR( o) representation of the MA(2) model is given by:

1
T @+pna+sn"

3 (51/(31 - B2) N —B2/(B1 —ﬁz))
“\ 1780 1+5L )

€
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3. Likelihood Function:

1 1
f o = V[ Y2 expl-ZY'VLY
(yla y2, > yT) (27_‘_)1—/2 | | p 2
where
1+ 09% + 9% 01 + 616> 6> 0
Y1
01+ 610, 1+602+605 01+06:0,
Y2
Y = 1 V:(Tg 6> 61 + 616> 6,
1+62+65 61+6:6,
Y1
0 6> 61 + 616> 1+ (9% + 6’%
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4, MA(Z) +dl’|ft yt =u+e+ 01&_1 + 02€t—2

Mean:

i =+ 0(L)e,
whered(L) = 1+ 6;L + 6,L2.

Therefore,

EM) = p + 0(L)E(e) =
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Example: MA(Q) Model: Yy = + 016-1 + b2+ -+ + Oy6q
1. Mean of MA(q) Process:

E(r) = E(e + 6161 + 0262+ -+ +0g61q) =0
2. Autocovariance Function of MA(q) Process:

-7
0'3(9007+9107+1+ +9q—19q):0'329i91+i, 7:1’2’...’q,
y(7) = —

0, r=q+Lq+2-

whered, = 1.
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3. MA( q) process is stationary.

4, MA( C]) +drift; Vi=u+e&+ 0161+ b6+ --- + Gth_q

Mean:

Yt =+ 0(L)e,
whered(L) = 1+ 6L + L% + - -+ + 6L

Therefore, we have:

Ely) = 1+ 0(L)E(e) = n.
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1.4 ARMA Model

ARMA (Autoregressive Moving Average H . [7]/## &) °F-43) Process
1. ARMA(p, Q)
Vi = P1Yr1+ @Yo+ -0 +PpYipt & + 0161+ O 0+ -+ + Oq€q,

which is rewritten as:
#(L)y: = 6(L)e,

whereg(L) = 1-¢1L—¢oL2— - - - —=p,LPandd(L) = 1+6;L+6,L%+ - - - +6,LY%
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2. Likelihood Function:

The variance-covariance matrix ¥f denoted by, has to be computed.

Example: ARMA(1,1) Process: Vi = ¢1Vi1 + & + 0161
Obtain the autocorrelation cfigient.

The mean of, is to take the expectation on both sides.
EMW) = #1EM-1) + E(e) + 61E(&-1),

where the second and third terms are zeros.
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Therefore, we obtain:
E(Yt) = 0

The autocovariance of is to take the expectation, multiplying . on both sides.

EMiYi—r) = 01E(Vi-1Yi-7) + E(aYier) + O1E(e-1Yi-1)-

Each term is given by:

EWiyi-r) = ¥(7), EMVi-1¥1-r) = y(7 - 1),
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2 - _
O-G’T_ 0’

0, T:1,2,"',

E(e-1Yi-r) =1 02

E(eYi--) = { 2,
0’

Therefore, we obtain;

¥(0) = ¢1y(L) + (1 + ¢161 + 67)02,

¥(1) = $1(0) + 6107,

y(1) = p1y(r = 1), =23

67

(p1+ 61)0%, =0,

T=1,

7:2’3’..._



From the first two equationg(0) andy(1) are computed by:
( 1 —¢1)(y(0)) 2(1+ $161 +6§)
= O-E
-¢1 1 /\y(1) th

(y(O)) _ 0_2(_1 —¢1)‘1(1+¢191 +9§)

7(1) ¢l 1 91
O-g (1 ¢1)(1+¢191+9%) 0—? ( 1+2¢191+9§
S l-¢ilg 1 61 1=\ (L4 abr)(pa 4+ 60))
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Thus, the initial value of the autocorrelation @daent is given by:

_ (1+ ¢161)(¢p1 + 91).

1
p( ) 1+ 2¢191 + 9%

We have:

p(7) = ¢1p(r - 1).
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ARMAC( p, q) +drift:

Vi =+ Pyt doViot o0 PpYipt &+ b6 1+ o+ -0 + OyEq.

Mean of ARMA(p, q) Process: ¢(L)y; = u + 6(L)e,
whereg(L) = 1— gL — pol2— -+ —ppLPandd(L) = 1+ 61L + 6,L% + - -+ + 4L

Yo = ¢(L) '+ (L) 0(L)e

Therefore,

EG0) = (L) n-+ 60 HULE() = (1) Y = g
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1.5 ARIMA Model
Autoregressive Integrated Moving Average (ARIMAS c[a] 7 Fl143> 7 B - 14)

Model

ARIMA( p,d, q) Process

¢(L)A%y: = 6(L)e,
whereA%y, = AT Y1 - L)y, = A%y, — A%y, = (1- L) ford =1,2,---, and
A% = V.
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1.6 SARIMA Model
Seasonal ARIMA (SARIMA) Process:

1. SARIMA(p, d, )
d(L)AAsy: = 6(L)e,

where
Asyr = (L= LOY; = Vit — Vs

s = 4 wheny, denotes quarterly date aisd= 12 wheny; represents monthly

data.
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1.7 Optimal Prediction
1. AR(p) Process:y; = ¢1yi-1+ -+ + dpYip + &

(a) Define:
EVeklY:) = Yeekts
whereY; denotes all the information available at time

Taking the conditional expectation\fy = ¢1Yrik-1+ - - +PpYrrk—p+Eisk

on both sides,

Yerkt = O1Yesk-1t + -0+ OpYirk—pits
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whereyg; = ysfor s<t.

(b) Optimal prediction is given by solving the abovéfdrential equation.
2. MA(Qq) Process:y: = & + bh&-1+ -+ + O4€q

(@) Letér, ér_q, - -+, € be the estimated errors.

(0) Yk = €4k + 161 + -+ + Oq€t+k—q

(c) Therefore,

Yiskit = €kt T O16k-1t + *++ + Og€tak—qts

whereeg = 0 for s> t andeg = esfor s<t.
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3. ARMA(p,q) Process:y; = ¢1Yi1+ -+ + PpYrp + & + O1&-1+ -+ + Oy€q

(@) Yisk = O1Yreke1 + -+ + OpYirkep + €k + O16k-1 + 0 + Ogrikg

(b) Optimal prediction is:
Yeskit = O1Yerk-1t + =0+ GpYek—ptt T €kt + O1€k-1t + -+ + Og€k—qit-

whereyy: = ys andeg = & for s<t, andeg; = 0 for s > t.
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1.8 Identification

1. Based on AIC or SBIC gived, s, we obtainp, g.
(a) AIC (Akaike’s Information Criterion)

AIC = -2log(likelihood)+ 2k,

wherek = p + g, which is the number of parameters estimated.

(b) SBIC (Shwarz’'s Bayesian Information Criterion)

SBIC = -2 log(likelihood)+ klog T,
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whereT denotes the number of observations.

2. From the sample autocorrelation ¢eent functiono(k) and the partial au-

tocorrelation cofficient functionqAbk,k fork=1,2,---, we obtainp,d, g, S.

AR(p) Process MA(q) Process
Autocorrelation Function Gradually decreasing(k) = 0,
k=q+1,q+2,---
Partial Autocorrelation Functiog(k, k) = 0, Gradually decreasing
k=p+L1Lp+2---

(a) ComputeAgy; to remove seasonality.
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Compute the autocovariance functions\qy;.

If the autocovariance functions have pergadve take (1- L®), again.
(b) Determine the order of @ference.

Compute the partial autocovariance functions every time.

If the autocovariance functions decrease edarge, go to the next step.
(c) Determine the order of AR terms (i.q).

Compute the partial autocovariance functions every time.

The partial autocovariance functions are close to zero after soge

to the next step.
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(d) Determine the order of MA terms (i.&).
Compute the autocovariance functions every time.

If the autocovariance functions are randomly around zero, end of the

procedure.
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1.9 Example of SARIMA using Consumption Data

Construct SARIMA model using monthly and seasonally unadjusted consumptio

expenditure data and STATA12.
Estimation Period: Jan., 1970 — Dec., 2012 516)

. gen time=_n
. tsset time i .
time variable: time, 1 to 516
delta: 1 unit

. corrgram expend
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0 1 -1 0 1
[Partial Autocor]

LAG AC PAC Q Prob>Q [Autocorrelation]

1 0.8488 ©.8499 373.88 0.0000 @000 |-—--—  e=m—e——-
2 0.8231 0.3858 726.18 0.60000 @@ |---—--- o

3 0.8716 0.5266 1122 0.0000 = |--—-—--- —_——

4 0.8706 0.4025 1517.6 0.0000 = |------ S

5 0.8498 0.3447 1895.3 0.0000 @ |------ __

6 0.8085 0.0074 2237.9 0.0000 @ |------

7 0.8378 0.1528 2606.5 0.0000 @ |---—---

8 0.8460 0.1467 2983 0.0000 00 |--———-- _

9 0.8342 0.3006 3349.9 0.0000 @ |----——- __

10 0.7735 -0.1518 3666 0.0000 @ |------ _

11 0.7852 -0.1185 3992.3 0.0000 @ |---——-

12 0.9234 0.9442 4444.5 0.0000 @000 |-——ec|emooo—o
13 0.7754 -0.5486 4764.1 0.6000 @ |---—-—-—- o

14 0.7482 -0.3248 5062.1 ©0.0000 @ |----- __

15 0.7963 -0.2392 5400.5 0.0000 @ |------ _

. gen dexp=expend-1.expend
(1 missing value generated)
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. corrgram dexp

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 -0.4316 -0.4329 96.485 0.0000 -—- -—-
2 -0.2546 -0.5441 130.13 0.0000 -- ———-
3 0.1721 -0.4091 145.53 0.0000 - -—-
4 0.0667 -0.3459 147.85 0.0000 --
5 0.0715 -0.0036 150.52 0.0000
6 -0.2428 -0.1489 181.36 0.0000 - -
7 0.0711 -0.1400 184.01 0.0000 -
8 0.0668 -0.2900 186.36 0.0000 --
9 0.1704 0.1681 201.64 0.0000 -
10 -0.2485 0.1306 234.21 0.0000 - -
11 -0.4293 -0.9305 331.56 0.0000 e D
12 0.9773 0.6768 837.12 0.60000 @ |-----—- | -=---
13 -0.4152 0.3778 928.56 0.0000 -—- -—-
14 -0.2583 0.2688 964.03 0.0000 -- --
15 0.1712 0.0406 979.63 0.0000 -

. gen sdex=dexp-112.dexp
(13 missing values generated)
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Prob>Q

[Autocorrelation]

-1 0 1

[Partial Autocor]

. corrgram
LAG

1 -0
2 -0
3 0
4 -0
5 0
6 -0
7 -0
8

9 -0.
10 0
11 0
12 -0
13 0
14 -0
15 -0

SOOI
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. arima sdex, ar(1,2) ma(l)

(setting optimization to BHHH)

Iteration 0: log likelihood = -5107.4608
Iteration 1: log likelihood = -5102.391
Iteration 2: log likelihood = -5099.9071
Iteration 3: log likelihood = -5099.4216
Iteration 4: log likelihood = -5099.2463
(switching optimization to BFGS)

Iteration 5: log likelihood = -5099.2361
Iteration 6: log likelihood = -5099.2346
Iteration 7 log likelihood = -5099.2346
Iteration 8: log likelihood = -5099.2346

ARIMA regression
Sample: 14 - 516
Log likelihood = -5099.235
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Number of obs
Wald chi2(3)
Prob > chi2

503
973.93
0.0000



OPG

|
sdex | Coef. Std. Err. Z P>|z| [95% Conf. Intervall]
_____________ +________________________________________________________________
sdex |
cons | -15.64573 59.17574 -0.26 0.791 -131.628 100.3366
_____________ +________________________________________________________________
ARMA |
ar |
L1. | .1271774 .0581883 2.19 0.029 .0131304 .2412244
L2. i .1009983 .053626 1.88 0.060 -.0041068 .2061034
ma |
L1. | -.8343264 .0419364 -19.90 0.000 -.9165202 -.7521326
_____________ +________________________________________________________________
/sigma | 6111.128 139.0105 43.96 0.000 5838.673 6383.584

Note: The test of the variance against zero is one sided, and the two-sided
confidence interval is truncated at zero.
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Note: N=Obs used in calculating BIC; see [R] BIC note
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1.10 ARCH and GARCH Models

Autoregressive Conditional Heteroskedasticity (ARCH)

Generalized Autoregressive Conditional Heteroskedasticity (GARCH)
1. ARCH (p) Model
&le1, €2, €1 ~ N(O, hy),

where

2 2
by = ao + 161 + -+ + ape ).
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The unconditional variance ef is:

04
2 0
€

l-a1-ax— -+ —ap

2. GARCH (p,q) Model

Etlet—la €2, ",€6 ~ N(07 ht)’
where

2 2
he=ao+aie ; + - +apg p+Piha+ - +Bghig
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3. Application to OLS (Case of ARCH(1) Model):
Yi = XS + &, &le-1, €2, -+, €1 ~ N(O, a0 + 0116t2_1)-

The joint density ok, e, - - -, €7 IS:

]
fle, - er) = f(e) | | fleden, -, &)
t=2

= (27()_1/2 i o exp(_;GZ
1—&1 2&0/(1—([1) !

T T
1
x (21 -(T-1)/2 + 2 \-1/2 exp| —
@r 2] Jwo v anct) P exp| 3 0, o

t=2 t
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The log-likelihood function is:

log L(B, @, @1; Y1, -+ » Y1)

- 2 log(@) - 3 log(1 ) i 0 8

_T 1 (%)_—Zlog ao+a1(Yt1—Xt1;8))

4 Z (¥t = XB)?
2 & ao + ai(Ye-1 — %-18)*
Obtainag, a; andg such that the log-likelihood function is maximized.

ao > 0 anday > 0 have to be satisfied.
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These two conditions are explicitly included, when the model is modified to:

E(fle-1. €2, -, €1) = af + o€’ ;.

Testing the ARCH(1) Effect:

(a) Estimatey; = x,8 + U by OLS, and computg andu; = y; — x3.

(b) Estimateu? = ao + 107, by OLS. If @, is significant, there is the
ARCH(1) &fect in the error term.

This test corresponds to LM test.
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2 \ector Autoregressive (VAR) Model — Causality, Im-
pulse Response Function and etc
Vector Autoregressive Process:

Ye=pu+ Y1+ Yot o +PpYipt &,

where

Ve o kx 1, wiokx1, € kx1, ¢ - kxk
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Rewriting the above equation,

d(L)Yr = u + &,

whereg(L) = Iy — ¢1L — ¢oL2 — - -+ — @pLP.
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VAR(1) Model:
Vi = P1Yi1 + &, i.e., (k= 91LV = &.
Wheny, is stationary, we obtain:

Y = (k- 1) e
(I + 1L + L2 + H3L3 + -+ )

2 3
€&+ Pr61 + Pl6 2+ dl& 3+ -

VAR(1)=VMA( c0)
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VAR(2) Model:
Vi = P1Yi-1 + PaYi2 + &, i.e., (k= ¢1L — $2L2)Yi1 = &
Wheny, is stationary, we obtain:

Vi1 = (lk — 1L — poLD) e

=&+ 91&_1 + 92€t—2 + .-

VAR(2)=VMA( o)
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VAR(p) Model:

Ye=pu+ oY1+ Yot oo +PpYipt &,

(k= 1l — ol — -+ —ppLPWVi 1 = 6.

Wheny, is stationary, we obtain:

Ve = (k= g1l — ol — -+ —gpLP) '

=+ 661+ 0+ -
VAR(p)=VMA( o)
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2.1 Autocovariance Matrix and Autocorrelation Matrix

Lety; be ak x 1 vector.

Autocovariance Function Matrix:

@) =B -w)M—r-p)). 7=012--,

where E{) = u. I'(7) is ak x k matrix.

I(r) = [(~7)’
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Autocorrelation Function Matrix:
p(r) = DVT()D ™,

where thei(, j)th element oD is given byy;i(r) = V(y) for i = j and zero other-

wise.

p(@) = p(=7)
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2.2 Granger Cuasality Test¢g' L ~ o v+ —RRMET R M)
Consider a bivariate case.
Unrestricted Model (Sum of Squared Residuals, denoted by)SSR
(yl,t ) (,Ul) (¢1:L1 $121 ) (Y1,t—1) (¢’1:Lp $12p ) (th—p) (61)
= + + e+ +
Yoi M2 211 $221/ \Yor-1 $21p  P22p/ \Yar-p €
Ho: ¢121=¢122= -+ =¢12p=0

WhenHy is correct, we say there is no causality frggpto y;.

= Granger Causality Test.
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Restricted Model (Sum of Squared Residuals, denoted by)SSR
ot 1 A R VN [ B
= + + oo+ +
Yai M2 $o11 @221/ \Yor-1 $21p  P22p/ \Yar-p €

Asymptotically, we have the following distribution:

_ (SSR -SSR)/p

“SSR/(T—2p-1) ~ P T-2p- D

or

PF ~ X*(p).
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In general, we consider testing the Granger causality fyptay;.
Vi = 1+ P11+ PoYeo+ o0+ PpYrp t+ &.
Vi o kx 1, u kx1, dp: KxK, & . kx 1.

The null hypothesis is:Ho : ¢ij1 = ¢ij2= -+ = ¢ijp = 0.

The alternative hypothesis isH; : not Ho.

SSR = Sum of Squared Residuals undsy
SSR = Sum of Squared Residuals undéy
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UnderH,, the asymptotic distribution is given by:

_ (SSR-SSR)/p
~ SSR/(T -kp-1)

~ F(p, T -kp-1),

or

PF ~ X*(p).
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2.3 Impulse Response Function{ > /%)L R & EEE):

ayi,t+k, K=12 -
Gej,t
wherei, j=1,2,---,k.
Example: AR(p) Process:
Wheny, is stationary, we obtain:
Vo= (k= ¢1l = dol? = - = ¢pLP) e

=+ 0161+ 062+ -
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whereé;; x denotes thei(j)th element of.
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3 Unit Root (84I48) and Cointegration (F#14)

3.1 Unit Root (8i4R) Test (Dickey-Fuller (DF) Test)
1. Why is a unit root problem important?

(a) Economic variables increase over time in general.
One of the assumptions of OLS is stationarityypandx;.
This assumption implies th%{X’X converges to a fixed matrix dsis

large.
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That is, asymptotic normality of OLS estimator goes not hold.

(b) In nonstationary time series, the unit root is the most important.
In the case of unit root, OLSE of the first-order autoregressivéficoe
cient is consistent.
OLSE is VT-consistent in the case of stationary AR(1) process, but
OLSE isT-consistent in the case of nonstationay AR(1) process.

(c) A lot of economic variables increase over time.

It is important to check an economic variable is trend stationary (i.e.,

Vi = & + a1t + &) or difference stationary (i.ey; = by + i1 + &).
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Considerk-step ahead prediction for both cases.

(Trend Stationarity) Yirkit = 8o + a1t + K)

(Difference Stationarity) Vit = bok + Wt

2. The Case ofi¢,| < 1:

Vi = P11 + &, & ~ i.i.d. N(0, o?), Yo =0, t=1---.T
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Then, OLSE ofp, is:

.
Z Yi-1Yt



Note as follows: ;
1
T Z Yi-16& — E(i-1&) = 0.
t=1

By the central limit theorem,

ye—EGe) N(O, 1)
V(Ye)
where
1 T
ye = T Z Yi-16&
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E(ve) =0,
1 o 1
V(Ye) = V(? Z Yi-16) = E((? Z Yt—16t)2)

T T

-
1 1
- ; Yi- lys—lftfs = ﬁE( ytz_letz) = ?0-27(0)-

t= t=1

Therefore,

1

G
\/azy(O)/T oey(0) VT £
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which is rewritten as:

1 T
= 2, Y — NO.oEy(0)
t=1

Using = T Z:yt2 ., — E?,) = y(0), we have the following asymptotic

dlstrlbutlon
l T
ﬁzyt—let )
O'
VT (1 — 1) = . L —>N( 7(O)) N(0,1-¢3).
%
t=1



2

g
Note thaty(0) = —.
1- 92

3. Inthe case op; = 1, as expected, we have:
ﬁ(le -1 — 0.

That is,¢, has the distribution which converges in probabilitysio= 1 (i.e.,

degenerated distribution).

Is this true?

4. The Case of¢, = 1. = Random Walk Process

112



Vi = Y1 + & With yp = 0 is written as:
Vi=€&+6&1+6& 2+ 0 e
Therefore, we can obtain:
yi ~ N(O, oft).
The variance of; depends on timeé = Y, is nonstationary.

2 V16
XYy
(a) First, consider the numeratdry;_i .

5. Remember thap, = ¢ +
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We haVeytz = Y1+ &)= yt2_1 + Y16 + Etz-

Therefore, we obtain:

1
Vi-16 = E(Ytz - yt2—1 - ftz)

Taking into accouny, = 0, we have:

T T

Z Vi-16 = y% - = Z

t=1 t=1

Divided byo?T on both sides, we have the following:

1 2 1
O_Z-I—Zytlt ( )— ?le
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Fromy; ~ N(0, o?t), we obtain the following result:

) <o

Moreover, the second term is derived from:

T
1 2 2
= E &€ — O
T

t=1

Therefore,
1 ¢ 1( yr )2 114, 1,
— Yy == - ==Y — Z(AD)- D).
ch; T2 oVT 2027 & 2
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(b) Next, considep y?,.

T T
E(ny_l]=2 620 =Y ct-1=c D,

t=1 t=1 t=1

Thus, we obtain the following result:

.
! E[Z ytz_l] — afixed value
t=1

Therefore,

1y o
=3 E y2, — adistribution
t=1
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6. Summarizing the results up to NnoW¢; — ¢1), not VT (¢1 — ¢1), has limiting

distribution in the case af;, = 1.

(L/T) X Ve

— adistribution
TNy,

T(¢1— 1) =

7. Basic Concepts of Random Walk Process:

(@) Model: vy =Vyi1+ &, Yo =0, & ~ N(0O,1).
Then,

Vi=&+ 61+ - + €.
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Therefore,
Vi ~ N(O, t).

= Nonstationary Process (i.e., variance depends onttime

Difference betweey andy; (s> t) is:
Vs— Vit =€+ €1+ -+ + €2 + Eq1-
The distribution ofys — y; is:
Ys— ¥t ~ N(O,s-1).
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(b) Rewrite as follows:
Yi=Y-1t &
=Yratert€er+ - e\
whereeg = e + €1+ -+ + ey
e, &y, -, eng are iid withe  ~ N(0, 1/N).

That is, suppose that there axesubperiods between tinteand time

t+ 1.
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The limit whenN — o is acontinuous time (&#%h+E) process known

asstandard Brownian motion or Wiener process

The value of this process at tinhés denoted byV(t).

Definition:
Standard Brownian motioW(t) denotes a continuous-time variable at

timet and a stochastic function.

W(t) for t € [0, 1] satisfies the following:

i. W(0)=0
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li. Foranytime periods @ ry <rp < --- <re <1, W(rp) — W(ry),
W(r3) — W(ry), - - -, W(ry) — W(ry_,) are independently multivariate
normal withW(s) — W(t) ~ N(O, s—t) for s> t.

iii. W(t) is continuous irt with probability 1.

An example:
aW(t) ~ N(0, o%t),

which denotes the Brownian motion with variance

Another example;
W(t)? ~ t X y2(1).
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(c) Assumes ~ iid (0,02). DefineX:(r) for r € [0, 1] as follows:

1

€1 1<r<2

T’ T T

Xr(r) =1 &t e 2or<3

T’ T T
€G+e+ - +er

r=1

T b
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Let [Tr] be the largest integer which is less than or equdl tor.

[T1]
1
Xr( =2 ) & VT Xr(r) — N(O,ro?).
t=1
Note that
185 _[1] 1 k5,
= t— T+ 4. ty
T & T [T &
[Tr]

Tr 1
L] : & N(0, ),
T V[T &

171 [T 1
\/TXT(I‘)— . i \/[T_r;&’ ﬁ — ?
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Therefore, we obtain:
VT % (r) — N(O,ro?).

Moreover, we have the following results:

VT (X7 (r2) — X7 (r1))

Oe

— N(O, I — |"1),

M SN W(r)
O¢
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For example, consider:

Xr(1) =

T
E €t.
t=1

=l

Then,

Vi) 1 < . _
T tzll & — W(1) = N(O, 1).
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(d) Considery; = y;_1 + &, Yo = 0 ande ~ N(0, o2).

Xt (r) is defined as follows:

1
0, 0<r< =,
ST
i 1.2
T T T
2’ ESI‘<§’
Xr(r)=3T T T
Y1-1 -
, <r<l,
T <
Y1
=, r=1.
T
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DefineS+(r) as follows:

St(r) =

1
0, 0<r< =,
T
y? 1 2
3 — < i
T T <
Y3 2 3
s Z < —
T T=M<T
o, o T-
< 1
T T ST<%
y2
— r=1.
T’
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1 1
To obtainf X1 (r)dr andf S+ (r)dr, we compute a sum of rectangu-
0 0

lars as follows:

1
yif2 1) y2(3 2y = yraf, T-1
fOXT(r)dr”T(T T)+T(T T)+ T (1 T )

_£+y2+“'+E:iZyt7

T2 T2 TZ T2t:1
1 2 2 2
y]_ 2 1 y2 3 2 y-|-_1 T_l
~ 2|+ Z2(2-2 1-
fOST(r)dr T(T T T\ 7)° T T
Vi Y3 Yia_ 1y
T2 2t +F—ﬁ§‘yt2
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We have already known thafT Xr(r) — o W(r).

Therefore,
1 1
f VT X (Ndr — o, f W(r)dr.
0 0

That is,
1 < 1
t=1 0
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FromS+(r) = (\/‘TXT(r))Z,
Sr(r) — oZ(W())%,

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem (E#: B & EHE):
if xr — X (convergence in distribution) argf-) is a continuous func-

tion, theng(xr) — g(X) (convergence in distribution).
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Threfore, we have the follwoing result:

1 . ! _ 2 ! 2
ﬁ;yf_) fo Sr(r)dr = o fo (W(r))?dr.

;
(e) Decomposd ~¥/2 Z Vi_1 as follows:
t=1

T

TNy =T+ (a+ ) +(a+e@+e)+
t=1
+He+e+ - +er))
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=TT - Ve + (T - e+ (T -3Bes + -+

+2€r_ + €7_1)

T T T
=TRY(T-Da=T") a-T?> tq
t=1

t=1 t=1

We utilize the following fact:

T_l/z €t

=47
=
Z
—_
—_—
o
~————
q
m N
—_—
=
Wl NI -
N ——
~—

t=1
& is stationary.= Apply CLT to (1/T) 3, &.
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te/T is stationary.= Apply CLT to (1/T) Y., te/T.

Using a matrix form, we ca rewrite as follows:

T
T -1/2 Z €t

t=1

T .
T2 tq

t=1

Then, the variance 6f~*2 Y[, yi_; is given by:

.
T2 Z Yer=(1 -1)
t=1

1
T 1 E 1 0_2
vy =cte o), 2|(})-%
t=1 —_ — -
2 3

Therefore T2 3L, yi_1 ~ N(0, 0%/3).
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We have already known:

T 1
T Y v — o [ WO
t=1 0

1 J
T E & — o W(1).
t=1

That is, the following relationship holds:

1 T T T
O¢ f W(r)dr ] T_3/2 Z Yi-1 = T_l/z Z €& — T_3/2 Z te
0 t=1 1 t=1

t=

T
~ o W(L) - T32 Z te

t=1
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Therefore, we obatain the following result:
T 1 o2
T_3/22t6t — o W(1) - o;f W(r)dr = N(O, =°).
t=1 0 3

() Some Formulas: Model: y; = y;_1 + €.
T

. T‘l/ZZet — o W(1) = N(0, 52
t=1
! 1 1
i -1 2 2 _ 2(.2
i. T ;yt_let — 502 ((W(2)?-1) = 507 () -1)
Note that we obtaif\W(1))? ~ y3(1) fromW(1) = N(0, 1).

T 1 2
iii. T‘S/Zzt & — o W(1) - UEf W(r)ar = N(O. %)
t=1 °
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T

iv. T~ 3/22yt L — 0'6‘[ W(r)dr = N(O, —)

t=1

V. T‘Zny_1 — agf; (W(r))?dr
t=1

T 1
Vi T‘5/22tyt_1 — o f r W(r)dr
0

t=1

T 1
Vii. T—3Zty$_l — agfo r (W(r))2dr

viii. T-0+D Z t —

=0,1,-
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8. Asymptotic Distribution of AR(1) Model:
(@ Ho: yr=Yyia+eandHy: yi = dryi1 + & for [¢1] < 1
OLSE of¢1, denoted byps, is given by:

~ T Vi1l _ Y1 Y16
=73 5 ThtST o
2i=1Ye1 2t=1Ye1

Using¢; = 1 and some formulas shown above, we obtain:

1
T ZtT=1 Yi-1Uk . 2 ((W(l))2 B 1)
T*Z Z;r:]. yt2_1 ! W 2 d
fo (W(r))2 r
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T(p-1)=



Remember that
U 1
-1 2 2
T ;‘yt_lut — 507 ((w()? - 1)
and
T 1
T2y, — of [ e
=1 0

where(W(1))? = ¥(1).
We say thath, is super-consistent $8—2f4) or T-consistent

Remember that whejg;| < 1 we haveVT (1 — ¢1) — N(O,1 - ¢?),

and in this case we say thaiis VT-consistent
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Conventionat test statistic is given by:

1 — 1
tT=¢1—,

S

1« .
and § =71 Z(Yt — $1¥i1)>.
t=1
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Next, considet statistic.
Thet test statistic, denoted liy, is represented as follows:

:&51—1:1—(@1—1)

"t Ts

The denominator is:
1 T

ER SN
t=1

— (Uf/(ﬁf fo 1 (W(r))zdr))l/2 = ( fo 1 (W(r))zdr)_l/z’

wheres> — o2 is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
5 S ((wa)?-1
tT:¢1 1 2(1 )/(fl(W(r))zdr)
* f (W(r)2dr ' 0
0

2 (W -1)

( [ 1 (W<r»2dr)l/2‘

Therefore, the distribution of thg statistic shown above is figrent

-1/2

from thet distribution.
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(b)) Ho: Vi =VYia+eandHy @ vy = ap+ d1yi1 + € for |¢1] < 1

(&o) ( T Zyt—l)_l( YW )
Q?’l 2 Vi1 Zytz_l 2 Y-\

(ao)+( T Zyt—l)_l( Y& )
b1 YY1 NYA, 2 Y16
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In the true modelg, = 0 and¢g; = 1.
( Qo )_( T Zyt_l)‘l( Y& )
pr-1) \Tyer I¥2,) \Zyae
( Op(T)  Op(T3?) )-1 ( Op(T¥?) )

Op(T%?)  Op(T?) Op(T)
(*) For random variablex and constank, x = Op(K) implies thatx/k

converges in distribution.

To change each element of the matrice©}f1), we use the following

TY2 0
-, L)
0o T

matrix:
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Multiplying the above matrix from the left, we obtain the following:

|

@o

$1-1

|

TY2Gy )—r ( Op(T) op(T3/2))‘1rF_l(Op(T”2))
T@i-1))  \Op(T¥) 0y(T?) Op(T)
_1( Op(T) OP(TS/Z))F—l)_lr—l(op(Tl/z))
0u(T32)  0y(T?) Op(T)
1

o 2 )
PRETDY yt2_1 2 Y16

1 T—3/2 Z yt—l -1 T—l/2 Z &
T32%y, T23y2, ) (T-l PRV ) '
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Each matrix converges in distribution as follows:

1
( 1 T-3/12 Z Vi1 ) [ 1 O'EL W(r)dr ]
TRTy, T2Iy ' 2 [ Wiy
1 1 O fo W(r)cjr fops j; (W(r))“dr
= 1 1 )
0 o, 2 0 o.
fo W(r)dr fo (W(r))=dr
( T2y ¢ ) ( o W(1) ] (1 0 )[ W(1) )
— =0, .
T Y Y %0'5 ((W(1)?-1) 0 o %((W(l))2 - 1)
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Therefore,
1
( TY24, ) [(1 O)[ 1 j(;W(r)dr )(1 O)]l
T(#1-1) 0 o lWrdr 1Wr 2dr J\O 0
) (r) ; (W(r))

(1 0 )( W(1) )
X0 e .
0 o1 (way-1)

146



Finally, T(¢:, — 1) converges to the following distribution:

}((W(l))z - 1) - W(1) f 1 W(r)dr
T(¢—-1) — 2 0 .

s [ wos|
fo (W(r))=dr fo W(r)dr
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Thet test statistic is:

¢ :{Z;l_l_T(éSl_l)

(" ()

where

T 2 Vi1 10
o= Sva S¥2,) \1

1 < .
S = T-> ;(yt — &0 — P1Yi-1)’

148



The denominatoTzsé converges in distribution as follows:

oo ) ! b e o

f W(r)dr f (W(r)2dr J\O /) AL
0

f (W(r))?dr — (fo W(r)dr)2
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Thus, thet test statistic converges to the following distribution:

1 2_q)_ '
2((W(l)) 1) - W(1) fo W(r)dr

[j: (W(r))?dr — (j: W(r)dr)z]m'

tT—>
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() Ho: Yi=ap+ Yiei+€eandHy @ vy = ag+ d1yi1 + € for |¢q| < 1

The model is written as follows:

Yi=Yo+taot+ (e + &+ - +&)
:y0+a’0t+ut,
whereuy =g+ + -+ + 6.
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T
O ForY v
t=1

T

T T
ZYO+ZOJ0('[— 1)+Zut—1
=1

t=1 t=1

Op(T) + Op(T?) + Oy (T%3).

.
Z Yt-1
=1

Therefore, we obtain:

T
01
T72 Z yt—l 4 70
t=1
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;
O ForZ V21,
t=1

2 %=
2%

aé(t - 1)2 + Z Ut 1t Z 2y0a0(t - 1) + Z 2y0ut 1+ Z Zao(t — 1)Ut 1
t= t=

Op(T) + Op(T?) + op(TZ) + op(TZ) +0p(T¥?) + 0 (T5/2)

(Yo + ao(t — 1) + U_1)?

N 1

[y

Therefore, we have:



T
O  For Z Yi-16,
=1

T T
Z Yi-16 = Z (Yo + ao(t — 1) + U1) &
=1

= Z Vo€ + Z ao(t— e + Z Ue_16&

= op(Tlfz) +0p(T¥?) + 0 (T)

Therefore, we have:

2
_S/ZZyt 1& — N(O, —O' e)

t=1
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Therefore, OLSE is:

)
¢ -1

( T Zyt—l)_l( Y& )

2 V1 X yt2_1 2 Yi-1&
Op(T)  Op(T?)\ ™!/ Oy(TY?)
( Op(T)  0y(T?) ) ( O,(T%2) ) '

Set:

TV2 0
0 T2
Multiplying T" from the left,

TY2(&0 - ao) [o 15
e F)
T%(¢y - 1) 0 @
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(d) Ho: Yt = ao + Y11 + & and

Hi: Vi = ao+ ait + ¢1yi1 + € for @] < 1

(abbr.)

9. The distributions of thé¢ statistic: pr-1
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t Distribution

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -249 -206 -171 -132 132 171 206 249
50| -240 -201 -168 -130 130 168 201 240
100 -236 -198 -166 -129 129 166 198 236
250| -234 -197 -165 -128 128 165 197 234
500 -233 -196 -165 -128 128 165 196 233
o | -233 -196 -164 -128 128 164 196 233
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(@ Ho: Yt = Y1+ €
Hi: yi=d1ya+ e forgr <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -266 -226 -195 -160 092 133 170 216
50| -262 -225 -195 -161 091 131 166 208
100| -260 -224 -195 -161 090 129 164 203
250| -258 -223 -195 -162 089 129 163 201
500| -258 -223 -195 -162 089 128 162 200
o | =258 -223 -195 -162 089 128 162 200
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P)Ho: Vi = Vi1 + &
Hi: Yyt = o+ ¢y + g for ¢ <lor-1< ¢,

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -375 -333 -300 -263 -037 000 034 Q72
50| =358 -322 -293 -260 -040 -003 029 066
100| -3.51 -317 -289 -258 -042 -005 026 063
250| -346 -3.14 -288 -257 -042 -006 024 062
500| -344 -313 -287 -257 -043 -007 024 061
o | -343 -312 -286 -257 -044 -007 023 060
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(d)Ho: yi=ao+ Y1+ &
Hi: Yi=ao+ it + ¢1yi1 + € for ¢ < Lor-1< ¢

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -438 -395 -360 -324 -114 -080 -050 -0.15
50| -415 -380 -350 -318 -119 -087 -0.58 -0.24
100| -4.04 -3.73 -345 -315 -122 -090 -0.62 -0.28
250| -399 -369 -343 -313 -123 -092 -064 -031
500| -398 -3.68 -342 -313 -124 -093 -065 -0.32
o | -396 -366 -341 -312 -125 -094 -066 -0.33
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3.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.

3.2.1 Augmented Dickey-Fuller (ADF) Test

Consider the following ARg) model:

Vi = ¢1Yr1+ PV o+ -+ PpYip t+ &, & ~ 1id(0, 0'3),

which is rewritten as:

p(L)Y: = .
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When the above model has a unit root, we ha{d = 0, i.e.,¢1 + ¢ +

The above ARp) model is written as:
Yt = PYi-1 + 01AY 1 + 02AY 2 + - - + +0p_ 1AV pi1 t+ &,

wherep = ¢1 + ¢p + - + ¢p ands; = —(Pj1 + Pjaz + - -+ + Pp).

The null and alternative hypotheses are:

Ho : p =1 (Unitroot),

H; : p < 1 (Stationary)
Use thet test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.
Choosep by AIC or SBIC.

UseN(0,1) totestHy : ¢; =0againsH; : 6;#0forj=1,2,---,p-1.

Reference

Kurozumi (2008) “Economic Time Series Analysis and Unit Root Tests: Develop-
ment and PerspectiveJapan Statistical Societyol.38, Series J, No.1, pp.39 —
57.

Download the above paper from:

http://ci.nii.ac.jp/vol_issue/nels/AA11989749/ISS0000426576_ja.html
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3.2.2 Phillips-Perron (PP) Test

The model is given by:
Vi = ¢1Yi-1 + U, U = Z Ys€s, & ~ iid(0, o2),
s=0

wherey, = 0 and}, g, Sy < .
Note that the errors are serially correlated and heteroskedastic.

The autocovariance function of is:
)/(T) = E(utut—‘r) = 0-3 Z wst‘FT’ T= O’ 19 2$ Tt
s=0
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Define the long-run variance of as:

(5] (&9

T 00
2= Jim ZEQ W) = Y ) =10+ 2 vw) = XY i)
=1 i—0

T=—00 =1

The PP test statisti is:

1/2
£ (7(0)) tT_iT_S»

T= 2 21 s (/12—7(0)),

where

tr denotes thé statistic ofq31, Ss is the standard error ﬁl, and

1 < .
s = T-1 ;(yt — $1Yi-1)>

165



Estimatet by:
-

q+1

q

1=5(0)+2 ) k(—=)3(v),
=1

which is calledNewey-West estimatoywherek; (x) = 1—|x| for x < 1 andk;(x) = 0

for x > 1, which is calledBartlett kernel, or

-
q+1

q
1=5(0)+2 ) ko(—=)3(),
=1

whereky(x) = 1 - 6x% + 6x3 for 0 < x < 3, kx(X) = 2(1 - x)3for < x < 1 and

ko(x) = O for x > 1, which is called?arzen kernel or
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T

~ T A T-1 A
== (7’(0) + Zl, k(5 1)y(r)],

3 sin(6rx/5)
(6rx/5)?\ 67x/5
order spectrum kernel.

whereks(x) =

- cos(er/S)), which is called thesecond-

We need to choose the bandwidth

Use the same statistical tables as before to k&st ¢, = 1 againstH; : ¢, < 1.

167



Some Formulas:
For proof, we use following formulas.

Letu = y(L)g = Z‘;‘;o V&, whereZ‘;‘;o jlyjl < o0 and{g} is an i.i.d. sequence

with mean zero, variancee? and finite fourth moment.

Define:
y(j) = Ew ) = 0? X0y forj=0,12,--,
A= UZTiowj = oy(1),
=Y _ufort=12---,T and &=0.
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Then,

.
1. T‘l/ZZut —s AW(1)

t=1
T

2. T2 uje — N(O,0%(0), forj=12--
t=1
.

3T ) ey — o)) forj=12.-
t=1
T 1

4, T_lzft—lﬂ — EO'/I(W(]-)Z_ 1)

t=1
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2PW(LP - 7(0)) for j =0,

)
5. T_lZ&_lUt—j 11 , , 1 .
= éuwm—ﬂm+;ﬂm forj=12,--

T 1
6. T‘3/ZZ§t—1 — ﬁf W(r)dr
t=1 0
T 1
7T e — /l(W(l)—f W(r)dr), forj=012,
t=1 0

T 1
8. T2) 6, — 2 [ (W) “or
=1 0
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T

1
9. T‘S/ZZtgt_l — /lf rW(r)dr

=1 0

T 1
10. T‘3Zt§t_1 22 f r(W(r))%dr
t=1

0

.
1
1L TED ¢ — —, foru=012-
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3.3 Cointegration Gt#14)

1. For a scalaw;, whenAy; = y; — Y1 IS a white noise (i.e., iid), we write
Ay, ~ 1(1).
2. Definition of Cointegration:

Suppose that each series ig & 1 vectory; is 1(1), i.e., each series has unit
root, and that a linear combination of each series#iyg for a nonzero vector

a) is 1(0), i.e., stationary.

Then, we say that, has a cointegration.

172



3. Example:

Suppose thay; = (Y11, Y21)' is the following vector autoregressive process:
Yit = 1Yot + €ny,
Yot = Yot-1 t €2t
Then,
AY1i = 1621 + €11 — €11-1,  (MA(L) process)
Ayz,t = 62,t9
where bothy,; andy,; arel (1) processes.
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The linear combinatiog; ; — ¢1Y.; is 1(0).
In this case, we say thgt = (Y11, Y21)’ IS cointegrated witla = (1, —¢;).
a= (1, —¢,) is called the cointegrating vector, which is not unique.

Therefore, the first element afis set to be one.

. Suppose that;, ~ 1(1) andx; ~ 1(1).

For the regression modg! = x5 + u;, OLS does not work well if we do not

have thes which satisfiesy ~ 1(0).

— Spurious regression & & A\ 7 DEF)
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Y1,
5. Suppose thag ~ | (1), y; is ag x 1 vector andy, = ( “)_
Yor
Y21 IS ak x 1 vector, wher&k = g — 1.

Consider the following regression model:
Vit = @+ 7YYo + U, t=122---,T.

OLSE is given by:
(a) ( I ZyIZt ) 1( 2 Vit )
A) Z YZ,t Z y2,tyl2,t Z yl,ty2,t ‘
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Next, consider testing the null hypothesls : Ry = r, whereRis am x k
matrix (m < k) andr is amx 1 vector.

TheF statistic, denoted b, is given by:

-1

1 T 2 Yor 1.0
Fr==Ry-r)|s(0 R)(Z > , ) (R”)) R0
! m( ’ )[ Yai yz,tylz,t =0

where
1 T
% = g L v’
When we have theg such thaty;; — yy,; is stationary, OLSE of, i.e., v, is

not statistically equal to zero.
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When the sample siZE is large enoughtig is rejected by thé& test.

6. Phillips, P.C.B. (1986) “Understanding Spurious Regressions in Economet
rics,” Journal of Econometrigs/ol.33, pp.95 — 131.

Consider g x 1 vectory; whose first diference is described by:
Ayt = \P(L)Et = Z \PSEt_S,
s=0

for ¢ an i.i.d. g x 1 vector with mean zero , varianceds() = PP, and finite

fourth moments and whege¥s}2 , is absolutely summable.
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Letk=g—1andA = ¥(1)P.
. Yit X X
Partitiony; asy; = andAA’ asAA’ =

Yoi 201 X _
are scalarsy,; andX,; arek x 1 vectors, and,; Is ak x k matrix.

), wherey;; and;;

Suppose thah A’ is nonsingular,and defing;? = £;, — £, 3,7%,,.

Let Ly, denote the Cholesky factor djgg, i.e., Ly, is the lower triangular

matrix satisfyings;; = Lo,L),.

Then, (a) — (c) hold.
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(a) OLSEs ofa andy in the regression modgl; = a + y'y»; + U;, denoted

by @+ andyt, are characterized by:
T_l/Z&T O'ih]_
(50 saie) = Lot
Y1 — 5520 o Loohy

(hl):( 1 fOlW;(r)’dr )1( fOle(r)dr )

h/  \ frwgndr [P WsnWa(rydr ) \ L Wa W (rdr

where

whereW; (r) andW;(r) denote scalar angtdimensional standard Brow-

nian motions, andlV;(r) is independent o\ (r).
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(b) The sum of squared residuals, denoted by RSS’/", (7, satisfies

T?RSS — 0}°H,

where

- Jromora-(( nene ()
H_fo(wl(r)) o Frwgrweydr/ \hy /)

0
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(c) TheF test satisfies:

1
T — (@R -1y
1
Jy Ws(r)dr

0_*2
X( TR0 R*)( folwg(r)dr folwg(r)w;(r)'dr

X(o1R'hy —r7),

whereR" = RLy, andr* = r — RZ,1%,;.
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(a) indicates that OLSEk; is not consistent.
1 T
(b) indicates thag? = —— » (02 diverges.
as% T _ g g t

(c) indicates thaF diverges.

— Spurious regression & A\ F DEF)
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7. Resolution for Spurious Regression:
Suppose that;; = @ + ¥’z + U iS @ spurious regression.

(1) Estimatey1; = a@ + y'Yar + @Y1-1 + 0Yor-1 + Ut

Then,yy is VT-consistent, and thitest statistic goes to the standard normal

distribution undeH, : y = 0.

(2) EstimateAy;; = @ + v’ Ay, + U. Then,at and[%T are VT-consistent, and

thet test andF test make sense.
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(3) Estimatey,r = @ + y'Y21 + U by the Cochrane-Orcutt method, assuming

thatu, is the first-order serially correlated error.

Usually, choose (2).
However, there are two exceptions.
(i) The true value o is not one, i.e., less than one.

(i) y.r andy,; are the cointegrated processes.

In these two cases, taking the firstfdrence leads to the misspecified regres-

sion.
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8. Cointegrating Vector:
Suppose that each elementypfs | (1) and tha&'y, is I (0).
ais called acointegrating vector Gt#143~X 2 kJL), which is not unique.

Setz = a'y;, wherez is scalar, ané andy; areg x 1 vectors.

185



Forz ~ 1(0) (i.e., stationary)
T T
TN Z2=T1) (@y? — E@).
t=1 t=1
Forz ~ I(1) (i.e., nonstationary, i.ea is not a cointegrating vector),
T 1
T2Y @ — 4 [ (W)t
t=1 0

whereW(r) denotes a standard Brownian motion aidndicates variance of
(1-L)z.

If ais not a cointegrating vectof,* 3., Z diverges.
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= We can obtain a consistent estimate of a cointegrating vector by mini-
mizing 3., Z> with respect ta, where a normalization condition @has to

be imposed.

The estimator of thaincluding the normalization condition is super-consistent

(T-consistent).
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Stock, J.H. (1987) “Asymptotic Properties of Least Squares Estimators o
Cointegrating Vectors EconometricaVol.55, pp.1035 — 1056.

Proposition:

Lety: be a scalary,; be akx 1 vector, andy, y,,)’ be agx 1 vector, where

g=k+1.

Consider the following model:
Yit=a+yYu+Z
AYot = Upt
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( A ) - ¥ (L)g

Up ¢

& is agx 1i.i.d. vector with E&) = 0 and E&¢€/) = PP.

OLSE is given by:

() (e s (o
y 2Y2t 2 YatYa, 2 Y1tYat .
DefineA;, which is ag x 1 vector, and\}, which is ak x g matrix, as follows:

| 3
vap=().
A

189



Then, we have the following results:

(Tl/z(&—a)) { ! (Azf W(r)dr)
Ty -7) A f W(r)dr A;( f (W(r)) (W(r)) dr)AZ’

where

-1

()

(hl)_( EW@) ]
he) Az( [ wo (dW(r»')Az+ZE(uz,t4T) |

. \ .7=0 .
W(r) denotes @-dimensional standard Brownian motion.

1) OLSE of the cointegrating vector is consistent even thamgh serially

correlated.
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2) The consistency of OLSE implies thEt! 3" 02 — o2

3) Becausel ! 3 (vt — ¥4)? goes to infinity, a coicient of determination,

R?, goes to one.
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3.4 Testing Cointegration

3.4.1 Engle-Granger Test

ye ~ 1(1)
Yit =@+ 7YYo + U
e U; ~ 1(0) = Cointegration

e U ~ I(1) = Spurious Regression
Estimatey;; = @ + y'Y»; + U by OLS, and obtain~
EStImatle = pl’:lt,]_ + 51A|:|t,1 + 62A0t,2 + -+ 6p—1A0t—p+1 + & by OLS.
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ADF Test:
e Hy: p =1 (Sprious Regression)
e H; : p < 1 (Cointegration)

— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Hans
(1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors, | (a) Regressors have no drift | (b) Some regressors have drift
excluding constant 1% 2.5% 5% 10%| 1% 25% 5% 10%
1 -396 -3.64 -337 -307|-396 -367 -341 -3.13
-431 -402 -377 -345|-436 -4.07 -380 -3.52
-473 -437 -411 -383|-465 -439 -416 -384
-507 -471 -445 -416|-504 -477 -449 -4.20

-528 -498 -471 -443| -536 -502 -474 -4.46
J.D. Hamilton (1994)Time Series Analysip.766.

aa b~ W N
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3.4.2 Error Correction Representation

VAR(p) model:

Ve =a+P1Ye1+ Yo+ + PpYip + &,

wherey;, @ ande indicateg x 1 vectors fot = 1,2,---, T, andgs is ag x g matrix

fors=1,2,---,p.
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Rewrite:
Vi = @+ pYi1+ 01AY 1 + 62AYr 2+ - + +0p 1AV pi1 t &,
where

p=drtdot-+op,

632_(¢s+1+65+2+"‘+¢p), fOfS:].,Z,"',p—l.
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Again, rewrite:
Ay = @ + OoYi-1 + 01AY1_1 + 02AYi 2 + - - + +0p_1AYi_pi1 + &,

where
do =p- Ig = _¢(1)’

for (L) = Ig — 511 — 6,L% — - - - — 6, LP.
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If y; hash cointegrating relations, we have the following error correction represen-

tation:
AYr = @ — BAYi_1 + 01AYi-1 + 02AYr2 + - - + +0p_1AYi_pi1 + &,

whereA'y;_; is a stationaryx 1 vector (i.e.h 1(0) processes), andandAaregxh

matrices.
Note that ¢(1) = BA for (L) = lIg— 1L — 6,L% — -+ — 6,LP.

Each row ofA’ denotes the cointegrating vector, i.&.,consists oh cointegrating

vectors.
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Suppose that ~ N(0, ). The log-likelihood function is:

logl(e, 81, - -+, 6p-1, BIA)
__Tg T
= —— log(2r) - 5 log[Z|

1 J
3 Z(AYt —a+BAYi 1~ 01AYi1 —+ — Op-1AYepi1) T
=1

X(AY; — a + BAYi_1 — 01AY1-1 — - - — 0 p-1AYt_p+1)
Given A andh, maximize lod with respect ta, 61, - - -, 6p_1, B.
Then, giverh, how do we estimatd? — Johansen (1988, 1991)

199



(*) Canonical Correlatoion (1E #£48E8)
X = (X1, X2, + +» %) @NAY = (Y1, Y2, - -+, Ym), Wheren < m.

U=a'X=aiX; + aXo + -+ + anXn,

v =D0'y=byys + byys + - - + bym,

where V) = V(v) = 1 and EK) = E(y) = 0 for simplicity.

Define:
V(X) = Zx, E(Xy) = Exy’ V(Y) = Zyy’ E(y)() = Zyx = Z;y'
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The correlation ca@cient betweem andv, denoted by, is:

p = C:OV—(U’V) — a’z b
WOWNY
where V) = aZa=1and V{) = b'’Z,b = 1.

Maximizep = a’Z, b subject toa’Z,,a = 1 andb’Zy,b = 1.
The Lagrangian is:

1 1
L = &Syb - ZA@T0a- 1) - Su(b'E,b - 1)
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Take a derivative with respect goandb.

oL
% = nyb - /‘lZXXa - O,

a

Usinga'Zya = 1 andb’Xyb = 1, we obtain:
A=pu=axyb.
From the first equation, we obtain:
a= %Zgizxyb,
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which is substituted into the second equation as follows:

1
2T W Zyb — AZb =0,

(Ery Zr o Eny — Alm)b = 0,

IEy Zr EnZxy — A%l = 0O

The solution ofi? is given by the maximum eigen value By, ZixZxy, andbis

the corresponding eigen vector.
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Back to the Cointegration:

Estimate the following two regressions:
AYy = b1g + D11AY1 + DoAY o + - -+ Dy p 1Ay pra + Ung
Vo1 = Doo + D2 1AY 1 + DooAY o + - + Do p 1A i1 + Uny

Obtaindi; fori = 1,2 andt =1,2,---, T, and compute as follow:

1y 1y
X1 = T Z Ug U7 4, Y = T Z Uz, U5,
t=1 t=1
T
- 1 ~N ooy < </
Y12 = T Z U Uy, o1 = 2o
t=1
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From$;15,,5715,,, computeh biggest eigenvalues, denoted by A, - - -, s, and
the corresponding eigen vectors, denotecih\as, - - -, &,, whered; > A, > --- >
An,

The estimate oA, A, is given byA = (a1, &, - - -, &).

How do we obtairh?

205



3.5 Testing the Number of Cointegrating Vectors

Trace Test (b L — ZRRE):
Ho: 2hs1=0 and H;i: 2, > 0.

9
2(logly —loglo) = =T )" log(1- &) — tr(Q),

i=h+1

Q= ( fo 1 W(r)dW(r)’), ( fo l W(r)W(r)’dr)_l ( fo l W(r)dW(r)’).

where
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Trace Test for # of Cointegrating Relations

# of Random| (a) Regressors have no drift (b) Some regressors have drift
Walks @ — h) 1% 2.5% 5% 10% | 1% 2.5% 5% 10%
1 11.576 9.658 8.083 6.691 6.936 5.332 3.962 2.816
2 21.962 19.611 17.844 15.5839.310 17.299 15.197 13.338
3 37.291 34.062 31.256 28.43635.397 32.313 29.509 26.791
4 55.551 51.801 48.419 45.2483.792 50.424 47.181 43.964
5 77911 73.031 69.977 65.956/6.955 72.140 68.905 65.063

J.D. Hamilton (1994)Time Series Analysip.767.
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Largest Eigenvalue Test & KE B EMRE):
Ho: A4hy1 =0 and Hy: 2,>0.

2(logl; — loglg) = =T log(1 - Ans1) — maxmum eigen value d,
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Maximum Eigenvalue Test for # of Cointegrating Relations

# of Random| (a) Regressors have no drift

Walks @—h) | 1%

2.5%

5%

10% | 1%

2.5%

5%

(b) Some regressors have drift

10%

11.576
18.782
26.154
32.616
38.858

gaa A W N B

9.658
16.403
23.362
29.599
35.700

8.083
14.595
21.279
27.341
33.262

6.691 6.936
12.78317.936
18.9525.521
24.91731.943
30.81838.341

5.332
15.810
23.002
29.335
35.546

3.962
14.036
20.778
27.169
33.178

2.816
12.099
18.697
24.712
30.774

J.D. Hamilton (1994)Time Series Analysip.768.
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4 GMM (Generalized Mothod of Moments, —fi%{t3&
FKIR)

1. Method of Momentsfg = i%):
Regression Modely; = x8 + &
From the assumption, E(g) = 0.

The sample mean is given by:

1 « 1 -
?ZX{Q: ?ZX{(Yt—Xt,B) =0.
t=1 t=1
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Therefore,
1& ) (1
oo 207) (£ 2]
which is equivalent to OLS.
2. Generalized Mothod of Moments (GMM; f& L FE % %):
E(h(6;w)) =0

0 is ak x 1 parameter vector to be estimated.

W, is an observed vectoy;, = (y;, X).
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h(0; wy) is ar x 1 vector function, where > k.

Defineg(8; Wr) as follows:

i
o W) = > (e ),
t=1

whereWr = {wr, Wr_g, -, Wi}.

Compute:
min g(6; Wr)'S™g(6; Wr)

The solution o, denoted by, corresponds to the GMM estimator, where
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S is defined as follows:

In empirical studiesS is replaced by its estimate, i.&r.

Whenh(;w), t = 1,2, ---, T, are not serially correlated, the followirgy is

consistent, i.e.,

P .
Sr== Z h(fr; w)h(fr; W) —> S.
t=1
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Whenh(0;w;), t = 1,2,---, T, are serially correlated,

q
~ A T A A ,
$; =1(0)+ 2, k(qu)(r(r) + (7)),
. 1 & . .
wheref(z) = = Z h(fr; W)h(fr; Wr_s)'.
t=r+1

k(X) = 1 - x = Bartlett kernel (Newwey-west estimator),

k(x) = Parzen kernel, and etc.
Then, we obtain:
VT(fr-6) — N(0,(DS™D)?),
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where
_09(6; Wr)
Y

D
Note thatD is ar x k matrix.
Let D1 be an estimate db.
The variance estimator @ is given by:

5. = ag(6r; Wr)
I TR
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Asymptotic Normality:
Assumption : 6 —> 6,

Assumption 22 VTg(6; Wy) — N(O,S).

Then, we have the following first-order approximation:

ag(6r; Wr)
0o
= g(fr; Wr) + D1 (0 - 6r),

9(6; Wr) ~ g(6r; Wr) + (6 - 6r)

whereg(¢; Wy) is linearized around = 6.

216



The first-order condition for the minimization problem is:

(59(9; Wr)

o )'S‘l(g(e; WT)) =0.

Substituting the approximation into the above equation, we obtain the

following:
D’S‘l(g(e; WT)) = D'S_l(g(éT; Wr) + Dy (6 - éT))
= D’'S™g(6r; Wr) + D'S™1D+ (6 - 61).
Therefore,
VT(6r — 0) ~ (D'S™Dr) "D'S™ VT (g(fr: Wr) — 9(6: Wr))
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Thus, GMM estimatordr, has the following asymptotic distribution:
VT (B -6) — N(0.(D'S™D)™),

whereD; — Diis utilized.

From Assumption 2, we have the following asymptotic distribution:

(VToe: W) S7H(VT g0 W) — x2(r).
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When@ is replaced by GMM estimatdt:, we have the following dis-

tribution:
(\/-Tg(éﬂ WT)), é?l ( \/Tg(éT; WT)) — X(r =K,

which is called a test of the overidentifying restrictions.

= Jtest by Hansen (1982)

k linear combinations consisting ofra< 1 vectorg(fr; Wy ) are zeros.

Therefore, the degrees of freedom arek.

219



Some Examples:

(a) OLS:
Regression Model: yi =x8+¢&, E(xe)=0
h(9; w,) is taken as:
h(0; W) = X(Yr — Xp).
(b) IV (Instrumental Variable, I&EZE%):

Regression Model: vy =x8+¢&, EMe&)#0, E@g) =0
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h(9; w,) is taken as:
h(6; W) = z(y: — %),
wherez is a vector of instrumental variables.

(c) NLS (Nonlinear Least Squares FJEf&F & /N —F&%):
Regression Model: f(y, x.8) =&, E(x&)#0, E@e&) =0
h(9; w;) is taken as:

h(6; W) = z f (Y, X, 5)

wherez is a vector of instrumental variables.
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5 Bayesian Estimation (X f X#tE)

Greenberg, E. (2013htroduction to Bayesian Econometri2nd ed.)
ZRERE (2010) TR ZfiEHET VY v 770 (FAEEE)

L HFHEEHE (2008) T~ v a 7T Y T AV 0ik) (HAEEE)

Dey, D.K. and Rao, C.R., (200%)andbook of Statistics, Vol.25: Bayesian Think-

ing: Modeling and Computation
ZWE - R - RAREAR (2011) TRA ZEEEO ANV R Ty 20 (FEEE)
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5.1 Introduction

Two Events: AandB
Conditional Probability:

P(ANB) _ P(BIA)P(A)
PB) ~  P(B)

P(AB) =

Posterior Distribution #4273 77):  fa,(6ly):

fya(¥16) fa(6) _ fya(¥16) T4(6)
fy(y) I fya(16) fo(6)de

wherefy(0) is called the prior distributiong i 73 7).

foy (6ly) = o fy(¥16) fa(0),
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Example 1. Let x be the number of successes in a series fals with proba-
bility 6 of success in each.

That is,x has the binomial probability function, given
n
fxe(X6) = ( )Qx(l O™ x=0,1---,n
X

@ is assumed to be the beta distribution:

1
B(p,q)

for < 6 < 1, which corresponds to a prior distribution.

f,(0) = 6P~1(1 - 6)4 L,
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Before applying Bayes’ theorenfi(x) is given by:
fx(X) = f fxe(X10) fo(6)d6

— p+x-1 o+n-x-1
( )B(p,q)fg -9 v

_( )B(p+x,q+n—x)
i B(p.a)

The posterior distribution of is:

1

6p+x—1 1-6 q+n—x—1,
B(p+X,q+n-—X) ( )

f9|x(9|X) =

which is also a beta distribution with pramet@rs x andg + n — x.
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The posterior mean and variance are:

(p+x)(q+n-Xx)
(p+q+n2(p+q+n+1)

_Pptx
p+q+n’

E@X) = V(0X) =

Example 2:  x|6 ~ N(6,V), wherev is known.
6 ~ N(m, w), wheremandw are known.= prior dist.

Then, the posterior distribution éfis:

WX+vm vw
o|x ~ N( )

W+V "W+V
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Example 3:  xq, X, - - -, X, are mutually independently and identically distributed

asN(u, o?), whereu ando? are unknown.
fo (X16) = ﬂ(zmz) Y2 expl(~ (% — k)
= (2r5?) ™2 exr(—ﬁ(sz + (X - 1)?),

wherex = (1/n) 3L, x ands? = 3 (X — X)2.

The prior density is:

(u - m)z))’

fo(6) = k(a b, w)o* exp( 20 2( W
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ab/2p-(0+1)/2(ma)-1/2
where k(a, b, w) = T 1b()ﬂ ) is a constant.
The posterior density is: ?

m 2
f(9|x(0|X) = k(al’ bl’ Wl)o-_(bl+3) eXp( 20 Z(al + (IJ Wy 1) ))

X Y 2
W m + NWX (% — m
bi=b+n, a=a+s+ (X-m)

where w; = Comy = , n(x—m?
1+nw 1+nw 1+nw

Inference onu:  The posterior density qf is:

9

f(ulx) = fom f(61x)do® = Kk, (t1, by) (1 + (:“_—ml)z

—(b1+1)/2
byt )
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_ Wyiay 1

where t and t1, ) = .
T (. Do) VtikiB(3, 3b1)

Thus,’u :/tinl has at distribution withb, degrees of freedom.
1

Inference of 6> The posterior density af? is:

) a
f(o1¥) = f f(@1X)du = ky2(ay, by)o™ 2 exp(—szz),

(%fﬂll)bl/2

where 2(ag, b)) = ———.

Kr2(as, br) by

Thus,a—l2 is chi-squared withb, degrees of freedom.
g
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5.2 Inference

Posterior Distribution £ 7345):  fay(6ly)

5.2.1 Point Estimate

Posterior Mean &% F14):

0= f 6 fay(6ly)d6.
Posterior Mode @& E— K):
6 = argmay fy(6ly).
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Posterior Median (BF®& A7 1 7 V).

6
6 such that f fay(6ly)de = 0.5.

5.2.2 Interval Estimate

f foy(Oly)dd = 1 - a,
R

whereR is called confidence interval.
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Bayesian confidence interval R 1 X{5%EX &) or credible interval (1§ XE):
P(@L <9<9u) =1-a.

6. andéy lead to lower and upper bounds.

(6., 6y) is called Bayesian confidence interval or credible interval.
Highest posterior density interval (&= E% B E X E):

fay(Ooly) > fay(61ly), for 6y € Randd; ¢ R
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5.2.3 Marginal Likelihood (B2 L)

Marginal Likelihood = Fitness of the Model:

fy(y) = f fye(y160) fo(0)d6,

which corresponds to the denominator in the posterior distribution.
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5.3 Example: Linear Regression

Regression Model:
y=XB+U, u~ N(O, o?1,),

wherey andu aren x 1 vectors X is ann x k matrix andg is ak x 1 vector.

Likelihood Function: 6 = (8, o)

fo16) = (2r0r?) ™ exp{~5 5y~ XB) (v - X))
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Prior Distributions:
f,(8,02) = for2 (Blo?) f,2(c?),

where

fo2(Blo?) = N(Bo, 0?A™Y) = (2n0?) W2 A[M? exr(—%(ﬁ — Bo) A(B — o)),

Vo /10) _ (A0/2)°2 ()% ex Ao )

2\ _ v -
foz(o™) = 'G(z’ 27 T(vo/2) 202

Bo, A, vo andAg are called the hyper-parameters.

1
Note thatY ~ IG(a, b) for X ~ G(a, b) andY = "
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The posterior distribution ¢ ando™? is:

fay(8, 2ly) o fyo(WIB, o) Tgo2(Blo®) f2(c)

= (210 exf5 5y~ XB) vy - X)
1

x (210 M2 AN exp(— 5= (8 — Bo) A - o))

200
o
o (o) R L g (y = XB)'(y — XB) +2(§ - Bo) A — o) + /10)
oc |02 A2 exr(—(ﬁ _’é)f‘;(ﬂ _B)) X (az)‘m‘lexp(—%rz)
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s a v
o fozy(Blo®.y) X foay(0?ly) = NB.oA) x 1G(, 5)

where

= (X'X + A)H(X'XBoLs + ABo). BoLs = (X' X)Xy,
A X'X+A™7,  P=vw+n,

A= 2o+ (Y= XB) (Y = XB) + (Bo — Bors) (X' X)™* + A1) (Bo - Bovs)-
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The marginal posterior distribution gfis:
) = [ B2 = [ e (B0 o)

b

1 A \ -0k
« (1 P IE-BA) e —ﬁ))

_ : . o . ~ A A "
which is ak-dimensionat distribution with parameters, -A andyv.
14

Note that the&k-dimensionat distribution with parameteys, X andyv is given by:

(%)

)—(v+k)/2
[(3)(vm)kr2 '

() = 21+ (¢ ) 5 (x- 0)
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The marginal likelihood is:

fro(¥160) fa(6)  IAIMAAY2(A0/2)°/20(7/2)

f = = -
W) == ) V2L (vo/2)(1/2) 2

2

which is utilized for model selection.

In general, how do we evaluafg(dly), E@ly), fy(y) and so on?
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5.4 On Prior Distribution
5.4.1 Non-informative Prior

fg(6) = const.
In this case, the posterior distribution is:

fay(6ly) o< fye(Y16),

which is proportional to the likelihood function.
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However, we have the case where the integration of prior diverges, i.e.,

f £,(6)d0 = oo.

In this casefy(0) is called an improper prior.
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5.4.2 Jdfreys’ Prior

fo(6) < 13(O)I*,

where

0% log fye(y16) 92 log fy6(yi6)
30 =~ [ 2 vy = ().

which is Fisher’s information matrix.
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5.5 Evaluation of Expectation

Posterior distributiorfyy(6ly)

J 0%(y16) f5(0)d0
J fu(v6) fa(6)d6
In the case where it is not easy to evaluaté{yf( how do we do?

E@ly) = f 0y (0ly)do =

Bayesian Method= Evaluation of Integration  (Too much to say?)
e Numerical Integration
e Monte Carlo Integration

e Random Number Generation frofy,(6ly)
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5.5.1 Evaluation of Expectation: Numerical Integration

Univariate Case: Consider integration of a functiof(x).
Suppose that is a scalar.

Let g, X1, X2, - - -, Xy bEN NOdeES, which are sorted by order of size but not necessarily

equal intervals betweex_; andx fori =1,2,---,n.

Rectangular Approximation:

n

[ o9k Y f0006 =% or Y 106 - 1)

i=1 i=1
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Trapezoid Approximation:

n
1
| fooax 375109+ 1069006 52
Bivariate Case: Consider integration of a functiof(x, y).

Suppose that botkandy are scalars.

Let Xo, X1, X2, - - -, X, beN nodes, which are sorted by order of size not necessarily

equal intervals betweex_; andx; fori =1,2,---,n.
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Letyo, V1, Y2, - - -, Ym DEMNOdes.

Rectangular Approximation:

[ [ oy Y 0y - %0 - o

i=1 j=1

Trapezoid Approximation:

f f f(x.y)dxdy

< D7D 200 + F06Yia) + F06ca i) + F06a Yl — %)) — i)

i=1 j=1
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Applying to Bayes Method (Rectangular Approximation):

_ SO0 008 _ B, 6 fu(y16) f6)E - 6)
[ fo(vO)fs0)de  Zils fyo(¥16) Fo(6)(6: — 6i-1)
2t 6 fye (Y1) To (6 .

)
- = Giwi, for constan®; — 6;_4,
Yita fyo(¥16:) To(6)) ; o -

E@ly)

where
o = fye(Y16:) To(6))
LY freV0) fa(6)
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Problem of Numerical Integration:
1. Choice of initial and terminal values= Truncation errors
2. Accumulation of computational errors by computer

3. Increase of computational burden for large dimension.

= k dimension, anah nodes for each dimensiog= nK
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5.5.2 Evaluation of Expectation: Monte Carlo Integration

Univariate Case: Consider integration of a functiof(x).
Suppose that is a scalar.

Let Xq, X, - - -, X, benrandom draws generated fragx).

e () 1 ()
| tooex= 900 9090 = E(g55) = nzg(m)'

— Importance Sampling @ mB4% > 71 v )
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Multivariate Case: Consider integration of a functiof(x).
Suppose that is a vector.

Let Xq, X, - - -, X, benrandom draws generated fragx).

e () 1 ()
| tooex= 900 9090 = E(g55) = nzg(x)

which is exacly the same as the univariate case.

Computational burden= Univariate casen, Multivariate case:n
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Precision of integration ?7?77?

Especially, wherg(x) is not close tof (X), approximation is prror.

Applying to Bayes Method:
fyio(¥16) fo(6)

ey < L0 TO® e T R
e [ fy0(y16) f5(6)do - ffyle(wé’)fe(@)g(g)dg OO ON
9(6)
where
fyia(Y16:) To (6
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Choice of g() — One Solution: Definel(0) = fy,(y16) f¢(6).

1 01()
1) 66 56 @0
1, ., 1 3@)a@ 1 64®)
309 (_|(é)2 96 96 " 1(9) 0000"
1 8(6)
1(8) 0606

logl(6) ~ logl(d) +

)@ - 6)

= -%(9 - 0y(- )J©-8),  whendisamode of(6).

1 8A(@6)\-1, . . .
@8989’) ) might be taken as the importance dengif).

Thus,N(é, (—
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5.5.3 Evaluation of Expectation: Random Number Generation

Generate random draws @from the posterior distributioffy(6ly).

Then, (In) 3L, 6 is taken as a consistent estimator of|§, whereg; indicates

theith random draw generated frofi,(6ly).
Note that (In) >, 6 — E(0ly) under the condition (&) >, 6 < .

Bayesian confidence interval, median, quntiles and so on are obtained by 8grting

6,, ---, 8, in order of size.

= Sampling methods
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5.6 Sampling Method I: Random Number Generation

Note that a lot of distribution functions are introduced in Kotz, Balakrishman and
Johnson (2000a, 2000b, 2000c, 2000d, 2000e).
The random draws discussed in this section are based on uniform random dra

between zero and one.

5.6.1 Uniform Distribution: U(0, 1)

Properties of Uniform Distribution: ~ The most heuristic and simplest distribu-

tion is uniform.
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Theuniform distribution between zero and one is given by:

1, forO<x<1,
f(x) =
0, otherwise.

Mean, variance and the moment-generating function are given by:

Q=2 V0= e0)=1

Use L'Hospital’s theorem to derive Ef and V(X) using¢(6).
In the next section, we introduce an idea of generating uniform random draws
which in turn yield the other random draws by the transformation of variables, the

inverse transform algorithm and so on.
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Uniform Random Number Generators: Itis no exaggeration to say that all the
random draws are based on a uniform random number.

Once uniform random draws are generated, the various random draws such as
ponential, normal, logistic, Bernoulli and other distributions are obtained by trans
forming the uniform random draws.

Thus, it is important to consider how to generate a uniform random number.
However, generally there is no way to generate exact uniform random draws.

As shown in Ripley (1987) and Ross (1997), a deterministic sequence that appes

at random is taken as a sequence of random numbers.
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First, consider the following relation:
m =k — [k/n]n,

wherek, mandn are integers.

[k/n] denotes the largest integer less than or equal to the argument.
In Fortran 77, it is written ag=k-int (k/n)*n, where O< m< n.
mindicates thaemainder (5 ) whenk is divided byn.

nis called themodulus ().

We define the right hand side in the equation above as:
k — [k/n]n = k modn.
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Then, using the modular arithmetic we can rewrite the above equation as follows:
m =k modn,

which is represented byt=mod (k,n) in Fortran 77 aneh=k%n in C language.
A basic idea of the uniform random draw is as follows.

Givenx_y, X is generated by:
X = (a%_1 + €) modn,

where 0< X, < n.

aandc are positive integers, called thaultiplier and theincrement, respectively.
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The generator above have to be started by an initial value, which is calleddie

U = X /nis regarded as a uniform random number between zero and one.

This generator is called tHmear congruential generator (&F & RE).

Especially, whert = 0, the generator is called tmaultiplicative linear congru-
ential generator.

This method was proposed by Lehmer in 1948 (see Lehmer, 1951).

If n, aandc are properly chosen, the period of the generatar is

However, when they are not chosen very carefully, there may be a lot of seric

correlation among the generated values.
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Therefore, the performance of the congruential generators depend heavily on t
choice of g, ¢).

There is a great amount of literature on uniform random number generation.

See, for example, Fishman (1996), Gentle (1998), Kennedy and Gentle (198C
Law and Kelton (2000), Niederreiter (1992), Ripley (1987), Robert and Casell
(1999), Rubinstein and Melamed (1998), Thompson (2000) and so on for the oth
congruential generators.

However, we introduce only two uniform random number generators.

Wichmann and Hill (1982 and corrigendum, 1984) describe a combination of thre
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congruential generators for 16-bit computers.

The generator is given by:

% = 171%_, mod 30269
yi = 172, mod 30307
z = 170z_, mod 30323

and

X; Yi Z
= dl
U = (30260" 30307 3033 ™
We need to set three seeds, iXg,,Yo andz, for this random number generator.
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u; is regarded as a uniform random draw within the interval between zero and one
The period is of the order of 13®(more precisely the period is3b x 10'?).
The source code of this generator is givenumnd16(ix,iy,iz,rn), whereix,

iy andiz are seeds angn represents the uniform random number between zero

and one.
———urnd16(@ix,iy,iz,rn) ——
1: subroutine urndl16(ix,iy,iz,rn)
2: C
3: ¢ Input:
4: C ix, iy, iz: Seeds
5. ¢ Output:
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6: C rn: Uniform Random Draw U(®,1)
7. C

8: 1 ix=mod( 171%*ix,30269 )

9: iy=mod( 172%iy,30307 )

10: iz=mod( 170%iz,30323 )

11 rn=ix/30269.+iy/30307.+iz/30323.
12: rn=rn-int (rn)

13: if( rn.le.® ) go to 1

14 return

15: end

We exclude one in Line 12 and zero in Line 13 fram
Thatis, O< rn < 1 is generated inrnd16(ix,iy,iz,rn).

Zero and one in the uniform random draw sometimes cause the complier errors
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programming, when the other random draws are derived based on the transforn
tion of the uniform random variable.

De Matteis and Pagnutti (1993) examine the Wichmann-Hill generator with respec
to the higher order autocorrelations in sequences, and conclude that the Wichmar
Hill generator performs well.

For 32-bit computers, L'Ecuyer (1988) proposed a combinatiok @sngruential
generators that have prime modujj such that all values ofi{ —1)/2 are relatively
prime, and with multipliers that yield full periods.

Let the sequence frorjth generator be; 1, X;2, Xj3, - - -
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Consider the case where each individual generptera maximum-period multi-

plicative linear congruential generator with moduhysind multipliera;, i.e.,
Xji = ajXji-1 mod n;.

Assuming that the first generator is a relatively good one andhthatfairly large,

we form theith integer in the sequence as:

K
% = ) (-1)"'x;; mod (- 1),

j=1

where the other modufij, j = 2,3,---,K, do not need to be large.
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The normalization takes care of the possibility of zero occurring in this sequence:
b
nl’
n-1

if xi >0,
U =
, if x; =0.

n

As for each individual generatqr note as follows.
Defineq = [n/a] andr = nmoda, i.e.,nis decomposed as= aq+r, wherer < a.
Therefore, for O< x < n, we have:

axmodn = (ax— [x/g]n) modn

= (ax— [x/q](aq+ r)) modn
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= (a(x_ [x/dla) — [X/q]r) modn
= (a(x modq) — [X/q]r) modn.

Practically, LEcuyer (1988) suggested combining two multiplicative congruential
generators, where= 2, (@1, ng, qi, r1) = (40014, 2147483563, 53668, 12211) and
(az, Np, Oz, I2) = (40692, 2147483399, 52774, 3791) are chosen.

Two seeds are required to implement the generator.

The source code is shown urnd(ix,iy,rn), whereix andiy are inputs, i.e.,

seeds, andn is an output, i.e., a uniform random number between zero and one.
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H urnd(ix,iy,rn) %

subroutine urnd(ix,iy,rn)

Input:
ix, iy: Seeds
Output:
rn: Uniform Random Draw U(0,1)

1 kx=ix/53668
1ix=40014*(ix-kx*53668)-kx*12211
if(ix.1t.0) ix=ix+2147483563

ky=iy/52774
iy=40692* (iy-ky*52774)-ky*3791
if(iy.1t.0) iy=iy+2147483399

rn=ix-iy

if( rn.1t.1.) rn=rn+2147483562
rn=rn*4.656613e-10
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19: if( rn.le.0.) go to 1

20: C
21: return
22: end

The period of the generator proposed by L'Ecuyer (1988) is of the order'8f 10
(more precisely 31 x 10'8), which is quite long and practically long enough.
L'Ecuyer (1988) presents the results of both theoretical and empirical tests, whel
the above generator performs well.

Furthermore, L'Ecuyer (1988) gives an additional portable generator for 16-bi

computers.
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Also, see L'Ecuyer(1990, 1998).

To improve the length of period, the above generator proposed by L'Ecuyer (198¢
is combined with the sHhliing method suggested by Bays and Durham (1976),
and it is introduced asan2 in Press, Teukolsky, Vetterling and Flannery (1992a,
1992b).

However, from relatively long period and simplicity of the source code, hereaftel
the subroutineirnd(ix, iy, rn) is utilized for the uniform random number gen-
eration method, and we will obtain various random draws based on the uniforr

random draws.
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5.6.2 TransformingU (0, 1): Continuous Type

In this section, we focus on a continuous type of distributions, in which density
functions are derived from the uniform distributi@h(0, 1) by transformation of

variables.

Normal Distribution: N(O,1): The normal distribution with mean zero and vari-

ance one, i.e, the standard normal distribution, is represented by:

1 1,2
f(X) = —e2¥,
V2n

for —oco < X < .
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Mean, variance and the moment-generating function are given by:
1 2
EX)=0, V(X)=1  ¢@) = exp(ée )-

The normal random variable is constructed using two independent uniform randol
variables.

This transformation is well known as the Box-Muller (1958) transformation and is
shown as follows.

Let U; andU, be uniform random variables between zero and one.

Suppose thdt; is independent of),.
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Consider the following transformation:

X1 = y-2log(U,) cos(ZU>),
X = 4/=2logU4) sin(2rU,).

where we havec < X; < oo and—oo < X, < cowhen0< U; < 1and O< U, < 1.

Then, the inverse transformation is given by:

X2 + %5 1 Xo
Uy = exp|l-———1, Up = o—arctan. -
1

We perform transformation of variables in multivariate cases.
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From this transformation, the Jacobian is obtained as:

ou; Oy 1 2 > 1 2 >
S % 9% ) —X1 exp(—é(xl + x2)) —Xo exp(—é(x1 + x2))
RECE 1 % 1 %
X, 0% 21 X2 + %5 21 X2 + X5
1 1
= exp(—é(xf + xg)).

Let (X1, X2) be the joint density oK; and X, and f,(u;, U;) be the joint density of
U, andUQ.

SinceU; andU, are assumed to be independent, we have the following:

fu(u, Uz) = fi(ur) fa(u2) = 1,
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wheref;(u;) and f,(u,) are the density functions &f, andU,, respectively.
Note thatf;(u;) = fo(u) = 1 becausdJ; andU, are uniform random variables
between zero and one.
Accordingly, the joint density 0K; andX; is:
2 2

1%
2

= % exp(—%(xf + x%))

X2
fo(x. %) = |3/ fu(exp )5 arctanx—l)
1 1, 1 1,
= —— exg—=X{) X — expg—=X%5),
N H-3%) N H-3%)
which is a product of two standard normal distributions.
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Thus, X; andX; are mutually independently distributed as normal random variables
with mean zero and variance one.

See Hogg and Craig (1995, pp.177 — 178).

The source code of the standard normal random number generator shown above

given bysnrnd(ix,iy,rn).

4{ snrnd(ix,iy,rn) }7

subroutine snrnd(ix,iy,rn)

Use "snrnd(ix,iy,rn)"
together with "urnd(ix,iy,rn)".

arwbdE
NnNNNON
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6: ¢ Input:

7. C ix, iy: Seeds

8: ¢ Output:

9 C rn: Standard Normal Random Draw N(O,1)
10: C

11 pi= 3.1415926535897932385

12: call urnd(ix,iy,rnl)

13: call urnd(ix,iy,rn2)

14 rn=sqrt(-2.0*log(rnl))*sin(2.0%*pi*rn2)
15: return

16: end

snrnd (ix,iy,rn) should be used together with the uniform random number gen-
eratorurnd(ix, iy, rn) shown in Section 5.6.1 (p.267).

rnin snrnd(ix, iy, rn) corresponds teX;.
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Conventionally, one 0K; andX; is taken as the random number which we use.
Here, X; is excluded from consideration.

snrnd (ix,iy,rn) includes the sine, which takes a lot of time computationally.
Therefore, to avoid computation of the sine, various algorithms have been invente
(Ahrens and Dieter (1988), Fishman (1996), Gentle (1998), Marsaglia, MacLare
and Bray (1964) and so on).

Standard Normal Probabilities WhenX ~ N(0, 1), we have the case where we

want to approximate such thatp = F(X) given x, whereF(x) = f_’; f(t)dt =
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P(X < X).
Adams (1969) reports that
* 1 1 11234
P(X>x):f —e‘%‘zdt:—e‘%xz( )
x V2r Vor

for x > 0, where the form in the parenthesis is called the continued fraction, whicl

X+ X+ X+ X+ X+

is defined as follows:

aq a az a1

Xi+ Xot Xg+ Xy + a

as
X3+...

Xo +
A lot of approximations on the continued fraction shown above have been propose
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See Kennedy and Gentle (1980), Marsaglia (1964) and Marsaglia and Zaman (19¢

Here, we introduce the following approximation (see Takeuchi (1989)):

3 1
1+ apX

1
P(X > X) = \/—Ze‘zxz(blt + bot? + bst® + byt + bst®),

ap = 0.2316419 b, = 0.319381530 b, = -0.356563782
b; = 1.781477937 b, = -1.821255978 bs = 1.330274429
In snprob(x,p) below,P(X < X) is shown.
Thatis,p up to Line 19 is equal t&(X > X) in snprob(x,p).
In Line 20,P(X < X) is obtained.
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4{ snprob(x,p) }7

subroutine snprob(x,p)

Inp

X:

Out

p:
pi= 3.1415926535897932385

ut:

put:

a0= 0.2316419

bl= 0.319381530
b2=-0.356563782
b3= 1.781477937
b4=-1.821255978
b5= 1.330274429

z=abs(x)
t=1.0/(1.0+a0%*z)

pr=exp(-.5%z*z)/sqrt(2.0%pi)

N(®,1) Percent Point

Probability corresponding to x
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19:
20:
21:
22:
23:

p=pr*t*(bl+t*(b2+t* (b3+t*(b4+b5*t))))
1f(x.gt.0.0) p=1.0-p

return
end

The maximum error of approximation gfis 7.5 x 1078, which practically gives us

enough precision.

Standard Normal Percent Points When X ~ N(0O,1), we approximate such

that p = F(X) given p, whereF(x) indicates the standard normal cumulative distri-

bution function, i.e.F(X) = P(X < x), andp denotes probability.
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As shown in Odeh and Evans (1974), the approximation of a percent point is of th

form:
Say) _\, PotPy+ P2y’ + Pay® + pay*
Ta(y) o + QY + O2y? + Oz + Quy*

X=Yy+

wherey = /-2 log(p).

S4(y) andT4(y) denote polynomials degree 4.

The source code is shown #mperpt (p,x), wherex is obtained within 16?° <
p<1-107,
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—————{snperpt(p,x)}—————

subroutine snperpt(p,x)

Input:
p: Probability
(err<p<l-err, where err=1e-20)
Output:
x: N(0,1) Percent Point corresponding to p

p0=-0.322232431088
pl=-1.0
p2=-0.342242088547
p3=-0.204231210245e-1
p4=-0.453642210148e-4
q0= 0.993484626060e-1
ql= 0.588581570495
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16: g2= 0.531103462366

17: q3= 0.103537752850

18: g4= 0.385607006340e-2

19: ps=p

20: 1f( ps.gt.0.5 ) ps=1.0-ps

21: if( ps.eq.0.5 ) x=0.0

22: y=sqrt( -2.0*%log(ps) )

23: x=y+(((Cy*p4+p3) *y+p2) *y+pl) *y+p0)
24: & /((((y*q4+q3)*y+q2) *y+ql) *y+q0)
25: if( p.1t.0.5 ) x=-x

26: return

27: end

The maximum error of approximation afis 1.5 x 1078 if the function is evaluated

in double precision and.& x 10°¢ if it is evaluated in single precision.
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The approximation of the forrmx = y + S,(y)/Ts(y) by Hastings (1955) gives a
maximum error of &6 x 1074,
To improve accuracy of the approximation, Odeh and Evans (1974) proposed tf

algorithm above.

Normal Distribution: N(u,c?):  The normal distribution denoted IN(u, 0?) is
represented as follows:

1 1 2
F(X) = ——— e 2 *H,
Y= o

for —co < X < 0.
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u is called docation parameter ando? is ascale parameter
Mean, variance and the moment-generating function of the normal distributiot

N(u, o?) are given by:
EQ)=p  V(X)=0?  ¢(0) = exgud + %0292).

Whenu = 0 ando? = 1 are taken, the above density function reduces to the
standard normal distribution in Section 5.6.2.

X = oZ+u is normally distributed with meamand variance-?, whenZ ~ N(O, 1).
Therefore, the source code is representeciimd (ix, iy, ave,var,rn), where

ave andvar correspond tg ando?, respectively.
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—————{nrnd(ix,iy,ave,var,rn)%—————

subroutine nrnd(ix,iy,ave,var,rn)

Use "nrnd(ix,iy,ave,var,rn)"
together with "urnd(ix,iy,rn)"
and "snrnd(ix,iy,rn)".

Input:
ix, iy: Seeds
ave: Mean
var: Variance
Output:

rn: Normal Random Draw N(ave,var)

call snrnd(ix,iy,rnl)
rn=ave+sqrt(var)*rnl
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16: return
17: end

nrnd(ix,iy,ave,var,rn) should be used together wittrnd(ix,iy,rn) and
snrnd(ix,iy,rn). Itis possible toreplacenrnd(ix,iy,rn) by snrnd2(ix,iy,rn)

or snrnd3(ix,iy,rn).
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Exponential Distribution: The exponential distribution with parameteris

written as:
1 «
—e B, for0 < X < oo,

f(x) =
0, otherwise,

forg > 0.
B indicates a scale parameter.
Mean, variance and the moment-generating function are obtained as follows:

1
B =g V=5 60 =15
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The relation between the exponential random variable the uniform random variab

is shown as follows:

WhenU ~ U(0, 1), consider the following transformation:

X = —Blog(U).

Then,X is an exponential distribution with parameger

Because the transformation is giventoy: exp(x/B), the Jacobian is:

du 1 1
J= ax = _B exr(—ﬁx).
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By transforming the variables, the density functiorXos represented as:
1 1 1
f(X) = |J|fulexpE=X)) = = exg —=X),
() = 131 p(ﬁ,)) 3 p(ﬁ)

where f(-) and f,(-) denote the probability density functions ¥fandU, respec-
tively.

Note that O< X < oo because ok = —-Blog(u) and O< u < 1.

Thus, the exponential distribution with parameges obtained from the uniform

random draw between zero and one.
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4{ exprnd(ix,iy,beta,rn) }7

subroutine exprnd(ix,iy,beta,rn)

Use "exprnd(ix,iy,beta,rn)"
together with "urnd(ix,iy,rn)".

Input:
ix, iy: Seeds
beta: Parameter
Output:
rn: Exponential Random Draw
with Parameter beta

call urnd(ix,iy,rnl)
rn=-beta*log(rnl)
return

end
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exprnd(ix,iy,beta,rn) should be used together witirnd (ix,iy,rn).
Wheng = 2, the exponential distribution reduces to the chi-square distribution with

2 degrees of freedom.

Gamma Distribution: G(a,8): The gamma distribution with parametersand
B, denoted bys(a, B), is represented as follows:
1
{3 = | FT@)

0, otherwise,

X
X lg7s, for 0 < X < oo,
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for @« > 0 andB > 0, wherea is called ashape parameterandg denotes a scale

parameter.

I'(-) is called thegamma function, which is the following function o:

() = f x*~te™ dx.
0
The gamma function has the following features:

Ia+1)=al(a), T@1)=1, r(l) = 2r(§) = V7.

2 2
Mean, variance and the moment-generating function are given by:
1

E(X) = o, V(X) = of?, $(6) = a-poe
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The gamma distribution witlk = 1 is equivalent to the exponential distribution
shown in Section 5.6.2.

This fact is easily checked by comparing both moment-generating functions.
Now, utilizing the uniform random variable, the gamma distribution with parame-
tersa andg are derived as follows.

The derivation shown in this section deals with the case wines@ positive integer,
e, =123, -

The random variableg,, Z,, ---, Z, are assumed to be mutually independently

distributed as exponential random variables with parangtethich are shown in
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Section 5.6.2.
DefineX = )., Z.
Then, X has distributed as a gamma distribution with parameteasdg, wherea

should be an integer, which is proved as follows:

0:6) = E@) = B2 = [ [E@) = | [40) = [ | =5
i=1 i=1 i=1

3 1
- (1-p0)

whereg,(0) and ¢;(0) represent the moment-generating functionXandz, re-

spectively.
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Thus, sum of the: exponential random variables yields the gamma random variable
with parameters andg.
Therefore, the source code which generates gamma random numbers is showr

gammarnd(ix,iy,alpha,beta,rn).

—————{gammarnd(ix,iy,alpha,beta,rn)%—————

subroutine gammarnd(ix,iy,alpha,beta,rn)

Use "gammarnd(ix,iy,alpha,beta,rn)"
together with "exprnd(ix,iy,beta,rn)"
and "urnd(ix,iy,rn)".

NoahkwNR
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Input:
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8 C ix, iy: Seeds

9 C alpha: Shape Parameter (which should be an integer)
10: C beta: Scale Parameter

11: ¢ Output:

12: C rn: Gamma Random Draw with alpha and beta
13: C

14: rn=0.0

15: do 1 i=1,nint(alpha)

16: call exprnd(ix,iy,beta,rnl)

17: 1 rn=rn+rnl

18: return

19: end

gammarnd(ix,iy,alpha,beta,rn) is utilized together withurnd(ix,iy,rn)

andexprnd(ix,iy,rn).
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As pointed out abovey should be an integer in the source code.

Whena is large, we have serious problems computationally in the above algorithmr
becauser exponential random draws have to be generated to obtain one gamrn
random draw with parametessandg.

Whena = k/2 andg = 2, the gamma distribution reduces to the chi-square distri-

bution withk degrees of freedom.
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Chi-Square Distribution: y?(k):  The chi-square distribution witk degrees of

freedom, denoted by?(K), is written as follows:
;xg‘le‘%x, for 0 < x < oo,
f(x) = 4 29T
0, otherwise,
wherek is a positive integer.
The chi-square distribution is equivalent to the gamma distribution gvigh2 and
a =k/2.
The chi-square distribution witk = 2 reduces to the exponential distribution with

B =2, shown in Section 5.6.2.
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Mean, variance and the moment-generating function are given by:

1

F Distribution: F(m,n): TheF distribution withm andn degrees of freedom,

denoted byF(m, n), is represented as:

| giLet mo _men
T (MIe(1: D™, foro<x<es
f(X) — F(E)F(E) n n

0, otherwise,

wherem andn are positive integers.
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Mean and variance are given by:

n
E(X) = — f 2
X) r—t orn> 2,

2r(m+n - 2)

m(n— 2= 4)’ forn > 4.

V(X) =

The moment-generating function Bfdistribution does not exist.
OneF random variable is derived from two chi-square random variables.
Suppose thdtl andV are independently distributed as chi-square random variables
i.e.,U ~ y2(m) andV ~ y?(n).

U/m

Then, itis shown thaX = Vn has & distribution with fn, n) degrees of freedom.
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t Distribution: t(k):  Thet distribution (or Student’sdistribution) withk degrees
of freedom, denoted bifk), is given by:

f(x) =

(k+1) 1 X2 k+1

I Vi et

for —co < X < o0, Wherek does not have to be an integer but conventionally it is a
positive integer.

Whenk is small, thet distribution has fat tails.

Thet distribution withk = 1 is equivalent to the Cauchy distribution.

As k goes to infinity, the distribution approaches the standard normal distribution,
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i.e.,t(c0) = N(O, 1), which is easily shown by using the definitionepii.e.,
2 k+l 1

L) = ) (e Y ) e

whereh = k/x? is set anch goes to infinity (equivalentlyk goes to infinity).

Thus, a kernel of thédistribution is equivalent to that of the standard normal dis-
tribution.

Therefore, it is shown that dsis large thet distribution approaches the standard
normal distribution.

Mean and variance of thedistribution withk degrees of freedom are obtained as:
E(X) =0, fork > 1,
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V(X) = kaz fork > 2.

In the case of the distribution, the moment-generating function does not exist,
because all the moments do not necessarily exist.

For thet random variableX, we have the fact that K@) exists wherp is less than

k.

Therefore, all the moments exist only whiers infinity.

Onet random variable is obtained from chi-square and standard normal randor
variables.

Suppose thaf ~ N(0, 1) is independent df) ~ y?(k).

306



Then,X = Z/ 4/U/k has a distribution withk degrees of freedom.
Marsaglia (1984) gives a very fast algorithm for generatirgndom draws, which

Is based on a transformed acceptdrggection method, which will be discussed

later.
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5.6.3 Inverse Transform Method

In Section 5.6.2, we have introduced the probability density functions which can b
derived by transforming the uniform random variables between zero and one.

In this section, the probability density functions obtained by the inverse transforn
method are presented and the corresponding random number generators are shc
The inverse transform method is represented as follows.

Let X be a random variable which has a cumulative distribution fund&i@h

WhenU ~ U(0, 1), F-}(U) is equal toX.
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The proof is obtained from the following fact:
P(X < x) = P(F}(U) < x) = P(U < F(x) = F(x).

In other words, leu be a random draw o), whereU ~ U(0, 1), andF(-) be a
distribution function ofX.

When we perform the following inverse transformation:
x = F~}(u),

x implies the random draw generated fréi().
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The inverse transform method shown above is useful whEncan be computed
easily and the inverse distribution function, i .€-1(:), has a closed form.

For example, recall thd(-) cannot be obtained explicitly in the case of the normal
distribution because the integration is included in the normal cumulative distribu
tion (conventionally we approximate the normal cumulative distribution when we
want to evaluate it).

If no closed form ofF ~%(:) is available buf(-) is still computed easily, an iterative
method such as the Newton-Raphson method can be applied.

Definek(x) = F(x) — u.
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The first order Taylor series expansion arounsd x* is:
0 = k(X) ~ k(X) + K'(X)(x = X).

Then, we obtain:
k(x) _ F(x)—u
k' (x) B f(x)

Replacingx andx* by x® andx(~%, we have the following iteration:

X=X -

i—1
) = 3 li-1) _ F(X! _)) ~ U,
f(x(-D)

fori=1,2,---.
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The convergence value &f) is taken as a solution of equation= F(X).
Thus, based on, a random draw is derived fromF(-).

However, we should keep in mind that this procedure takes a lot of time compute
tionally, because we need to repeat the convergence computation shown above

many times as we want to generate.
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5.6.4 UsingU(0,1): Discrete Type

In Sections 5.6.2 and 5.6.3, the random number generators from continuous dist
butions are discussed, i.e., the transformation of variables in Section 5.6.2 and t|
inverse transform method in Section 5.6.3 are utilized.

Based on the uniform random draw between zero and one, in this section we de
with some discrete distributions and consider generating their random numbers.
As a representative random number generation method, we can consider utilizir
the inverse transform method in the case of discrete random variables.

Suppose that a discrete random variablean takexs, X,, - - -, X,, where the proba-
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bility which X takesx; is given byf(x), i.e.,P(X = x) = f(X).

Generate a uniform random drawwhich is between zero and one.

Consider the case where we haves_;) < u < F(X), whereF(x) = P(X < %)
andF(xp) = 0.

Then, the random draw of is given byx;.
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5.7 Sampling Method II: Random Number Generation
5.7.1 Rejection Sampling ;%)

We want to generate random draws frdifx), called thetarget density (B F9%;
), but we consider the case where it is hard to sample ff(g

Now, suppose that it is easy to generate a random draw from another de(gity
called thesampling density (> 7'1) > Z'Z &) or proposal density (X% E).

In this case, random draws of from f(x) are generated by utilizing the random
draws sampled fronf, (x).

Let x be the the random draw of generated fronf (x).
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Suppose thai(x) is equal to the ratio of the target density and the sampling density.
le.,

f(x)
f.(x)°

q(¥) = (1)

Then, the target density is rewritten as:
fF(X) = a(x) f.(x).

Based om(x), the acceptance probability is obtained.
Depending on the structure of the acceptance probability, we have three kinds

sampling techniques, i.ergjection sampling @E#1;%) in this section,impor-
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tance resampling &= ') H> 71 >~ J53K) in Section 5.7.2 and thidetropolis-
Hastings algorithm (X hARY Z—/N\ZF 4 >4 - 7)LT1) X L) in Section
5.7.4.

See Liu (1996) for a comparison of the three sampling methods.

Thus, to generate random drawsxdirom f(x), the functional form ofy(x) should
be known and random draws have to be easily generatedfriomm

In order for rejection sampling to work well, the following condition has to be

satisfied:

q(x) = f(x) <cC

o)
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wherec is a fixed value.

That is,q(x) has an upper limit.

As discussed below,/t is equivalent to the acceptance probability.
If the acceptance probability is large, rejection sampling computationally takes .
lot of time.

Under the conditiom(x) < c for all x, we may minimizec.

That is, since we hawg(x) < sup, q(x) < ¢, we may take the supremum gfx) for
C.

Thus, in order for rejection sampling to workKieiently, c should be the supremum
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of q(x) with respect tox, i.e.,c = sup, q(X).
Let x* be the random draw generated frdr(x), which is a candidate of the random
draw generated from(x).

Definew(X) as:
_oq®) ax)
“(X) = supq@d ¢’
which is called theacceptance probability ¢FiR#E ).

Note that we have & w(X) < 1 when supq(z) = ¢ < co.
The supremum syjgi(z) = c has to be finite.

This condition is sometimes too restrictive, which is a crucial problem in rejection
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sampling.
A random draw ofX is generated froni (x) in the following way:
() Generatex' from f,(x) and computev(X").
(i) Setx = x* with probability w(x*) and go back to (i) otherwise.
In other words, generating from a uniform distribution between zero and

one, takex = X" if u < w(x") and go back to (i) otherwise.

The above random number generation procedure can be justified as follows.
Let U be the uniform random variable between zero and ohbége the random

variable generated from the target densify),
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X* be the random variable generated from the sampling dehgiy, andx* be the
realization (i.e., the random draw) generated from the sampling defn&iy
Consider the probabilitfP(X < XU < w(x")), which should be the cumulative
distribution ofX, F(x), from Step (ii).
The probabilityP(X < XU < w(x*)) is rewritten as follows:

P(X < x,U < w(X))

PX<XU <o) = =55 0oy

where the numerator is represented as:

X (t) X w(t)
P(X < x, U < (X)) = f fo.(u,t) dudt = f f f,(u) T, (t) du dt
—00 0

—00 0
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- f ' ( f o0 fu(U) du) f.(t) dt = f ' ( f w0 du) f.(t) dt
—c0 JO —o0 JO
_ f ' ot ot = f w(t)f.(t) dt = f q(t)f(t) dt = —X F(X)

and the denominator is given by:

P(U < w(x)) = P(X < 00, U < w(X)) = @ - %

In the numeratorf, .(u, X) denotes the joint density of random variablésind X*.
Because the random draws dfand X* are independently generated in Steps (i)
and (i) we havef,.(u,x) = f,(u)f.(x), wheref,(u) and f.(x) denote the marginal

density ofU and that ofxX*.
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The density function ol is given by f,(u) = 1, because the distribution &f is
assumed to be uniform between zero and one.
Thus, the first four equalities are derived.

Furthermore, in the seventh equality of the numerator, since we have:

_ 9 _ ¥
¢ cf(x)’

w(X)

w(X)f.(X) = f(x)/cis obtained.
Finally, substituting the numerator and denominator shown above, we have the fc
lowing equality:

P(X < XU < w(X")) = F(X).
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Thus, the rejection sampling method given by Steps (i) and (ii) is justified.

The rejection sampling method is the moi@ent sampling method in the sense of
precision of the random draws, because using rejection sampling we can gener:
mutually independently distributed random draws.

However, for rejection sampling we need to obtain thehich is greater than or
equal to the supremum qfX).

If the supremum is infinite, i.e., i€ is infinite, w(x) is zero and accordingly the
candidatex’ is never accepted in Steps (i) and (ii).

Moreover, as for another remark, note as follows.

336



Let Nr be the average number of the rejected random draws.

We need (+ Ng) random draws in average to generate one random number fron
f(x).

In other words, the acceptance rate is given L  NR) in average, which is equal

to 1/cin average because Bf{U < w(x*)) = 1/c.

Therefore, to obtain one random draw froitx), we have to generate @ Ng)
random draws fronf.(x) in average.

See, for example, Boswell, Gore, Patil and Taillie (1993), O’'Hagan (1994) anc

Geweke (1996) for rejection sampling.
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To examine the condition thai(x) is greater than zero, i.e., the condition that the
supremum ofy(x) exists, consider the case whdrg) and f.(X) are distributed as
N(u, 0?) andN(u,, 0?), respectively.

q(x) is given by:

(0 (2mZ)-1/2exp(—§(x—u)2)
¥)

)
2

lof-o (X_/,tO'f—/J*O'Z)Z_i_}(M—,U*)Z
2 o202 02— o2 202-02)

q(x) = 00 - .

== exp(——(x WP+

:_ep(
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If 02 < 02, g(X) goes to infinity asc is large.
In the case of2 > o2, the supremum afj(x) exists, which condition implies that
f.(X) should be more broadly distributed th&¢x).

In this case, the supremum is obtained as:

c = supq(x) = exr(l(/u p)’ )

202-
Wheno? = o2 andu = u., we haveq(x) = 1, which impliesw(x) = 1.
That is, a random draw from the sampling dendit{x) is always accepted as a
random draw from the target densityx), wheref(x) is equivalent tof.(x) for all

X.
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If 02 = 02 andu # u., the supremum afi(x) does not exists.

Accordingly, the rejection sampling method does not work in this case.

Figure 1: Rejection Sampling

340



From the definition ofu(x), we have the inequalit§(x) < cf.(x).

cf.(xX) and f(x) are displayed in Figure 1.

The ratio of f(x*) andcf.(x") corresponds to the acceptance probability‘ai.e.,
w(X).

Thus, for rejection sampling,f.(Xx) has to be greater than or equalftx) for all x,
which implies that the sampling densify(x) needs to be more widely distributed
than the target densit(x).

Finally, note that the above discussion holds without any modification even thoug

f(x) is a kernel of the target density, i.e., even thoddk) is proportional to the
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target density, because the constant term is canceled out between the numerator

denominator (remember tha{(x) = q(x)/ sup,q(2)).

Normal Distribution: N(0,1): First, denote the half-normal distribution by:

2 2
—e‘?" for0 < x < o0,

f(x) =4 Ver

0, otherwise.

The half-normal distribution above corresponds to the positive part of the standa

normal probability density function.

342



Using rejection sampling, we consider generating standard normal random drav
based on the half-normal distribution.

We take the sampling density as the exponential distribution:

e for0 < x < oo,
f.(X) =
0, otherwise,

whered > 0. Sinceq(x) is defined ag|(x) = f(x)/f.(x), the supremum of|(x) is
given by:

1,32
ez’

2
AN2r

¢ = supq(x) =

which depends on parameter
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Remember tha®(U < w(x")) = 1/c corresponds to the acceptance probability.
Since we need to increase the acceptance probability to reduce computational tin
we want to obtain tha which minimizes supq(x) with respect tol.

Solving the minimization problemi, = 1 is obtained.

Substituting? = 1, the acceptance probability(x) is derived as:

w(x) = e 801

for0 < X < oo,
Remember that logU has an exponential distribution with = 1 whenU ~

u(o, 1).
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Therefore, the algorithm is represented as follows.

(i) Generate two independent uniform random drayendu, between zero and

one.

(i) Computex = —logu,, which indicates the exponential random draw gener-

ated from the target densitiy(x).

(i) Setx = x*if u; < exp3(x — 1)?), i.e.,—2log(uy) > (X' — 1)%, and return to

(i) otherwise.

x in Step (iii) yields a random draw from the half-normal distribution.
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To generate a standard normal random draw utilizing the half-normal random dra
above, we may put the positive or negative sign randomly with

Therefore, the following Step (iv) is additionally put.

(iv) Generate a uniform random draw between zero and one, and get X if

Uz < 1/2 andz = —x otherwise.

zgives us a standard normal random draw.
Note that the number of iteration in Step (iii) is given by v2e/r ~ 1.3155 in
average, or equivalently, the acceptance probability in Step (iii)ds10.7602.

The source code for this standard normal random number generator is shown
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snrnd6(ix,iy,rn).

—————{snrnd6(ix,iy,rn)%—————

1: subroutine snrnd6(ix,iy,rn)
2. C

3 ¢ Use "snrnd6(ix,iy,rn)"

4: ¢ together with "urnd(ix,iy,rn)".
5 C

6: ¢ Input:

7. C ix, iy: Seeds

8: ¢ Output:

9: C rn: Normal Random Draw N(0,1)
10: C

11: 1 call urnd(ix,iy,rnl)

12: call urnd(ix,iy,rn2)

13; y=-log(rn2)

14: if( -2.*log(rnl).1t.(y-1.)**2 ) go to 1
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15: call urnd(ix,iy,rn3)

16: if(rn3.le.0.5) then
17: rn=y

18: else

19: rn=-y

20: endif

21: return

22: end

Note thatsnrnd6(ix, iy, rn) should be used together witlrnd(ix,iy,rn).
Thus, utilizing rejection sampling, we have the standard normal random numbe

generator, which is based on the half-normal distribution.
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Gamma Distribution: G(a,1)for 0 < @ < 1and 1l < a: In this section,
utilizing rejection sampling we show an example of generating random draws fron
the gamma distribution with parametersindg = 1, i.e.,G(a, 1).

WhenX ~ G(a, 1), the density function oX is given by:

f %x‘"le‘x, for 0 < x < oo,
(x) =

0, otherwise.
Ahrens and Dieter (1974) consider the case ef® < 1, which is discussed in this
section.

The case ofr > 1 will be discussed later.
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Using the rejection sampling, the composition method and the inverse transfort
method, we consider generating random draws f@&m 1) forO< a < 1.

The sampling density is taken as:
e @
f.(X) = ——ax* 1 ——e LX),
() Trel 1(X) + Tie 2(X)

where both(x) andl,(x) denote the indicator functions defined as:
1, ifO<x<1, 1, if 1 <X,
11(X) = _ 12(X) = ,
0, otherwise, 0, otherwise.
Random number generation from the sampling density above utilizes the compos

tion method and the inverse transform method.
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The cumulative distribution related t(x) is given by:

%ex“, if0<x<1,
F.(X) = “e
= T e, ifx> 1

a+e a+e
Note that O< a < 1 is required because the sampling density far & < 1 has to

satisfy the property that the integration is equal to one.

The acceptance probability(x) = q(x)/ sup q(2) for q(x) = f(x)/f.(X) is given by:
w(X) = € X11(X) + X2, (X).
Moreover, the mean number of trials until success, ¢.e. sup q(2) is represented
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as:
_a+te

C= ——
ael'(a)’
which depends on and is not greater than 1.39.

Note thatg(x) takes a maximum value at= 1.

The random number generation procedure is given by:

(i) Generate a uniform random drawfrom U (0, 1), and sek* = ((a/e+1)u;)"®

if uy <e/(a+e€) andx = —log((1/e+ 1/a)(1 - uy))if u; > e/(a + €).

(i) Obtainw(x?) = e if uy < e/(a + €) andw(x*) = x** 1 if u, > e/(a + €).
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(i) Generate a uniform random drawfrom U (0, 1), and sek = x* if U, < w(X*)

and return to (i) otherwise.

In Step (i) a random draw* from f,(X) can be generated by the inverse transform

method discussed in Section 5.6.3.

—{ gammarnd2 (ix,iy,alpha,rn) }7

subroutine gammarnd2(ix,iy,alpha,rn)

Use "gammarnd2(ix,iy,alpha,rn)"
together with "urnd(ix,iy,rn)".

ounhrhwnR
nNNNnNnnN

Input:
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10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

nNnnNnnNnnNnNN

ix, iy: Seeds
Shape Parameter (O<alpha \le 1)

alpha:
Output:

rn: Gamma Random Draw

with Parameters alpha and beta=1

e=2.71828182845905

1 call urnd(ix,iy,rn®)
call urnd(ix,iy,rnl)

rn=-log((alpha+e)*(1.-rn®)/(alpha*e))
if( rnl.gt.rn**(alpha-1.) ) go to 1

return
end

if( rn0®.le.e/(alpha+e) ) then
rn=( (alpha+e)*rn@/e )**(1./alpha)
if( rnl.gt.e**(-rn) ) go to 1

else

endif
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Note thatgammarnd2 (ix, iy, alpha,rn) should be used withrnd(ix,iy,rn).
In gammarnd2(ix,iy,alpha,rn), the case of & « < 1 has been shown.
Now, using rejection sampling, the casewf> 1 is discussed in Cheng (1977,
1998).
The sampling density is chosen as the following cumulative distribution:
X/l
F.g=10t X"
0, otherwise,

for x > 0,

which is sometimes called theg-logistic distribution.
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Then, the probability density functior,(x), is given by:

Aoxt1

—_— for x > 0,
f.og = (X

0, otherwise.

By the inverse transform method, the random draw frii(x), denoted byx, is

generated as follows:
ou \1/a
X= (1 — u) ’
whereu denotes the uniform random draw generated ftdg@, 1).

For the two parameterg, = V2a — 1 ands = o are chosen, taking into account
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minimizing ¢ = sup, q(x) = sup, f(x)/ f.(x) with respect t& and4 (note thatt and

6 are approximately taken, since it is not possible to obtain the explicit solution o

6 andJ).
Then, the number of rejections in average is given by:
oo 4o
T(@)V2a -1

which is computed as:
1.47 wherny = 1, 1.25 wheny = 2, 1.17 whernw = 5,

1.15 whernr = 10, 1.13 wheny = co.

Thus, the average number of rejections is quite small far.all
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The random number generation procedure is given by:

() Seta=1/V2a-1,b=a-log4andc=a+ V2a - 1.

(i) Generate two uniform random drawsandu, from U (0, 1).
Ug
1-u’
(iv) Takex = x"if r > logzand return to (ii) otherwise.

(i) Sety = alog X' = ae,z= U andr =b+cy— x.

To avoid evaluating the logarithm in Step (iv), we put Step (iii)’ between Steps (iii)

and (iv), which is as follows:
(i) Takex = x*if r > 4.5z—- d and go to (iv) otherwise.
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dis defined asl = 1 + log 4.5, which has to be computed in Step (i).

Note that we have the relationz — (1 + log#) > logzfor all z> 0 and any given
6 > 0, because logis a concave function af. According to Cheng (1977), the
choice off is not critical and the suggested valu@is 4.5, irrespective of.

The source code for Steps (i) — (iv) and (iii) is givendymmarnd3 (ix,iy,alpha,rn).

4{ gammarnd3 (ix,iy,alpha,rn) }7

subroutine gammarnd3(ix,iy,alpha,rn)

Use "gammarnd3(ix,iy,alpha,rn)"
together with "urnd(ix,iy,rn)".

arwbdE
NnNNNON
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aNeNeNeNaNeNse!

Input:
ix, iy: Seeds
alpha: Shape Parameter (l<alpha)
Output:
rn: Gamma Random Draw
with Parameters alpha and beta=1

e=2.71828182845905
a=1./sqrt(2.*alpha-1.)
b=alpha-log(4.)
c=alpha+sqrt(2.*alpha-1.)
d=1.+log(4.5)

1 call urnd(ix,iy,ul)
call urnd(ix,iy,u2)
y=a*log(ul/(1.-ul))
rn=alpha* (e**y)
z=ul*ul*u2
r=b+c*y-rn
if( r.ge.4.5%z-d ) go to 2
if( r.1t.log(z) ) go to 1
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26: 2 return
27 end

Note thatgammarnd3(ix,iy,alpha,rn) requiresurnd(ix,iy,rn).

Line 24 corresponds to Step (iii)’, which gives us a fast acceptance.

Taking into account a recent progress of a personal computer, we can erase Lir
17 and 24 frongammarnd3, because evaluating the (. . .) sentences in Lines 24
and 25 sometimes takes more time than computing the logarithm in Line 25.
Thus, using botlyammarnd2 andgammarnd3, we have the gamma random number

generator with parametess> 0 andg = 1.
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5.7.2 Importance ResamplingEm=8 ) 4> 71 > %)

Theimportance resamplingmethod also utilizes the sampling denditgx), where
we should choose the sampling density from which it is easy to generate rando
draws.
Let X" be theith random draw ok generated fronf,(x).
The acceptance probability is defined as:
N G909
w(X) = ZTT);(XT)

whereq(-) is represented as equation (1).
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To obtain a random draws frori(x), we perform the following procedure:

() Generatex; from the sampling densitf.(x) for j = 1,2,---,n.
(i) Computew(x;) forall j =1,2,---,n.
(i) Generate a uniform random drawbetween zero and one and take= X;

whenQ; ; < u< Q;, whereQ; = 3), w(x) andQq = 0.

The x obtained in Step (iii) represents a random draw from the target def{sity
In Step (i), all the probability weighte(x;), j = 1,2,---,n, have to be computed

for importance resampling.
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Thus, we need to generateandom draws from the sampling densftyx) in ad-
vance.

When we want to generate more random draws (Sagandom draws), we may
repeat Step (iiiN times.

In the importance resampling method, there mrealizations, i.e.x;, x5, - - -, X,
which are mutually independently generated from the sampling defhédy

The cumulative distribution of (x) is approximated by the following empirical

distribution:
_ JLamfmd
[ af.() dt

*£(1)
o (0

P(X < X) = f f(t) dt = f.(t) dt
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wherel(x, ") denotes the indicator function which satisfl¢s, x') = 1 whenx >

x-andl(x, x7) = 0 otherwise.

P(X = x') is approximated as(X").

See Smith and Gelfand (1992) and Bernardo and Smith (1994) for the importanc
resampling procedure.

As mentioned in Section 5.7.1, for rejection samplifx) may be a kernel of the
target density, or equivalently(x) may be proportional to the target density.

Similarly, the same situation holds in the case of importance resampling.
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That is, f(xX) may be proportional to the target density for importance resampling,
too.

To obtain a random draws frorf(x), importance resampling requiresrandom
draws from the sampling densify(x), but rejection sampling needs{lg) random
draws from the sampling density(x).

For importance resampling, when we havéifferent random draws from the sam-
pling density, we pick up one of them with the corresponding probability weight.
The importance resampling procedure computationally takes a lot of time, becau:

we have to compute all the probability weiglits, j = 1,2,---,n, in advance even
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when we want only one random draw.
When we want to generatd random draws, importance resampling requines

random draws from the sampling densityx), but rejection sampling needgl +

Nr) random draws from the sampling densttyx).

Thus, asN increases, importance resampling is relatively less computational tha
rejection sampling.

Note thatN < nis recommended for the importance resampling method.

In addition, when we havBl random draws from the target densitfx), some of

the random draws take the exactly same values for importance resampling, whi
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all the random draws take thefidirent values for rejection sampling.
Therefore, we can see that importance resampling is inferior to rejection samplin

in the sense of precision of the random draws.

Normal Distribution: N(O,1):  Again, we consider an example of generating
standard normal random draws based on the half-normal distribution:
ie‘%’(z, for 0 < X < oo,

f(x) =4 Ver

0, otherwise.
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We take the sampling density as the following exponential distribution:

e for 0 < x < o0,
f.(X) =
0, otherwise,

which is exactly the same sampling density as in Section 5.7.1.
Given the random draws’, i = 1,---,n, generated from the above exponential
densityf.(x), the acceptance probability(x) is given by:

w(X) = a06) /) expe 12 1)
Z?=l q(XT) ZTzl f(XT)/ f*(XT) er):]- exp(—%XTz N XT) .

Therefore, a random draw from the half-normal distribution is generated as follows
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(i) Generate uniform random drawsg, Uy, - - -, u, from U (0, 1).
(if) Obtainx = —log(u) fori=1,2---,n.
(i) Computew(x’) fori=1,2,---,n.
(iv) Generate a uniform random drasvfrom U (0, 1).
(V) Setx =X whenQ;_; <v; < Q;forQ; = Zijzl w(X) andQg = 0.
X is taken as a random draw generated from the half-normal distrib&(gn

In order to have a standard normal random draw, we additionally put the following

step.
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(vi) Generate a uniform random drag from U(0, 1), and sek = xif v, < 1/2

andz = —x otherwise.

Zrepresents a standard normal random draw.
Note that Step (vi) above corresponds to Step (iv) in Section 5.7.1.
Steps (i) — (vi) shown above represent the generator which yields one standa

normal random draw.
When we wantN standard normal random draws, Steps (iv) — (vi) should be re-

peated\ times.

In Steps (iv) and (v), a random draw frofix) is generated based & for | =

371



12,---,n.

Gamma Distribution: G(a,1)for 0 < @ < 1.  WhenX ~ G(«e, 1), the density
function of X is given by:

Fix"‘le‘x, for 0 < X < oo,
f(x) = 1@

0, otherwise.

The sampling density is taken as:
£,0X) = ——ax* My (%) + — e 1,(%)
: a+e ! a+e 2
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which is the same function as gammarnd2 of Section 5.7.1, where both(x) and
I,(X) denote the indicator functions defined in Section 5.7.1.

The probability weights are given by:
ax) _ FO)/ (X))

W)= ST )~ I F00)/0)
~ w—le—)q/(xim—lll(xi*) + e—x].* IZ(XI*))
BT e /(e (x) + €7 15(x))
fori=1,2,---,n
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The cumulative distribution function df(x) is represented as:

_C e if0 <x<1,
a+e

e [0 .
— = (-, ifx> 1
a+€e a+e

F.(X) =

Therefore,x’ can be generated by utilizing both the composition method and the

inverse transform method.
Givenx', computew(x’) fori = 1,2,---,n, and takex = x* with probability w(x").
Summarizing above, the random number generation procedure for the gamma d

tribution is given by:
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(i) Generate uniform random drawss | = 1,2,---,n, from U(0, 1), and set
X = ((a/e+ Dw)* andw(x) = eX if u < e/(a + €) and takex" =
—log((1/e+1/e)(1-u)) andw(x) = x*tif u, > e/(a+€) fori =1,2,---,n.

(i) Compute; = ¥i_; w(x) fori=1,2,---,n, whereQ, = 0.

(i) Generate a uniform random drasrom U (0, 1), and takex = X" whenQ;_; <

V< Q.

As mentioned above, this algorithm yields one random draw.

If we wantN random draws, Step (iii) should be repeakétimes.
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Beta Distribution:  The beta distribution with parametersaandg is of the form:

1
f(x) = B(a.B)

0, otherwise.

x*H1-xF?1,  forO<x<1,

The sampling density is taken as:
1, forO< x< 1,

f.(X) =
0, otherwise,

which represents the uniform distribution between zero and one.
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The probability weightso(x), i = 1,2,---,n, are given by:

S Q. D M VA ) M S Cha Vit
2006) 2 FOO)/R0G) T Xy xR 1 - Xt
Therefore, to generate a random draw fré(w), first generatec’, i = 1,2,---,n,

from U(0, 1), second compute(x’) fori = 1,2,---,n, and finally takex = x* with
probability w(x/).

We have shown three examples of the importance resampling procedure in tr
section.

One of the advantages of importance resampling is that it is really easy to constru

a Fortran source code.
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However, the disadvantages are that (i) importance resampling takes quite a lol
time because we have to obtain all the probability weights in advance and (ii) impot

tance resampling requires a great amount of storages &omd<Q; fori = 1,2,---,n.
5.7.3 Metropolis-Hastings Algorithm (X kARY Z—N\RF71 VTR - 7L
O X L)

This section is based on Geweke and Tanizaki (2003), where three sampling dist
butions are compared with respect to precision of the random draws from the targ

density f (x).
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The Metropolis-Hastings algorithm is also one of the sampling methods to gen-
erate random draws from any target dengify), utilizing sampling densityf.(X),
even in the case where it is not easy to generate random draws from the targ
density.

Let us define the acceptance probability by:

oY= S

whereq(-) is defined as equation (1).

w(Xi_1, X") = min(

By the Metropolis-Hastings algorithm, a random draw fré¢r) is generated in the

following way:
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(i) Take the initial value ok asx_y.
(i) Generatex* from f,(xX) and computev(X_1, X*) givenx;_s.
(i) Setx = x* with probability w(x_1, X*) andx, = x_; otherwise.
(iv) Repeat Steps (ii) and (iii) far= -M + 1, -M + 2,---, 1.
In the above algorithmy; is taken as a random draw froh{x).

When we want more random draws (s&i), we replace Step (iv) by Step (iv)’,

which is represented as follows:

(iv)’ Repeat Steps (ii) and (iii) far= -M + 1, -M + 2,-- -, N.
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When we implement Step (iv)’, we can obtain a series of random dxams<_ w1,

<o, Xo, X1, X2, + -+, XN, WhErex_m, Xoms1, - -+ Xo are discarded from further consid-
eration.

The lastN random draws are taken as the random draws generated from the targ
densityf(x).

Thus,N denotes the number of random draws.

M is sometimes called thHaurn-in period .

We can justify the above algorithm given by Steps (i) — (iv) as follows.

The proof is very similar to the case of rejection sampling in Section 5.7.1.
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We show that; is the random draw generated from the target denigixy under
the assumption;_; is generated fromni ().

Let U be the uniform random variable between zero and Xrise the random vari-
able which has the density functidiix) andx* be the realization (i.e., the random
draw) generated from the sampling dendit{x).

Consider the probabilitP(X < XU < w(X_1, X*)), which should be the cumulative
distribution ofX, i.e., F(X).

The probabilityP(X < XU < w(Xi_1, X)) is rewritten as follows:

P(X < X7 U < (L)(Xi_]_, X*))

P(X < XU < w(X_1, X)) = PU < w(X_1,x7))
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where the numerator is represented as:

X ro(Xi-1,t)
P(X < x,U < w(X_1, X)) = f f fu.(u,t) du dt
—oo JO

- - fu(u) f.(t) dudt = b fu(u) du)f.(t) dt
fx fw(X' t) fx (fw(xi t) )
- du)f.(t) dt = “Ceds @) dt
f fw(xu t) f [ ]

[ aoa [ 200

and the denominator is given by:

f.(X- 1)
f(x-1)

f.(Xi-1)

PU < 0(Xi-1, X)) = P(X < 00, U < w(X-1, X)) = fx)

F(e0) =

383



The density function oU is given byf,(u) =1 forO<u< 1.
Let X* be the random variable which has the density funcfigr).
In the numeratorf, .(u, X) denotes the joint density of random variablésind X*.
Because the random draws Of and X* are independently generated, we have
fu.(u, X) = fu(u) f.(x) = f.(X).
Thus, the first four equalities are derived.
Substituting the numerator and denominator shown above, we have the followin
equality:

P(X < XU < w(X_1, X)) = F(X).
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Thus, thex* which satisfies) < w(X_1, X*) indicates a random draw frori(x).

We setx; = X_1 if U < w(X_1, X") IS not satisfied.x;_; is already assumed to be a
random draw fronf (x).

Therefore, it is shown thag is a random draw fromni (x).

See Gentle (1998) for the discussion above.

As in the case of rejection sampling and importance resampling, noté(t)ahay
be a kernel of the target density, or equivalenfifx) may be proportional to the
target density.

The same algorithm as Steps (i) — (iv) can be applied to the case Vifrores
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proportional to the target density, becaud$g®) is divided by f(x_1) in w(X_1, X*).

As a general formulation of the sampling density, insteafl ©f), we may take the
sampling density as the following forni;(x/x_1), where a candidate random draw
x* depends on tha ¢ 1)th random draw, i.e¥;_;.

For choice of the sampling densify(x/x;_1), Chib and Greenberg (1995) pointed
out as follows.

f.(X|x_1) should be chosen so that the chain travels over the suppb¢kpfwhich
implies that f.(xi_;) should not have too large variance and too small variance,

compared withf (x).
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See, for example, Smith and Roberts (1993), Bernardo and Smith (1994), O’'Hagz
(1994), Tierney (1994), Geweke (1996), Gamerman (1997), Robert and Casel
(1999) and so on for the Metropolis-Hastings algorithm.

As an alternative justification, note that the Metropolis-Hastings algorithm is for-

mulated as follows:
OB RECIIMOLY
where f*(ulv) denotes the transition distribution, which is characterized by Step
(iii).
Xi_1 is generated fromi_,(-) andx; is from f*(:|x;_1).
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x; depends only om;_;, which is called théMarkov property .

The sequencg- -, Xi_1, X, Xi+1, - - -} IS called theMarkov chain.

The Monte Carlo statistical methods with the sequepee X1, X, Xi41, -} IS
called theMarkov chain Monte Carlo (MCMC) .

From Step (iii),f*(ulv) is given by:

() = o W RN + (1 [ ouu).un) dd)pe) @
wherep(x) denotes the following probability function:
1, if u=y,
p(u) = _
0, otherwise.
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Thus, x is generated front, (ulv) with probability w(v, u) and fromp(u) with prob-
ability 1 - [ w(v, u)f.(ulv) du.

Now, we want to showfj(u) = fi_1(u) = f(u) asi goes to infinity, which implies
that bothx, andx;_; are generated from the invariant distribution functio) for
suficiently largel.

To do so, we need to consider the condition satisfying the following equation:

f(u) = f f*(ulv) f(v) dv. 3)

Equation (3) holds if we have the following equation:
(U f(u) = F(uv) F(v), 4)
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which is called theeversibility condition .

By taking the integration with respect voon both sides of equation (4), equation
(3) is obtained.

Therefore, we have to check whether thigulv) shown in equation (2) satisfies
equation (4).

It is straightforward to verify that

w(v, U £.(UV) (V) = w(u, v) f.(vu) f (u),

(1- f w(v, u) f.(ulv) du)p(u) f(v) = (1- f w(u, v) f.(vu) dv)p(v) f (u).
Thus, ag goes to infinity,x is a random draw from the target densttfy).
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If % is generated fronf(-), thenx;, is also generated frorf\-).

Therefore, all the, .1, Xi12, - - - are taken as random draws from the target density
f(-).

The requirement for uniform convergence of the Markov chain is that the chair
should barreducible andaperiodic.

See, for example, Roberts and Smith (1993).

Let Ci(Xo) be the set of possible valuesxffrom starting pointxg.

If there exist two possible starting values, s&andx*, such thaC;(x*)NCi(x**) =

0 (i.e., empty set) for all, then the same limiting distribution cannot be reached
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from both starting points.

Thus, in the case @;(x") N Ci(x*™*) = 0, the convergence may fail.

A Markov chain is said to bereducible if there exists amsuch thaP(x € C|xg) >

0 for any starting poinky, and any se€ such thatj(; f(X) dx > 0.

The irreducible condition ensures that the chain can reach all pogsiblaes from

any starting point.

Moreover, as another case in which convergence may fail, if there are two disjoir
setC! andC? such thatx,_; € C! impliesx;, € C? andx,_; € C? implies x; € C,

then the chain oscillates betwe@handC? and we again havg;(x*) N Ci(x™*) = 0
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for all i whenx* € C* andx™ € C2.

Accordingly, we cannot have the same limiting distribution in this case, either.
It is calledaperiodic if the chain does not oscillate between two $etsandC? or
cycle around a partitio@?!, C?, - - -, C" of r disjoint sets for > 2.

See O’Hagan (1994) for the discussion above.

For the Metropolis-Hastings algorithmy, is taken as a random draw »from f(X)

for suficiently largeM.
To obtainN random draws, we need to generlter N random draws.

Moreover, clearly we have Cox(,, X)) > 0, because; is generated based on ;
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in Step (iif).

Therefore, for precision of the random draws, the Metropolis-Hastings algorithn
gives us the worst random number of the three sampling methods. i.e., reje
tion sampling in Section 5.7.1, importance resampling in Section 5.7.2 and th
Metropolis-Hastings algorithm in this section.

Based on Steps (i) — (iii) and (iv)’, under some conditions the basic result of the

Metropolis-Hastings algorithm is as follows:
1 N
L0000 — @)= [gfdk  asN — .
i=1
whereg(-) is a function, which is representatively takengés) = x for mean and
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g(x) = (x - X)? for variance.

X denoteX = (1/N) 3N, x.

Thus, it is shown that (N) 3, g(x) is a consistent estimate of(@x)), even
thoughxy, X, - - -, Xy are mutually correlated.

As an alternative random number generation method to avoid the positive correl:
tion, we can perform the case Nf= 1 as in the above procedures (i) — (N)times

in parallel, taking diferent initial values fox_y.

In this case, we need to generde- 1 random numbers to obtain one random draw

from f(x).
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That is, N random draws fronf(x) are based omN(1 + M) random draws from
f.(XI%i-1)-

Thus, we can obtain mutually independently distributed random draws.

For precision of the random draws, the alternative Metropolis-Hastings algorithn
should be similar to rejection sampling.

However, this alternative method is too computer-intensive, compared with th,
above procedures (i) — (iii) and (iv)’, which takes more time than rejection sam-
pling in the case oM > Ng.

Furthermore, the sampling density has to satisfy the following conditions:
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(i) we can quickly and easily generate random draws from the sampling densit
and
(ii) the sampling density should be distributed with the same range as the targ

density.

See, for example, Geweke (1992) and Mengersen, Robert and Guihenneuc-Jouyzs
(1999) for the MCMC convergence diagnostics.

Since the random draws based on the Metropolis-Hastings algorithm heavily de
pend on choice of the sampling density, we can see that the Metropolis-Hasting

algorithm has the problem of specifying the sampling density, which is the crucia
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criticism.

Several generic choices of the sampling density are discussed by Tierney (199
and Chib and Greenberg (1995).

We can consider several candidates for the sampling deh$ii;_1), i.e., Sam-

pling Densities | — 1.

3.4.1.1 Sampling Density | (Independence Chain) For the sampling density,
we have started witl.(x) in this section.

Thus, one possibility of the sampling density is given hy{x|x,_1) = f.(x), where
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f.(-) does not depend oxq_;.
This sampling density is called thedependence chain
For example, it is possible to takg(x) = N(u., o2), whereu, ando? are the hyper-

parameters.
Or, whenx lies on a certain interval, sag,(b), we can choose the uniform distribu-

tion f.(x) = 1/(b — a) for the sampling density.

3.4.1.2 Sampling Density Il (Random Walk Chain) We may take the sam-

pling density called theandom walk chain, i.e., f.(X|Xi_1) = f.(X— Xi_1).
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Representatively, we can take the sampling density,@¢x_1) = N(X_1, 02),
whereo? denotes the hyper-parameter.
Based on the random walk chain, we have a series of the random draws whic

follow the random walk process.

3.4.1.3 Sampling Density Il (Taylored Chain) The alternative sampling dis-
tribution is based on approximation of the log-kernel (see Geweke and Tanizal
(1999, 2001, 2003)), which is a substantial extension ofTdndored chain dis-
cussed in Chib, Greenberg and Winkelmann (1998).
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Let p(x) = log(f(x)), wheref(x) may denote the kernel which corresponds to the
target density.
Approximating the log-kernep(x) aroundx,_; by the second order Taylor series

expansionp(x) is represented as:

P(X) ~ p(Xi-1) + P'(Xi-1)(X = Xi-1) + ]E-p”(xi—l)(x — Xi_1)%, )

wherep’(-) andp”(-) denote the first- and second-derivatives.
Depending on the values pf(x) andp”(x), we have the four cases, i.e., Cases 1 —
4, which are classified by (f)’(X) < —e in Case 1 op”(X) > —e in Cases 2 —4 and

(i) p'(X) < 0in Case 2p'(X) > 0in Case 3 op’(xX) = 0in Case 4.
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Geweke and Tanizaki (2003) suggested introdueimgto the Taylored chain dis-
cussed in Geweke and Tanizaki (1999, 2001).

Note thate = 0 is chosen in Geweke and Tanizaki (1999, 2001).

To improve precision of random drawsshould be a positive value, which will be

discussed later in detail (see Remark 1dpr

Case 1: p”(xi-1) < —e: Equation (5) is rewritten by:

PO = p(%-1) - %(W

wherer(x_1) is an appropriate function of_;.

P (Xi-1)
P’ (Xi-1)

)(x— (%1 - ) + (%),
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Sincep”(x;_1) is negative, the second term in the right-hand side is equivalent

to the exponential part of the normal density.
Therefore f,(x|x_1) is taken adN(u., 02), whereu, = Xi_1 — p'(X-1)/p” (Xi—1)
ando? = -1/p"(X-1).

Case 2: p”(Xj-1) 2 —€ and p'(xi-1) < 0: Perform linear approximation qi(x).
Let x* be the nearest mode witf < X_;.

Then, p(x) is approximated by a line passing betwee€rand x,_;, which is

403



written as:

p( +) P(Xi-1)
— Xi_1

From the second term in the right-hand side, the sampling density is rep

(x— xY).

p(X) = p(x*) +

resented as the exponential distribution with- x* — d, i.e., f.(X|X_1) =
/lexp(—/l(x— (x* - d))) if x* —d < xandf,(x/x_,) = 0 otherwise, whera is

defined as:

Fﬁﬂ—pml)
Xi—1
d is a positive value, which will be discussed later (see Remark @)for

Thus, a random draw* from the sampling density is generated)Xjy= w +
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(x* —d), wherew represents the exponential random variable with parametel

A.
Case 3: p”(Xj-1) = —e and p'(xj—1) > 0: Similarly, perform linear approximation
of p(x) in this case.
Let x* be the nearest mode witt ; < x*.
Approximation ofp(x) is exactly equivalent to that of Case 2.

Taking into accounk < x*+d, the sampling density is written a&:(x|x_1) =

ﬂex;{—ﬁ((x* +d) - x)) if X< x"+dandf,(x]x_1) = 0 otherwise.
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Thus, a random draw* from the sampling density is generated ky =

(x* + d) — w, wherew is distributed as the exponential random variable with

parameten.
Case 4: p’(xi-1) = —e and p'(xi_1) = 0: In this casep(x) is approximated as a
uniform distribution at the neighborhood xf ;.

As for the range of the uniform distribution, we utilize the two appropriate

valuesx™ andxt*, which satisfiext < x < x**.

When we have two modeg! andx™™ may be taken as the modes.
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Thus, the sampling densitly(x|x_1) is obtained by the uniform distribution
on the interval betweer" andx*™, i.e., f.(X|xi_1) = 1/(X** — x*) if X" < X<

x**andf.(x|x_1) = 0 otherwise.

Thus, for approximation of the kernel, all the possible cases are given by Cases 1
4, depending on the values pf(:) andp”(-).

Moreover, in the case whevpeis a vector, applying the procedure above to each
element ofx, Sampling Il is easily extended to multivariate cases.

Finally, we discuss aboutandd in the following remarks.
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Remark 1. €in Cases 1 — 4 should be taken as an appropriate positive number.
It may seem more natural to take= O, rather thare > O.

The reason why > 0 is taken is as follows.

Consider the case @f= 0.

Whenp”(x;_1) is negative and it is very close to zero, variapnéén Case 1 becomes
extremely large because of = —1/p”(X_1).

In this case, the obtained random draws are too broadly distributed and according
they become unrealistic, which implies that we have a lot of outliers.

To avoid this situation¢ should be positive.
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It might be appropriate thatshould depend on variance of the target density, be-
causee should be small if variance of the target density is large.

Thus, in order to reduce a number of outliers; 0 is recommended.

Remark 2: Ford in Cases 2 and 3, note as follows.

As an example, consider the unimodal density in which we have Cases 2 and 3.

Let x* be the mode.
We have Case 2 in the right-hand sidexbfand Case 3 in the left-hand sidexdf

In the case ofl = 0, we have the random draws generated from either Case 2 or 3
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In this situation, the generated random draw does not move from one case to a
other.

In the case ofl > 0, however, the distribution in Case 2 can generate a randorn
draw in Case 3.

That is, for positived, the generated random draw may move from one case to an
other, which implies that the irreducibility condition of the MH algorithm is guar-

anteed.
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Normal Distribution: N(0,1): Asin Sections 5.7.1 and 5.7.2, we consider an

example of generating standard normal random draws based on the half-norn

distribution:
2 1
—e 2" for0 < X < oo,

0, otherwise.

As in Sections 5.7.1 and 5.7.2, we take the sampling density as the following expc
nential distribution:

e for 0 < x < o0,
f.(x) =
0, otherwise,
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which is the independence chain, i.&(X|x_1) = f.(X).
Then, the acceptance probabilityx_, x*) is given by:
f(x)/£.(x) 1)
f(Xi—1)/ f.(X-2)’
. 1., . 1,
= mln(exp(—éx X+ oK - Xi_1), 1).

w(Xi_1, X) = min(

Utilizing the Metropolis-Hastings algorithm, the standard normal random numbe

generator is shown as follows:

(i) Take an appropriate initial value &fasx_y (for examplex_y = 0).

(i) Setyi-1 = [X-al.
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(i) Generate a uniform random draw from U(0,1) and computev(y;_1, Y*)
wherey* = —log(u,).

(iv) Generate a uniform random draw from U(0, 1), and sety; = y* if u, <
w(Yi_1,Y*) andy; = y;_; otherwise.

(v) Generate a uniform random drawfrom U(0, 1), and set; = y; if uz < 0.5
andx; = -y; otherwise.

(vi) Repeat Steps (i) — (v) far=-M+1,-M+2,.--,1.

y; is taken as a random draw frofifx). M denotes the burn-in period.

If a lot of random draws (sayyl random draws) are required, we replace Step (vi)
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by Step (vi)’' represented as follows:
(vi)’ Repeat Steps (i) — (v) far=-M+1,-M +2,---,N.

In Steps (ii) — (iv), a half-normal random draw is generated.
Note that the absolute value &f ; is taken in Step (ii) because the half-normal
random draw is positive.

In Step (v), the positive or negative sign is randomly assignegd to
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Gamma Distribution: G(a,1)for 0 < @ < 1:  WhenX ~ G(«, 1), the density
function of X is given by:

Fix“‘le‘x, for 0 < X < oo,
f(x) = | 1@

0, otherwise.

As in gammarnd2 of Sections 5.7.1 angdammarnd4 of 5.7.2, the sampling density
Is taken as:

e a
f.(X) = ——ax ——e ™ y(x),
(0= ——ax 309 + —T—e™y(x)

where both;(x) andl,(x) denote the indicator functions defined in Section 5.7.1.

415



Then, the acceptance probability is given by:
q(x’) o F(xX)/1(x)
1) = 1
e ST R e
X*a—le—x*/(x*a—lll(x*) + e—x* |2(X*)) )
X te /(Mo (%) + €751 5(%1)

As shown in Section 5.7.1, the cumulative distribution functiorf,§X) is repre-

w(Xi_1, X) = min(

= min(

sented as:
%ex“, if0<x<1,
F.)=1" .
= T e, ifx> 1

a+e a+e
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Therefore, a candidate of the random draw, k&.can be generated from(x), by
utilizing both the composition method and the inverse transform method.
Then, using the Metropolis-Hastings algorithm, the gamma random number gene

ation method is shown as follows.

(i) Take an appropriate initial value asy.

(i) Generate a uniform random drayfrom U(0, 1), and sek* = ((a/e+1)u,)*®
if uy <e/(a+e€) andx = —log((1/e+ 1/a)(1 - uy))if u; > e/(a + €).
(ii) Computew(x;_1, X*).

(iv) Generate a uniform random draw from U(0, 1), and set, = x" if u, <
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w(Xi_1, X*) andx = X;_; otherwise.

(v) Repeat Steps (ii) — (iv) far=-M +1,-M + 2,---, 1.

For suficiently largeM, x; is taken as a random draw frofifx). u; andu, should
be independently distributed.

M denotes the burn-in period. If we need a lot of random draws ($agndom

draws), replace Step (v) by Step (v)’, which is given by:

(v)" Repeat Steps (ii) — (iv) far=-M +1,-M +2,---,N.
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Beta Distribution:  The beta distribution with parametersaandg is of the form:

1
f(x) = B(a.B)

0, otherwise.

x*H1-xF?1,  forO<x<1,

The sampling density is taken as:
1, forO< x< 1,

f.(X) =
0, otherwise,

which represents the uniform distribution between zero and one.
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The probability weightso(x), i = 1,2,---,n, are given by:

. .o F(x)/ £.(x) o Xye-1, 1= X5 -1
@K1, X) = mln( f(%i_1)/ f(Xi1) 1) B mm((xi—l) (1 - Xi—1)ﬂ ’1)'

Then, utilizing the Metropolis-Hastings algorithm, the random draws are generate

as follows.

(i) Take an appropriate initial value asy.
(i) Generate a uniform random drawfrom U(0, 1), and computes(X_z, X*).
(iif) Generate a uniform random drawrom U (0, 1), which is independent of,

and set; = X" if u < w(X_1, X*) andx; = X;_1 if U> w(X_1, X).
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(iv) Repeat Steps (ii) and (iii) far=-M + 1, -M + 2,---, 1.

For suficiently largeM, x; is taken as a random draw frofifx).
M denotes the burn-in period.
If we want a lot of random draws (sal, random draws), replace Step (iv) by Step

(iv)’, which is represented as follows:

(iv) Repeat Steps (ii) and (iii) far=-M + 1, -M + 2,-- -, N.
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5.7.4 Ratio-of-Uniforms Method

As an alternative random number generation method, in this section we introduc
theratio-of-uniforms method.

This generation method does not require the sampling density utilized in rejectio
sampling (Section 5.7.1), importance resampling (Section 5.7.2) and the Metropoli
Hastings algorithm (Section 5.7.3).

Suppose that a bivariate random varialilg,U,) is uniformly distributed, which

satisfies the following inequality:

0 < U; < +/h(Uz/Uy),
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for any nonnegative function(x). Then,X = U,/U; has a density functiof(x) =
h(x)/ [ h(x) dx.

Note that the domain ot{;, U,) will be discussed below.

The above random number generation method is justified in the following way.

The joint density otJ; andU,, denoted byf,,(uy, Uy), is given by:

K, if 0 < up < vh(uy/uy),

0, otherwise,

fra(ug, Up) =

wherek is a constant value, because the bivariate random varialléJg) is uni-

formly distributed.
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Consider the following transformation fror,( u,) to (x, y):

V7]
X=—= =u
U Yy 1
i.e.,
up =Y, Uy = XY.
The Jacobian for the transformation is:
J= ox oy _ 01 _
W ||y
ox oy
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Therefore, the joint density of andY, denoted byf,(X, y), is written as:
fy(X,¥) = 131 f12(y, xy) = ky,

for0 <y < vh(x).

The marginal density oK, denoted byf,(X), is obtained as follows:

vh(x) vh(x)
B9= [ = [ kyay- 2 1= K000 = 100,

wherek is taken ask = 2/ [ h(x) dx.
Thus, it is shown thatf,(') is equivalent tof (-).

This result is due to Kinderman and Monahan (1977).
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Also see Ripley (1987), O’Hagan (1994), Fishman (1996) and Gentle (1998).
Now, we take an example of choosing the domainbf, U,).

In practice, for the domain off;, U,), we may choose the rectangle which encloses
the area & U; < vh(U,/U,), generate a uniform point in the rectangle, and reject
the point which does not satisfyQu; < vh(u,/uy).

That is, generate two independent uniform random drawend u, from U(O, b)
andU (c, d), respectively.

The rectangle is given by:
O<u <h, c<u <d,
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whereb, c andd are given by:

b = sup+/h(x), ¢ = — supx+/h(x), d = supxh(x),

because the rectangle has to enclose @, < +h(u,/u,), which is verified as

follows:

0 < u; < vh(up/up) < sup+/h(x),
—supxyh(x) < =x+/h(x) < u; < x+/h(x) < supx+/h(x).

The second line also comes fronxQu; < vh(u/u;) andx = up/uy.
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We can replace = - sup, x Vh(X) by ¢ = inf, x vh(x), taking into account the case
of —sup, xVh(x) < inf, xvh(x).

The discussion above is shown in Ripley (1987).

Thus, in order to apply the ratio-of-uniforms method with the dom@ir u; <

b, ¢ < u, < d}, we need to have the condition th#k) andx?h(x) are bounded.

The algorithm for the ratio-of-uniforms method is as follows:

(i) Generates; andu, independently frontJ (0, b) andU(c, d).

(i) Setx = up/uy if U2 < h(up/uy) and return to (i) otherwise.
As shown above, the accepted in Step (ii) is taken as a random draw fifdw) =
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h(x)/ [ h(x) dx.

The acceptance probability in Step (ii) fsh(x) dx/(2b(d - ©)).

We have shown the rectangular domainf,(U.).

It may be possible that the domain &fy, U,) is a parallelogram.

In Sections 5.7.4 and 5.7.4, we show two examples as applications of the ratio-o
uniforms method.

Especially, in Section 5.7.4, the parallelogram domainlf, U,) is taken as an

example.
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Normal Distribution: N(0,1): The kernel of the standard normal distribution is
given by:h(x) = exp(3x?).

In this caseb, c andd are obtained as follows:

b =supvh(x) =1,
X

¢ = inf x4/h(x) = - V2e 1,
d = supxvh(x) = V2e L
X

Accordingly, the standard normal random number based on the ratio-of-uniform

method is represented as follows.
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() Generate two independent uniform random draywandv, from U (0, 1) and
defineu, = (2v, — 1) v2e 1.
(i) Setx = up/uy if UF < exp(-3u3/u), i.e.,—4u? log(u,) > u3, and return to (i)

otherwise.

The acceptance probability is given by:

[ h(x) dx _ yme

d_0 - 4 ~ 0.7306

which is slightly smaller than the acceptance probability in the case of rejectiol

sampling, i.e., 1v2e/r ~ 0.7602.
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The Fortran source code for the standard normal random number generator ba:s

on the ratio-of-uniforms method is shownsarnd9(ix,iy,rn).

4{ snrnd9(ix,iy,rn) }7

subroutine snrnd9(ix,iy,rn)

Use "snrnd9(ix,iy,rn)"
together with "urnd(ix,iy,rn)".

Input:
ix, iy: Seeds
Output:
rn: Normal Random Draw N(O0,1)

el=1./2.71828182845905

RPOOONOORWNE
nNNNNNNNNON

e
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12: 1 call urnd(ix,iy,rnl)

13: call urnd(ix,iy,rn2)

14: rn2=(2.*rn2-1.)*sqrt(2.*el)

15: if(-4.*rnl*rnl*log(rnl).1lt.rn2*rn2 ) go to 1
16: rn=rn2/rnl

17: return

18: end

Gamma Distribution: G(e,8): When random variabl¥ has a gamma distribu-
tion with parameters andg, i.e., X ~ G(«a, 8), the density function oK is written
as follows:

f(x) = x5,

1
BT ()
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for0 < X < oo,

WhenX ~ G(«, 1), we haveY = X ~ G(«a, ).

Therefore, first we consider generating a random dra¥ ofG(«, 1).

Since we have discussed the case &f @ < 1 in Sections 5.7.1 — 5.7.3, now we
consider the case of > 1.

Using the ratio-of-uniforms method, the gamma random number generator is intrc
duced.

h(x), b, c andd are set to be:
h(x) = x* e,
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e

C= ir)l(f x+y/h(x) =0,
d = supx+/h(x) = (a—+1

e

_ 1\(@1)2
b = sup+/h(x) = (a—l) ,

)(a/+l)/2

Note thata > 1 guarantees the existence of the supremum(x)f which implies
b> 0.

See Fishman (1996, pp.194 — 195) and Ripley (1987, pp.88 — 89).

By the ratio-of-uniforms method, the gamma random number with parametelr

andg = 1 is represented as follows:
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(i) Generate two independent uniform random drayandu, from U (0, b) and

U(c, d), respectively.

(i) Setx = Up/uy if Uy < +/(Up/up)e-le%/u and go back to (i) otherwise.

Thus, thex obtained in Steps (i) and (ii) is taken as a random draw f&{m 1) for
a>1.

Based on the above algorithm represented by Steps (i) and (ii), the Fortran 77 pr
gram for the gamma random number generator with parameters andg = 1 is

shown ingammarnd6 (ix,iy,alpha,rn).
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nonNnnNnnonNnonNnNONN

—————{gammarnd6(ix,iy,alpha,rn)}—————

subroutine gammarnd6(ix,iy,alpha,rn)

Use "gammarnd6(ix,iy,alpha,rn)"
together with "urnd(ix,iy,rn)".

Input:

ix, iy: Seeds

alpha: Shape Parameter (alpha>1)
Output:

rn: Gamma Random Draw
with Parameters alpha and beta=1

e=2.71828182845905

b=( (alpha-1.)/e )**(0.5*alpha-0.5)

d=(C (alpha+l.)/e )**(0.5*alpha+0.5)
1 call urnd(ix,iy,rn®)

call urnd(ix,iy,rnl)

u=rn0*b
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19: v=rnl¥*d

20: rn=v/u

21: if( 2.*log(u).gt.(alpha-1.)*log(rn)-rn ) go to 1
22: return

23: end

gammarnd6 (ix, iy, alpha,rn) should be used together witlrnd(ix,iy,rn).
b andd are obtained in Lines 14 and 15.

Lines 16 —19 gives us two uniform random drawvandv, which correspond ta;
andu,.

rn in Line 20 indicates a candidate of the gamma random draw.
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Line 21 represents Step (ii).
To see #iciency or indficiency of the generator above, we compute the acceptanc
probability in Step (i) as follows:

fh(X) dx _ T ()
2b(d-c) 2(a - 1)e-D/2(q + 1)e+Dy2’

It is known that the acceptance probability decreases by the ord@ot/?), i.e.,

(6)

in other words, computational time for random number generation increases by tt
order ofO(a*?).
Therefore, a® is larger, the generator is lesSieient.

See Fishman (1996) and Gentle (1998).
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To improve indficiency for larger, various methods have been proposed, for exam-
ple, Cheng and Feast (1979, 1980), Schmeiser and Lal (1980), Sarkar (1996) a
So on.

As mentioned above, the algorithgammarnd6 takes a long time computationally
by the order ofO(a'/?) as shape parameteris large.

Chen and Feast (1979) suggested the algorithm which does not depend too mt
on shape parametet

As a increases the acceptance region shrinks towakel u,.

Therefore, Chen and Feast (1979) suggested generating two uniform random dra
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within the parallelogram aroung = u,, rather than the rectangle.

The source code is showngammarnd7 (ix,iy,alpha,rn).

e

nNnonNnnNnnNnnonNnNNN

4{ gammarnd?7 (ix,iy,alpha,rn) }7

subroutine gammarnd7(ix,iy,alpha,rn)

Use "gammarnd7(ix,iy,alpha,rn)"
together with "urnd(ix,iy,rn)".

Input:

ix, iy: Seeds

alpha: Shape Parameter (alpha>1)
Output:

rn: Gamma Random Draw
with Parameters alpha and beta=1
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12: C

13: e =2.71828182845905

14: c0=1.857764

15: cl=alpha-1.

16: c2=( alpha-1./(6.%*alpha) )/cl

17: c3=2./cl

18: c4=c3+2.

19: c5=1./sqrt(alpha)

20: 1 call urnd(ix,iy,ul)

21: call urnd(ix,iy,u2)

22: if(alpha.gt.2.5) ul=u2+c5*(1.-c0*ul)
23: if(0.ge.ul.or.ul.ge.1.) go to 1

24: w=c2*u2/ul

25: if(c3*ul+w+l./w.le.c4) go to 2

26: if(c3*log(ul)-log(w)+w.ge.1.) go to 1
27: 2 rn=cl*w

28: return

29: end
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See Fishman (1996, p.200) and Ripley (1987, p.90).

In Line 22, we use the rectangle forla < 2.5 and the parallelogram far > 2.5
to give a fairly constant speed ass varied.

Line 25 gives us a fast acceptance to avoid evaluating the logarithm.

From computationalféciency,gammarnd7 (ix,iy,alpha,rn) is better.

Gamma Distribution: G(a,B) for @ > 0andp > 0. Combininggammarnd2 on
p.353 andyammarnd7 on p.441, we introduce the gamma random number generato

in the case of > 0.

443



In addition, utilizingY = X ~ G(«a, 8) whenX ~ G(a, 1), the random number gen-

erator forG(«a, B) is introduced as in the source cogfenmarnd8 (ix, iy, alpha,beta,ri

4{ gammarnd8(ix,iy,alpha,beta,rn) }7

1: subroutine gammarnd8(ix,iy,alpha,beta,rn)
2: C

3. ¢ Use "gammarnd8(ix,iy,alpha,beta,rn)"

4: ¢ together with "gammarnd2(ix,iy,alpha,rn)",
5 C "gammarnd7 (ix,iy,alpha,rn)"
6: C and "urnd(ix,iy,rn)".

7. C

8: ¢ Input:

9: C ix, iy: Seeds

10: C alpha: Shape Parameter

11: C beta: Scale Parameter
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12: ¢ Output:

13: C rn: Gamma Random Draw

14: C with Parameters alpha and beta
15: C

16: if( alpha.le.1. ) then

17: call gammarnd2(ix,iy,alpha,rnl)
18: else

19: call gammarnd7(ix,iy,alpha,rnl)
20: endif

21: rn=beta*rnl

22: return

23: end

Lines 16 — 20 show that we ugammarnd2 for « < 1 andgammarnd? for @ > 1.
In Line 21,X ~ G(a, 1) is transformed inttY ~ G(a,8) by Y = X, whereX andY
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indicatesrnl andrn, respectively.

Chi-Square Distribution: y?(k): The gamma distribution with = k/2 andg =
2 reduces to the chi-square distribution witbegrees of freedom.
5.7.5 Gibbs Sampling

The sampling methods introduced in Sections 5.7.1 — 5.7.3 can be applied to tl
cases of both univariate and multivariate distributions.

The Gibbs sampler in this section is the random number generation method in tt
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multivariate cases.

The Gibbs sampler shows how to generate random draws from the uncondition
densities under the situation that we can generate random draws from two conc
tional densities.

Geman and Geman (1984), Tanner and Wong (1987), Gelfand, Hills, Racine-Poc
and Smith (1990), Gelfand and Smith (1990), Carlin and Polson (1991), Zeger ar
Karim (1991), Casella and George (1992), Gamerman (1997) and so on develop
the Gibbs sampling theory.

Carlin, Polson and Stter (1992), Carter and Kohn (1994, 1996) and Geweke
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and Tanizaki (1999, 2001) applied the Gibbs sampler to the nonlinegwramzh-
Gaussian state-space models.

There are numerous other applications of the Gibbs sampler.

The Gibbs sampling theory is concisely described as follows.

We can deal with more than two random variables, but we consider two randor
variablesX andY in order to make things easier.

Two conditional density functiond,y(Xly) and f«(ylx), are assumed to be known,
which denote the conditional distribution functionXfQivenY and that ofY given

X, respectively.
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Suppose that we can easily generate random drawsfr@m f,y(x]y) and those of

Y from fyx(yiX).

However, consider the case where it is not easy to generate random draws from t
joint density ofX andY, denoted byf,y(X, y).

In order to have the random draws &f {Y) from the joint densityf,,(X, y), we take

the following procedure:

(i) Take the initial value oX asx_y.
(i) Givenx_1, generate a random draw %f i.e.,y;, from f(y|Xi_1).

(ii) Giveny;, generate a random draw ¥f i.e., x;, from f(xy;).
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(iv) Repeatthe procedure foe - M +1,-M +2,---, 1.

From the convergence theory of the Gibbs sampleMagoes to infinity, we can
regardx; andy; as random draws frorfyy(x, y), which is a joint density function of
Xandy.

M denotes théurn-in period, and the firsM random draws,X, y;) fori = -M +
1,-M+2,---,0, are excluded from further consideration.

When we wantN random draws frond,,(X, y), Step (iv) should be replaced by Step

(iv)’, which is as follows.
(iv)’ Repeatthe procedure foe -M +1,-M +2,---,N.
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As in the Metropolis-Hastings algorithm, the algorithm shown in Steps (i) — (iii)

and (iv)’ is formulated as follows:

f() = f £ (U) fa(v) .

For convergence of the Gibbs sampler, we need to have the invariant distributic
f(u) which satisfiesfi(u) = fi_1(u) = f(u). If we have the reversibility condition

shown in equation (4), i.e.,
(MU f(u) = F(uv) f(v),
the random draws based on the Gibbs sampler converge to those from the invariz
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distribution, which implies that there exists the invariant distributi¢u).

Therefore, in the Gibbs sampling algorithm, we have to find the transition distribu
tion, i.e., f*(U|v).

Here, we consider that bothandv are bivariate vectors.

That is, f*(ulv) and f;(u) denote the bivariate distributiong; andy; are generated
from f;(u) throughf*(ulv), given fi_(v).

Note thatu = (ug, Up) = (X, Y;) is taken whilev = (vq, Vo) = (X_1, Vi_1) IS set.

The transition distribution in the Gibbs sampler is taken as:
f*(U|V) = fylx(uZ|Ul) fx|y(U1|V2)
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Thus, we can choosE (ulv) as shown above.

Then, as goes to infinity, &, Y;) tends in distribution to a random vector whose
joint density isf,y(X, y).

See, for example, Geman and Geman (1984) and Smith and Roberts (1993).
Furthermore, under the condition that there exists the invariant distribution, th,

basic result of the Gibbs sampler is as follows:

N
S 200y — Eley) = [ [ genfafey) dedy, asN — o
i=1

whereg(-, -) is a function.

The Gibbs sampler is a powerful tool in a Bayesian framework.
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Based on the conditional densities, we can generate random draws from the joi

density.

Remark 1: We have considered the bivariate case, but it is easily extended to th
multivariate cases.

That is, it is possible to take multi-dimensional vectorsxXandy.

Taking an example, as for the tri-variate random vecXoiy(2), if we generate the

ith random draws fronfi(XIyi-1, Zi-1), fyxAYIXi, Z-1) and fxx(Z%;, yi), sequentially,

we can obtain the random draws frdigAX, y, 2).
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Remark 2: Let X, Y andZ be the random variables.

Take an example of the case whetés highly correlated withy.

If we generate random draws frofjy.(Xly, 2), fyxAYIX, 2) andfy(2X, y), itis known
that convergence of the Gibbs sampler is slow.

In this case, without separatingandY, random number generation froh{x, y|2)

and f(Zx,y) yields better random draws from the joint dendify, y, 2).

Rejection Sampling, Importance Resampling and the Metropolis-Hastings Al-

gorithm:  We compare rejection sampling, importance resampling and the Metro
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Hastings algorithm from precision of the estimated moments and CPU time.

All the three sampling methods utilize the sampling density and they are useft
when it is not easy to generate random draws directly from the target density.
When the sampling density is too far from the target density, it is known that rejec
tion sampling takes a lot of time computationally while importance resampling anc
the Metropolis-Hastings algorithm yields unrealistic random draws.

In this section, therefore, we investigate how the sampling density depends on tt
three sampling methods.

For simplicity of discussion, consider the case where both the target and samplir
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densities are normal.

That is, the target densiti(X) is given byN(0, 1) and the sampling densitiy(x) is
N(ut., 072).

u.=0,1,2 3andr, =05, 1.0, 1.5, 2.0, 3.0, 4.0 are taken.

For each of the cases, the first three momeni (] = 1,2, 3, are estimated,
generating 10random draws.

For importance resamplingy = 10* is taken, which is the number of candidate
random draws.

The Metropolis-Hastings algorithm takés = 1000 as the burn-in period and the
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initial value isx_y = u..
As for the Metropolis-Hastings algorithm, note that is the independence chain i

taken forf,(x) because of.(x|2) = f.(X).
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Comparison of Three Sampling Methods

\T 0.5 1.0 1.5 2.0 3.0 4.0
M
RS| — — 0,000 0,000 0,000 0,000
0 IR | 0060 0.005 0.000 0.005 0.014 0.014
MH | -0.004 0000 0000 0000 0000 0.000
(59.25)  (100.00) (74.89) (59.04) (40.99) (31.21)
£ RS | — — 0,000 0,000 0,000 0,000
=0 || 1 IR | 0327 0032 0025 0016 0011 0.011
MH | 0137 0000 0001 0000 0000 0.000
(36.28) (47.98) (65.75) (51.19) (38.68) (30.23)
RS | — — 0,000 0,000 0,000 0,000
2 IR | 0851 0.080 0.031 0.030 0.003 0.005
MH | 0317 0005 0001 0001 0000 0,001
(8.79) (15.78) (26.71) (33.78) (32.50) (27.47)
RS | — — 0,000 0,000 0,000 —0.001
3 IR | 1590 0.337 0.009 0.029 0.021-0.007
MH | 0036 0,073 -0,002 0.000 0.001 -0.001
(1.68) (353) (9.60) (17.47) (24:31) (23.30)




Comparison of Three Sampling Methods

\T 0.5 1.0 1.5 2.0
M
RS — — 1.000  1.000
0 IR | 0.822 0.972 0.969 0.978
MH | 0.958 1.000 1.000 1.000
E(X?) RS — — 1,000  1.000
=1" |1 IR | 0.719 0.980 0.983 0.993
MH | 0.803 1.002 0.999 0.999
RS — — 1.000  1.000
2 IR | 1.076 0.892 1.014 0.984
MH | 0.677 0.992 1.001 0.999
RS — — 1.000  1.000
3 IR | 2716 0.696 1.013 1.025
MH | 1.165 0.892 1.005 1.001
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Comparison of Three Sampling Methods

\x 0.5 1.0 15 2.0 3.0 4.0

— — 0.000 0.000 0.000 -0.001
0 IR 0.217 0.034 -0.003 -0.018 0.018 0.036
MH | -0.027 0.001  0.001 -0.001 -0.002 -0.004
R

E(X3) S — — 0.002 -0.001 0.000 _ 0.001
=0 || 1 IR 0916 0.092 0.059 0.058 0.027 0.032
MH 0.577 -0.003 0.003 0.000 0.002-0.001
RS — — -0.001 0.002 0.001 0.001
2 IR 1.732 0434 0.052 0.0/5 0.040 0.001

MH 0920 0.035 0.003 0.004 0.004 0.004

— 0.000 0.001  0.001 -0.001
3 IR 5030 0956 0.094 0.043 0.068 0.020
MH 1.835 0.348 -0.002 0.003 0.001 -0.001
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Comparison of Three Sampling Methods: CPU Time (Seconds)

\Tx 0.5 1.0 15 2.0 3.0 4.0

M
RS — — 15.96 20.50 30.69 39.62

0 IR | 431.89 431.40 431.53 432.58 435.37 437.16
MH 0 9.2 9.74 9.82 9.77
RS — — 2351 24.09 32.77 41.03

1 IR | 433.22 427.96 426.41 426.36 427.80 430.39
MH 73 9.54 9.81 9.75 9.83 9.76
RS — — 74.08 38.75 39.18  45.18

2 IR | 435.90 432.2 425.06 423.78 421.46 422.35
MH 71 9.52 9.83 9.77 9.82 9.77
RS — — 535.55 87.00 52.91 53.09

3 IR | 437.32 439.31 429.97 424.45 42291 418.38
MH 72 9.48 9.79 9.75 9.81 9.76




RS, IR and MH denotes rejection sampling, importance resampling and the Metrog
Hastings algorithm, respectively.

In each table, “—” in RS implies the case where rejection sampling cannot be af
plied because the supremumagk), sup, q(x), does not exist.

As for MH in the case of EX) = O, the values in the parentheses represent the
acceptance rate (percent) in the Metropolis-Hastings algorithm.

The results obtained from each table are as follows.

E(X) should be close to zero because we have) E(0 from X ~ N(0, 1).

Whenyu, = 0.0, all of RS, IR and MH are very close to zero and show a good
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performance.

Whenyu, =1, 2, 3, foro, = 1.5, 20, 30, 40, all of RS, IR and MH perform well,
but IR and MH in the case af. = 0.5, 10 have the case where the estimated mean
is too diferent from zero.

For IR and MH, we can see that given the estimated mean is far from the true
mean age. is far from mean of the target density.

Also, it might be concluded that givgn the estimated mean approaches the true
value asr, is large.

E(X?) should be close to one because we haw?E€ V(X) = 1 from X ~ N(0, 1).
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The cases of. = 1.5, 20, 30, 40 and the cases of = 0,1 ando,. = 1.0 are very
close to one, but the other cases aféedent from one.

These are the same results as the caseXy. E(

E(X®) should be close to zero becaus&B(represents skewness.

For skewness, we obtain the similar results, i.e., the cases ¢f1.5, 20, 30, 40

and the cases ¢f, = 0,1 ando,. = 0.5, 1.0 perform well for all of RS, IR and MH.

In the case where we compare RS, IR and MH, RS shows the best performance
the three, and IR and MH is quite good whenis relatively large.

We can conclude that IR is slightly worse than RS and MH.
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As for the acceptance rates of MH in)§(= 0, from the table a higher acceptance
rate generally shows a better performance.

The high acceptance rate implies high randomness of the generated random dra
For variance of the sampling density, both too small variance and too large var
ance give us the relatively low acceptance rate, which result is consistent with tr
discussion in Chib and Greenberg (1995).

MH has the advantage over RS and IR from computational point of view.

IR takes a lot of time because all the acceptance probabilities have to be comput

in advance (see Section 5.7.2 for IR).

466



That is, 18 candidate random draws are generated from the sampling ddr{sity
and therefore 1Dacceptance probabilities have to be computed.

For MH and IR, computational CPU time does not depeng.cando-..

However, for RS, giveilr, computational time increasesasis large.

In other words, as the sampling density is far from the target density the number ¢
rejections increases.

Wheno, increases given., the acceptance rate does not necessarily increase.
However, from the table a large, is better than a smadt. in general.

Accordingly, as for RS, under the condition that mearf @f) is unknown, we can
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conclude that relatively large variance ©fx) should be taken.

Finally, the results are summarized as follows.

(1) For IR and MH, depending on choice of the sampling denkity), we have

the cases where the estimates of mean, variance and skewness are biased

For RS, we can always obtain the unbiased estimates without depending c

choice of the sampling density.

(2) In order to avoid the biased estimates, it is safe for IR and MH to choose th

sampling density with relatively large variance.

Furthermore, for RS we should take the sampling density with relatively large
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variance to reduce computational burden.

But, note that too large variance leads to an increase in computational disa

vantages.

(3) MH is the least computational sampling method of the three.

For IR, all the acceptance probabilities have to be computed in advance ar

therefore
IR takes a lot of time to generate random draws.

In the case of RS, the amount of computation increasds(&pis far from
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f(x).
(4) Forthe sampling density in MH, it is known that both too large variance and

too small variance yield slow convergence of the obtained random draws.

The slow convergence implies that a great amount of random draws have |
be generated from the sampling density for evaluation of the expectation
such as EX) and V(X).

Therefore, choice of the sampling density has to be careful,

Thus, RS gives us the best estimates in the sense of unbiasedness, but RS so

times has the case where the supremum(gf does not exist and in this case it is
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impossible to implement RS.

As the sampling method which can be applied to any case, MH might be preferre

to IR and RS in a sense of less risk.

However, we should keep in mind that MH also has the problem which choice o

the sampling density is very important.
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6 Bayesian Estimation — Examples

6.1 Heteroscedasticity Model

In Section 6.1, Tanizaki and Zhang (2001) is re-computed using the random numb
generators.

Here, we show how to use Bayesian approach in the multiplicative heteroscedastsi
ity model discussed by Harvey (1976).

The Gibbs sampler and the Metropolis-Hastings (MH) algorithm are applied to th

multiplicative heteroscedasticity model, where some sampling densities are consi
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ered in the MH algorithm.

We carry out Monte Carlo study to examine the properties of the estimates vi
Bayesian approach and the traditional counterparts such as the modified two-st
estimator (M2SE) and the maximum likelihood estimator (MLE).

The results of Monte Carlo study show that the sampling density chosen here is su
able, and Bayesian approach shows better performance than the traditional count
parts in the criterion of the root mean square error (RMSE) and the interquartil

range (IR).
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6.1.1 Introduction

For the heteroscedasticity model, we have to estimate both the regressfiin coe
cients and the heteroscedasticity parameters.

In the literature of heteroscedasticity, traditional estimation techniques include th
two-step estimator (2SE) and the maximum likelihood estimator (MLE).

Harvey (1976) showed that the 2SE has an inconsistent element in the heterosced
ticity parameters and furthermore derived the consistent estimator based on the 2
which is called the modified two-step estimator (M2SE).

These traditional estimators are also examined in Amemiya (1985), Judge, Hil
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Griffiths and Lee (1980) and Greene (1997).

Ohtani (1982) derived the Bayesian estimator (BE) for a heteroscedasticity lines
model.

Using a Monte Carlo experiment, Ohtani (1982) found that among the Bayesia
estimator (BE) and some traditional estimators, the Bayesian estimator (BE) shov
the best properties in the mean square error (MSE) criterion.

Because Ohtani (1982) obtained the Bayesian estimator by numerical integratio
it is not easy to extend to the multi-dimensional cases of both the regressidn coe

cient and the heteroscedasticity parameter.
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Recently, Boscardin and Gelman (1996) developed a Bayesian approach in whis
a Gibbs sampler and the Metropolis-Hastings (MH) algorithm are used to estima
the parameters of heteroscedasticity in the linear model.

They argued that through this kind of Bayesian approach, we can average ov
our uncertainty in the model parameters instead of using a point estimate via tt
traditional estimation techniques.

Their modeling for the heteroscedasticity, however, is very simple and limited
Their choice of the heteroscedasticity is (= o®w?, wherew; are known “weights”

for the problem and is an unknown parameter.
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In addition, they took only one candidate for the sampling density used in the MF
algorithm and compared it with 2SE.

In Section 6.1, we also consider Harvey'’s (1976) model of multiplicative heteroscec
ticity.

This modeling is very flexible, general, and includes most of the useful formulation:
for heteroscedasticity as special cases.

The Bayesian approach discussed by Ohtani (1982) and Boscardin and Gelm
(1996) can be extended to the multi-dimensional and more complicated cases, usi

the model introduced here.
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The Bayesian approach discussed here includes the MH within Gibbs algorithn
where through Monte Carlo studies we examine two kinds of candidates for th
sampling density in the MH algorithm and compare the Bayesian approach wit
the two traditional estimators, i.e., M2SE and MLE, in the criterion of the root
mean square error (RMSE) and the interquartile range (IR).

We obtain the results that the Bayesian estimator significantly has smaller RMS
and IR than M2SE and MLE at least for the heteroscedasticity parameters.

Thus, the results of the Monte Carlo study show that the Bayesian approach pe

forms better than the traditional estimators.
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6.1.2 Multiplicative Heteroscedasticity Regression Model

The multiplicative heteroscedasticity model discussed by Harvey (1976) can b

shown as follows:

Yi=XB+W, U ~N(O,0cd), 7

ot = o expa), (8)

fort = 1,2,---,n, wherey, is thetth observationX; and g, are thetth 1 x k and
1x (J - 1) vectors of explanatory variables, respectively.

B anda are vectors of unknown parameters.
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The model given by equations (7) and (8) includes several special cases such as
model in Boscardin and Gelman (1996), in whigh= logw; andé = —a.

As shown in Greene (1997), there is a useful simplification of the formulation.
Letz = (1, q) andy = (logo?, '), wherez andy denote Ix J andJ x 1 vectors.

Then, we can simply rewrite equation (8) as:

O'tz = expy). ()]

Note that expg,) provideso?, wherey; denotes the first element of

As for the variance of, hereafter we use (9), rather than (8).
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The generalized least squares (GLS) estimat@; denoted by§GLS, is given by:
~ n 1 n
Bos = (D, expzy)XiX) D expEza) Xy, (10)
t=1 t=1

Where,éGLS depends ory, which is the unknown parameter vector.

To obtain the feasible GLS estimator, we need to repjabg its consistent esti-
mate.

We have two traditional consistent estimatory pfe., M2SE and MLE, which are

briefly described as follows.
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Modified Two-Step Estimator (M2SE): First, define the ordinary least squares
(OLS) residual bye, = y; — X3,,s, Whereg, . represents the OLS estimator, i.e.,

Bows = (Tiy XIX)™ 2y Xy

For 2SE ofy, we may form the following regression:

log€ = zy + wi.

The OLS estimator of applied to the above equation leads to the 2Sf, because
€ is obtained by OLS in the first step.
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Thus, the OLS estimator gfgives us 2SE, denoted by, ., which is given by:

Yase = (Z Ztlzt)_l Z z log et2
t=1 t=1

A problem with this estimator is that, t = 1,2,---,n, have non-zero means and
are heteroscedastic.
If & converges in distribution ta;, thev; will be asymptotically independent with

mean E{;) = —1.2704 and variance V() = 4.9348, which are shown in Harvey
(1976).
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Then, we have the following mean and variance.of:"
n n

E(se) =7 - 127040 Z2)* )" 7, (11)
t=1 t=1

V(3,se) = 4934800 7).

For the second term in equation (11), the first element is equal.®/04 and the
remaining elements are zero, which can be obtained by simple calculation.
Therefore, the first element of.; is biased but the remaining elements are still
unbiased.

To obtain a consistent estimator pf, we consider M2SE of, denoted byy,, ...
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which is given by:

n n
?MZSE = ;)\/ZSE + 1'2704(21 Z;Zt)_l Z Z{
t=1 t=1

LetX, .. be the variance of,,,...

Then,Z, .. is represented by:
n
Zyose = V(:)\/MZSE) = V(a\/zSE) = 49348(2 zzt)_l-
t=1

The first element of . andy,,,.. corresponds to the estimate ®f, which value

does not influencg, ..
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Since the remaining elements pf ~are equal to those of ., 3, iS equivalent
t0 B, Wheres,., andp, .. denote 2SE and M2SE gf respectively.
Note thai3,,. andj,,,.. can be obtained by substituting ~andy, .. intoy in (10).

Maximum Likelihood Estimator (MLE):  The density ofY, = (Y1, Y2, - -, Y¥n)
based on (7) and (9) is:

n

(Yol ) < exp| —5 > (xpl-2)(k - XY+ 29)|. (12)

t=1

which is maximized with respect andy, using the method of scoring.
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That is, given values fg8) andy(), the method of scoring is implemented by the

following iterative procedure:
n n
. . -1 .
pO = (Z exp(-zo )X, Xt) > expzy )Xy,
t=1

P =y 4 Z(Z Zz)™ Z(eXp(—ZW“‘l))ef - 1),

t=1

for J = 1, 2’ cee Wheree[ =V - Xtﬁ(j—l)_

NIl =

The starting value for the above iteration may be takeB@54®) = (3., 7o),
(ﬂZS E® ,’}\/ZS E) Or wMZSE’ /’)\/MZS E)'
Letd = (B,7y).
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The limit of 0 = (81, y()) gives us the MLE of, which is denoted by, . =
(BMLE’ &MLE)'
Based on the information matrix, the asymptotic covariance matiix,ofis repre-

sented by:

S 821og f(Ynl6)\\
V(Oye) = ( - E(w))

( (Ztn=1 expEzy) X Xt)_l 0 )
0 200, Zz) )

Thus, from (13), asymptotically there is no correlation betm[éﬁp andy,, ., and

(13)

furthermore the asymptotic variance gf . is represented byX,, . = V(¥,,:) =
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2>, zz)™t, which implies thaty,,... is asymptotically infiicient becausg,, .. —
Y. Is positive definite.

Remember that the varianceqf,.. is given by: V§,,,..) = 4.9348( 1, zz) .

6.1.3 Bayesian Estimation

We assume that the prior distributions of the paramgtaredy are noninformative,

which are represented by:

fs(8) = constant f,(y) = constant. (14)
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Combining the prior distributions (14) and the likelihood function (12), the poste-

rior distributionf, (5, yly) is obtained as follows:

n

£,(8.71Y,) o exp| 5 " (exp(-z)(vk ~ XY’ + 7).

t=1
The posterior means gfandy are not operationally obtained.

Therefore, by generating random drawgaindy from the posterior densitf; (8, yIYy),
we consider evaluating the mathematical expectations as the arithmetic averac
based on the random draws.

Now we utilize the Gibbs sampler, which has been introduced in Section 5.7.5, t

sample random draws gfandy from the posterior distribution.

503



Then, from the posterior densitly (5, y|Y»), we can derive the following two con-

ditional densities:
n

£, (018, Yo) o exp| 5 " (exp(-20)(y - X + 20)|. (15)
t=1
fp\y(ﬂly’ Yn) = N(Bl, Hl)’ (16)

where
n n
H'= > expzy)X%,  Bi=Hiy expzy)Xiy.
t=1 t=1

Sampling from (16) is simple since it iskavariate normal distribution with mean

B; and variancéH;.
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However, since thd-variate distribution (15) does not take the form of any standard
density, it is not easy to sample from (15).

In this case, the MH algorithm discussed in Section 5.7.3 can be used within th
Gibbs sampler.

See Tierney (1994) and Chib and Greeberg (1995) for a general discussion.
Lety;_; be the { — 1)th random draw oy andy* be a candidate of thith random
draw ofy.

The MH algorithm utilizes another appropriate distribution functigfy|y;), which

is called the sampling density or the proposal density.
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Let us define the acceptance rat@;_,,y*) as:

(.4)( ] *) — min fyw(y*lﬁi—l’ Yn)/f*(7*|7i—l)
re Y £ 0nalBs Yo Eiay)” )

The sampling procedure based on the MH algorithm within Gibbs sampling is a

follows:

(i) Setthe initial valugg_y, which may be taken g, .. Of 3,,,.-

(i) Givengpi_1, generate a random drawpfdenoted byy;, from the conditional
densityf ,(y|6i-1, Yn), where the MH algorithm is utilized for random number

generation because it is not easy to generate random drawfsash (15).
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The Metropolis-Hastings algorithm is implemented as follows:

(a) Givenvy;_1, generate a random drawt from f,.(-}yi_1) and compute the

acceptance raio(y;_1,y*).
We will discuss later about the sampling denditfy|yi_1).
(b) Sety; = v* with probability w(yi_1,v*) andy; = y;_, otherwise,
(i) Givenvy;, generate a random draw gf denoted bys;, from the conditional
densityf, (Blyi, Yn), whichisglyi, Yn ~ N(By, H;) as shown in (16).
(iv) Repeat (ii) and (iii) foi = -M +1,-M + 2,---,N.
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Note that the iteration of Steps (ii) and (iii) corresponds to the Gibbs sampler, whicl
iteration yields random draws gfandy from the joint densityf, (8, y|Y,) wheni

is large enough.

It is well known that convergence of the Gibbs sampler is slow whenhighly
correlated withy.

That is, a large number of random draws have to be generated in this case.
Therefore, depending on the underlying joint density, we have the case where tl
Gibbs sampler does not work at all.

For example, see Chib and Greenberg (1995) for convergence of the Gibbs sampl
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In the model represented by (7) and (8), however, there is asymptotically no corre
lation betweers,, . andy, ., as shown in (13).
It might be expected that correlation betwgkn. andy,, . is not too high even in

the small sample.

Therefore, it might be appropriate to consider that the Gibbs sampler works well i

this model.
In Step (ii), the sampling densitl(y|y;_1) is utilized.
We consider the multivariate normal density function for the sampling distribution,

which is discussed as follows.
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Choice of the Sampling Density in Step (ii): Several generic choices of the sam-
pling density are discussed by Tierney (1994) and Chib and Greenberg (1995).
Here, we takef,.(ylyi_1) = f.(y) as the sampling density, which is called the inde-
pendence chain because the sampling density is not a functign of

We consider taking the multivariate normal sampling density in the independenc
MH algorithm, because of its simplicity.

Therefore,f,(y) is taken as follows:
f.(y) = N(y*,c’2), (17)
which represents thé&variate normal distribution with meart and variance?x*.
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The tuning parametaris introduced into the sampling density (17).

We have mentioned that for the independence chain (Sampling Density ) the sar
pling density with the variance which gives us the maximum acceptance probabilit
is not necessarily the best choice.

From some Monte Carlo experiments, we have obtained the result that the samplil
density with the 1.5 — 2.5 times larger standard error is better than that with th
standard error which maximizes the acceptance probability.

Therefore,c = 2 is taken in the next section, and it is the larger value tharcthe

which gives us the maximum acceptance probability.
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This detail discussion is given in Section 6.1.4.

Thus, the sampling density ¢fis normally distributed with meap* and variance
cxr.

As for (y*,Z*), in the next section we choose one 9f (%, ,,.<.) and ¢,,.c, Z,.c)

from the criterion of the acceptance rate.

As shown in Section 2, both of the two estimatg(s.. andy,, . are consistent
estimates of.

Therefore, it might be very plausible to consider that the sampling density is dis

tributed around the consistent estimates.
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Bayesian Estimator: From the convergence theory of the Gibbs sampler and the
MH algorithm, as goes to infinity we can regarg andg; as random draws from
the target density, (8, yIYn).

Let M be a stficiently large numbery; andg; fori = 1,2,---, N are taken as the
random draws from the posterior densfty(s, y|Yy).

Therefore, the Bayesian estimatogs, andj,,, are given by:

19 19
:)\/BZZ = N;yi’ IBBZZ = N;'Bi’

where we read the subscript BZZ as the Bayesian estimator which uses the mul

variate normal sampling density with me@y) and variance,,. ZZ takes M2SE
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or MLE.

We consider two kinds of candidates of the sampling density for the Bayesian est
mator, which are denoted by BM2SE and BMLE.

Thus, in Section 6.1.4, we compare the two Bayesian estimators (i.e, BM2SE ar

BMLE) with the two traditional estimators (i.e., M2SE and MLE).

6.1.4 Monte Carlo Study

Setup of the Model: In the Monte Carlo study, we consider using the artificially

simulated data, in which the true data generating process (DGP) is presented
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Judge, Hill, Gritiths and Lee (1980, p.156).
The DGP is defined as:

Vi = B1 + SoXor + BaXar + U, (18)

whereu, t = 1,2, - - -, n, are normally and independently distributed withufE O,

E(u?) = o and,
o2 = exply1 + yaXoy), fort=1,2,---,n. (19)

As it is discussed in Judge, Hill, Giiths and Lee (1980), the parameter values are

set to beg1, 82,83, v1.¥2) = (10,1,1,-2,0.25).
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From (18) and (19), Judge, Hill, Giiths and Lee (1980, pp.160 — 165) generated
one hundred samples pivith n = 20.

In the Monte Carlo study, we utilize,; andxs; given in Judge, Hill, Gfiiths and
Lee (1980, pp.156), which is shown in Table 1, and gendsatamples ofy; given
theX fort=21,2,---,n.

That is, we perfornG simulation runs for each estimator, whé&e= 10 is taken.

The simulation procedure is as follows:

(i) Giveny and xp; fort = 1,2,---,n, generate random numbers af for

t = 1,2---,n, based on the assumptiong: ~ N(0,o?), where 1,7y,) =
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Table 1: The Exogenous Variablgg andx,;

1

2

3

4

5

6

7 8 9 10

Xot

X3t

14.53
16.74

15.30
16.81

15.92
19.50

17.41
22.12

18.37
22.34

18.83
17.47

18.84 19.71 20.01 20.26
20.24 20.37 12.71 22.98

11

12

13

14

15

16

17 18 19 20

X2t

X3t

20.77
19.33

21.17
17.04

21.34
16.74

2291
19.81

22.96
31.92

23.69
26.31

2482 2554 25.63 28.73
25.93 21.96 24.05 25.66
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(=2,0.25) ando? = exply; + y2Xo;) are taken.

(i) Givenp, (Xa1, X3t) anduy; fort = 1,2,---,n, we obtain a set of datg, t =

1,2 ---,n, from equation (18), wheres(, 8>, 33) = (10, 1, 1) is assumed.

(i) Given §, X;) fort = 1,2,---,n, perform M2SE, MLE, BM2SE and BMLE
discussed in Sections 6.1.2 and 6.1.3 in order to obtain the estimaies of
(3,7), denoted by.

N N

Note thatd takesd, ..., 6. _, 6. andé

M2SE’ “MLE! YBM2SE BMLE*

(iv) Repeat (i) — (iii)G times, whereG = 10* is taken as mentioned above.

(v) FromG estimates o, compute the arithmetic average (AVE), the root mean
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square error (RMSE), the first quartile (25%), the median (50%), the thiro

quartile (75%) and the interquartile range (IR) for each estimator.

AVE and RMSE are obtained as follows:
18 1 1/2
_ 19 _ n(9) 32
AVE = = >89, RMSE= (6 D@ -0)2) ",
g=1 g=1
for j = 1,2,---,5, whereg; denotes thgth element o® andégg) represents

the j-element of in thegth simulation run.

As mentioned above) denotes the estimate 6f whered takesf, ... 6.,

QBMZSE andHBMLE'
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Figure 2: Acceptance Rates in Averadé¢:= 5000 andN = 10*
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Choice of ¢y*, X*) and c. For the Bayesian approach, dependingpn £*) we
have BM2SE and BMLE, which denote the Bayesian estimators using the multi
variate normal sampling density whose mean and covariance matrix are calibrat
on the basis of M2SE or MLE.

We consider the following sampling densitf{y) = N(y*, ¢Z*), wherec denotes

the tuning parameter angt'(, X*) takes §,,,c e, Zyose) OF Vs> Zuie)-

Generally, for choice of the sampling density, the sampling density should not hav
too large variance and too small variance.

Chib and Greenberg (1995) pointed out that if standard deviation of the samplin
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density is too low, the Metropolis steps are too short and move too slowly withir
the target distribution; if it is too high, the algorithm almost always rejects and stay:
in the same place.

The sampling density should be chosen so that the chain travels over the support
the target density.

First, we consider choosing{, £*) andc which maximizes the arithmetic average
of the acceptance rates obtained fr@simulation runs.

The results are in Figure 2, where= 20, M = 5000,N = 10*, G = 10* and

c =0210.2---,4.0 are taken (choice dl and M is discussed in Appendix of
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Section 6.1.6).

In the case of¢*,Z*) = (y,,.e» ) @NdC = 1.2, the acceptance rate in average is
0.5078, which gives us the largest one.

It is important to reduce positive correlation betwegandy;_; and keep random-
ness.

Therefore, ¥*,2%) = (y,er Zy.c) IS @dopted, rather than (, £*) = (Vyuser Zyose)s
because BMLE has a larger acceptance probability than BM2SE fofsae Figure
2).

However, the sampling density with the largest acceptance probability is not nece
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sarily the best choice.

We have the result that the optimal standard error should be 1.5 — 2.5 times larg
than the standard error which gives us the largest acceptance probability.

Here, §¢*,2%) = (y,,c> Zy.c) @ndc = 2 are taken.

Whenc s larger than 2, both the estimates and their standard errors become stat
although here we do not show these facts.

Therefore, in this Monte Carlo study,(y) = N(y,,.,2°Z,,.) is chosen for the
sampling density.

Hereafter, we compare BMLE with M2SE and MLE (i.e., we do not consider
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BM2SE anymore).

As for computational CPU time, the casemf= 20, M = 5000,N = 10* and

G = 10 takes about 76 minutes for each of= 0.1,0.2,---,4.0 and each of
BM2SE and BMLE, where Dual Pentium Il 1GHz CPU, Microsoft Windows 2000
Professional Operating System and Open Watcom FORTRARZ7@ptimizing
Compiler (Version 1.0) are utilized.

Note that WATCOM Fortran 77 Compiler is downloaded from

http://www.openwatcom.org/.
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Results and Discussion: Through Monte Carlo simulation studies, the Bayesian
estimator (i.e., BMLE) is compared with the traditional estimators (i.e., M2SE anc
MLE).

The arithmetic mean (AVE) and the root mean square error (RMSE) have bee
usually used in Monte Carlo study.

Moreover, for comparison with the standard normal distribution, Skewness an

Kurtosis are also computed.

Moments of the parameters are needed in the calculation of AVE, RMSE, Skewne:

and Kurtosis.
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However, we cannot assure that these moments actually exist.

Therefore, in addition to AVE and RMSE, we also present values for quartiles, i.e.
the first quartile (25%), median (50%), the third quartile (75%) and the interquartile
range (IR).

Thus, for each estimator, AVE, RMSE, Skewness, Kurtosis, 25%, 50%, 75% an
IR are computed fron® simulation runs.

The results are given in Table 3, where BMLE is compared with M2SE and MLE.
The case oh = 20, M = 5000 and\ = 10* is examined in Table 3.

A discussion on choice d¥l andN is given in Appendix 6.1.6, where we examine
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whetherM = 5000 and\ = 10* are stficient.
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Table 3: The AVE, RMSE and Quartiles:= 20

B1 B2 B3 71 Y2
True Value| 10 1 1 -2 0.25
AVE 10.064 0995 1002 -0.988 Q199
RMSE 7.537 0418 Q333 3059 Q146
Skewness | 0.062 -0.013 -0.010 -0.101 -0.086
M2SE | Kurtosis 4.005 3941 2988 3519 3572
25% 5.208 0728 Q778 -2.807 Q113
50% 10.044 0995 1003 -0.934 Q200
75% 14958 1261 1227 (0889 0287
IR 9.751 0534 Q449 3697 Q175
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Table 3: The AVE, RMSE and Quartiles:= 20 — Cont.

B1 B2 B3 71 Y2
True Value| 10 1 1 -2 0.25
AVE 10.029 0997 1002 -2753 Q272
RMSE 7.044 0386 Q332 2999 Q139
Skewness | 0.081 -0.023 -0.014 Q006 -0.160
MLE | Kurtosis 4.062 3621 2965 4620 4801
25% 5.323 0741 Q775 -4514 Q189
50% 10.066 0998 1002 -2.710 Q273
75% 14.641 1249 1229 -0.958 0355
IR 9.318 0509 Q454 3556 Q165
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Table 3: The AVE, RMSE and Quartiles:= 20 — Cont.

B1 B2 B3 Y1 y2
True Value| 10 1 1 -2 0.25
AVE 10.034 0996 1002 -2011 Q250
RMSE 6.799 0380 0328 2492 Q117
Skewness | 0.055 -0.016 -0.013 -0.016 -0.155
BMLE | Kurtosis 3.451 3340 2962 3805 3897
25% 5413 0745 Q778 -3584 Q176
50% 10.041 0996 1002 -1.993 0252
75% 14538 1246 1226 -0.407 0325
IR 9.125 0501 Q448 3177 Q150

c = 2.0, M = 5000 and\ = 10* are chosen for BMLE
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First, we compare the two traditional estimators, i.e., M2SE and MLE.

Judge, Hill, Gritiths and Lee (1980, pp.141-142) indicated that 2SEk;a$ in-
consistent although 2SE of the other parameters is consistent but asymptotica
inefficient.

For M2SE, the estimate o is modified to be consistent.

But M2SE is still asymptotically in@cient while MLE is consistent and asymptot-
ically efficient.

Therefore, fory, MLE should have better performance than M2SE in the sense o

efficiency.
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In Table 3, for all the parameters except for IRGf RMSE and IR of MLE are
smaller than those of M2SE.

For both M2SE and MLE, AVEs g# are close to the true parameter values.
Therefore, it might be concluded that M2SE and MLE are unbiasefd é&men in
the case of small sample.

However, the estimates gfare diferent from the true values for both M2SE and
MLE.

That is, AVE and 50% ofy; are-0.988 and-0.934 for M2SE, and-2.753 and
—2.710 for MLE, which are far from the true value.0.
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Similarly, AVE and 50% ofy, are 0.199 and 0.200 for M2SE, which ardéfeient
from the true value 0.25.

But 0.272 and 0.273 for MLE are slightly larger than 0.25 and they are close ¢
0.25.

Thus, the traditional estimators work well for the regressiortomentsg but not

for the heteroscedasticity parameters

Next, the Bayesian estimator (i.e., BMLE) is compared with the traditional ones
(i.e., M2SE and MLE).

For all the parameters ¢, we can find from Table 3 that BMLE shows better
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performance in RMSE and IR than the traditional estimators, because RMSE ar
IR of BMLE are smaller than those of M2SE and MLE.

Furthermore, from AVEs of BMLE, we can see that the heteroscedasticity parame
ters as well as the regression ffag@ents are unbiased in the small sample.

Thus, Table 3 also shows the evidence that for #ndy, AVE and 50% of
BMLE are very close to the true parameter values.

The values of RMSE and IR also indicate that the estimates are concentrated arou
the AVE and 50%, which are vary close to the true parameter values.

For the regression céiicientp, all of the three estimators are very close to the true
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parameter values. However, for the heteroscedasticity paramé&&LE shows a
good performance but M2SE and MLE are poor.

The larger values of RMSE for the traditional counterparts may be due to “outliers
encountered with the Monte Carlo experiments.

This problem is also indicated in Zellner (1971, pp.281).

Compared with the traditional counterparts, the Bayesian approach is not chara
terized by extreme values for posterior modal values.

Now we compare empirical distributions for M2SE, MLE and BMLE in Figures 3
—-7.
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Figure 3: Empirical Distributions g8;
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Figure 4: Empirical Distributions g3,
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Figure 5: Empirical Distributions g83
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Figure 6: Empirical Distributions o,
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Figure 7: Empirical Distributions o,
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For the posterior densities @ (Figure 3),3, (Figure 4),8; (Figure 5) andy;
(Figure 6), all of M2SE, MLE and BMLE are almost symmetric (also, see Skewnes:
in Table 3).

For the posterior density ok (Figure 7), both MLE and BMLE are slightly skewed
to the left because Skewnessyfin Table 3 is negative, while M2SE is almost
symmetric.

As for Kurtosis, all the empirical distributions except f8y have a sharp kurtosis
and fat tails, compared with the normal distribution.

Especially, for the heteroscedasticity parametgrandy,, MLE has the largest
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kurtosis of the three.

For all figures, location of the empirical distributions indicates whether the estima
tors are unbiased or not.

For B, in Figure 3,8, in Figure 4 angB; in Figure 5, M2SE is biased while MLE
and BMLE are distributed around the true value.

For y; in Figure 6 andy, in Figure 7, the empirical distributions of M2SE, MLE
and BMLE are quite dferent.

For vy, in Figure 6, M2SE is located in the right-hand side of the true parametel

value, MLE is in the left-hand side, and BMLE is also slightly in the left-hand side.
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Moreover, fory, in Figure 7, M2SE is downward-biased, MLE is overestimated,

and BMLE is distributed around the true parameter value.

On the Sample Sizen: Finally, we examine how the sample si@enfluences
precision of the parameter estimates.

Since we utilize the exogenous variatdeshown in Judge, Hill, Gfiiths and Lee
(1980), we cannot examine the case wheiggreater than 20.

In order to see thefiect of the sample size, here the case of = 15 is compared

with that ofn = 20.
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The casen = 15 of BMLE is shown in Table 4, which should be compared with
BMLE in Table 3.

As aresult, all the AVEs are very close to the corresponding true parameter value
Therefore, we can conclude from Tables 3 and 4 that the Bayesian estimator
unbiased even in the small sample sucl as15, 20.

However, RMSE and IR become largeradecreases.

That is, for example, RMSEs ¢, 3,, B3, v1 andvy, are given by 6.799, 0.380,
0.328, 2.492 and 0.117 in Table 3, and 8.715, 0.455, 0.350, 4.449 and 0.228
Table 4.
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Thus, we can see that RMSE and IR decreaseiatarge.
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Table 4: BMLE:n = 15,¢c = 2.0, M = 5000 andN = 10*

B1 B2 B3 71 Y2

True Value| 10 1 1 -2 0.25

AVE 10.060 0.995 D02 -2086 0.252
RMSE 8.715 0.455 (B50 4449 0.228
Skewness | 0.014 0.033 -0.064 -0.460 0.308
Kurtosis 3.960 3.667 340 4714 4.604
25% 4420 0.702 @72 -4.725 0.107
50% 10.053 0.995 D04 -1.832 0.245
75% 15.505 1.284 237 0821 0.391
IR 11.085 0.581 @65 5547 0.284
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6.1.5 Summary

In Section 6.1, we have examined the multiplicative heteroscedasticity model dis
cussed by Harvey (1976), where the two traditional estimators are compared wil
the Bayesian estimator.

For the Bayesian approach, we have evaluated the posterior mean by generat
random draws from the posterior density, where the Markov chain Monte Carlc
methods (i.e., the MH within Gibbs algorithm) are utilized.

In the MH algorithm, the sampling density has to be specified.

We examine the multivariate normal sampling density, which is the independenc
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chain in the MH algorithm.

For mean and variance in the sampling density, we consider using the mean a
variance estimated by the two traditional estimators (i.e., M2SE and MLE).

The Bayesian estimators with M2SE and MLE are called BM2SE and BMLE in
Section 6.1.

Through the Monte Carlo studies, the results are summarized as follows:

(i) We compare BM2SE and BMLE with respect to the acceptance rates in th
MH algorithm.

In this case, BMLE shows higher acceptance rates than BM2SE fay all
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which is shown in Figure 2.

For the sampling density, we utilize the independence chain through Sectio
6.1.

The high acceptance rate implies that the chain travels over the support of tt

target density.
For the Bayesian estimator, therefore, BMLE is preferred to BM2SE.
However, note as follows.

The sampling density which yields the highest acceptance rate is not nece
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(ii)

sarily the best choice and the tuning parametshould be larger than the

value which gives us the maximum acceptance rate.

Therefore, we have focused on BMLE with= 2 (remember that BMLE

with ¢ = 1.2 yields the maximum acceptance rate).

For the traditional estimators (i.e., M2SE and MLE), we have obtained the
result that MLE has smaller RMSE than M2SE for all the parameters, becaus
for one reason the M2SE is asymptotically leficeent than the MLE.

Furthermore, for M2SE, the estimates/hare unbiased but those ¢fare

different from the true parameter values (see Table 3).
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(iii)

(iv)

From Table 3, BMLE performs better than the two traditional estimators in
the sense of RMSE and IR, because RMSE and IR of BMLE are smaller tha

those of the traditional ones for all the cases.
Each empirical distribution is displayed in Figures 3 — 7.

The posterior densities of almost all the estimates are distributed to be syn
metric (v, is slightly skewed to the left), but the posterior densities of both the
regression cdécients (except foBz) and the heteroscedasticity parameters

have fat tails.

Also, see Table 3 for skewness and kurtosis.
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(v) As for BMLE, the case oh = 15 is compared witim = 20.

The casen = 20 has smaller RMSE and IR than= 15, while AVE and 50%

are close to the true parameter valuesfandy.

Therefore, it might be expected that the estimates of BMLE go to the true

parameter values asis large.
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6.1.6 Appendix:

Are M = 5000and N = 10* Sufficient?

Table 5: BMLE:n = 20 andc = 2.0

B1 B2 B3 71 Y2
True Value| 10 1 1 -2 0.25
AVE 10.028 (0097 1002 -2.008 Q250
RMSE 6.807 0380 0328 2495 Q117
Skewness | 0.041 -0.007 -0.012 Q017 -0.186
M = 1000 | Kurtosis 3.542 3358 2963 3950 4042
N =10 | 25% 5413 0745 Q778 -3592 Q176
50% 10.027 0996 1002 -1.998 Q0252
75% 14539 1245 1226 -0405 Q326
IR Q448 3187 Q150

9.127 554)500




Table 5: BMLE:n = 20 andc = 2.0 — Cont.

B1 B2 B3 71 Y2
True Value| 10 1 1 -2 0.25
AVE 10.033 0996 1002 -2.010 Q250
RMSE 6.799 0380 Q328 2491 Q117
Skewness | 0.059 -0.016 -0.011 -0.024 -0.146
M = 5000 | Kurtosis 3.498 3347 2961 3764 3840
N = 5000 | 25% 5.431 0747 Q778 -3586 Q176
50% 10.044 0995 1002 -1.997 0252
75% 14532 1246 1225 -0.406 0326
IR 9.101 0499 Q447 3180 Q149
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In Section 6.1.4, only the case dfI(N) = (500Q 10%) is examined.

In this appendix, we check whethir = 5000 andN = 10* are sifficient.

For the burn-in period, there are some diagnostic tests, which are discussed ir
Geweke (1992) and Mengersen, Robert and Guihenneuc-Jouyaux (1999).
However, since their tests are applicable in the case of one sample path, we cani
utilize them.

BecauseG simulation runs are implemented in Section 6.1.4 (see p.516 for the
simulation procedure), we ha@test statistics if we apply the tests.

It is difficult to evaluatés testing results at the same time.
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Therefore, we consider using the alternative approach to skk # 5000 and
N = 10* are stfficient.

For choice ofM andN, we consider the following two issues.

(i) Given fixedM = 5000, compard&l = 5000 andN = 10
(i) Given fixedN = 10%, compareM = 1000 andVl = 5000.

(i) examines whetheN = 5000 is stficiently large, while (ii) checks whether
M = 1000 is large enough. If the case ®f,(N) = (500Q 5000) is close to that of
(M, N) = (500Q 10, we can conclude thad = 5000 is stiiciently large.
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Similarly, if the case of f1,N) = (100Q 10%) is not too diferent from that of
(M, N) = (500Q 10%), it might be concluded tha¥l = 1000 is also sflicient.

The results are in Table 5, where AVE, RMSE, Skewness, Kurtosis, 25%, 50%, 75¢
and IR are shown for each of the regressionfitccients and the heteroscedasticity
parameters.

BMLE in Table 3 should be compared with Table 5.

From Tables 3 and 5, the three cases, iM, N) = (500Q 10%), (100Q 104, (500Q 5000),
are very close to each other.

Therefore, we can conclude that bdth= 1000 andN = 5000 are large enough in
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the simulation study shown in Section 6.1.4.
We take the case dfl = 5000 and\ = 10* for safety in Section 6.1.4, although we
obtain the results that botd = 1000 andN = 5000 are large enough.

6.2 Autocorrelation Model

In the previous section, we have considered estimating the regression model wi
the heteroscedastic error term, where the traditional estimators such as MLE a
M2SE are compared with the Bayesian estimators.

In this section, using both the maximum likelihood estimator and the Bayes estime

559



tor, we consider the regression model with the first order autocorrelated error terr
where the initial distribution of the autocorrelated error is taken into account.

As for the autocorrelated error term, the stationary case is assumed, i.e., the au
correlation co#ficient is assumed to be less than one in absolute value.

The traditional estimator (i.e., MLE) is compared with the Bayesian estimator. Uti-
lizing the Gibbs sampler, Chib (1993) discussed the regression model with the a
tocorrelated error term in a Bayesian framework, where the initial condition of the
autoregressive process is not taken into account.

In this section, taking into account the initial density, we compare the maximurn

560



likelihood estimator and the Bayesian estimator.

For the Bayes estimator, the Gibbs sampler and the Metropolis-Hastings algorith
are utilized to obtain random draws of the parameters.

As a result, the Bayes estimator is less biased and nfeeat than the maxi-
mum likelihood estimator. Especially, for the autocorrelationficoent, the Bayes
estimate is much less biased than the maximum likelihood estimate.

Accordingly, for the standard error of the estimated regressiofficieat, the Bayes

estimate is more plausible than the maximum likelihood estimate.
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6.2.1 Introduction

In Section 6.2, we consider the regression model with the first order autocorrelate
error term, where the error term is assumed to be stationary, i.e., the autocorrelati
codficient is assumed to be less than one in absolute value.

The traditional estimator, i.e., the maximum likelihood estimator (MLE), is com-
pared with the Bayes estimator (BE).

Utilizing the Gibbs sampler, Chib (1993) and Chib and Greenberg (1994) discusse
the regression model with the autocorrelated error term in a Bayesian framewor

where the initial condition of the autoregressive process is ignored.
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Here, taking into account the initial density, we compare MLE and BE, where the
Gibbs sampler and the Metropolis-Hastings (MH) algorithm are utilized in BE.

As for MLE, it is well known that the autocorrelation d@ieient is underestimated

in small sample and therefore that variance of the estimated regressi@icieae

Is also biased.

See, for example, Andrews (1993) and Tanizaki (2000, 2001).

Under this situation, inference on the regressiornffocient is not appropriate, be-
cause variance of the estimated regressiofficient depends on the estimated au-

tocorrelation cofficient.
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We show in Section 6.2 that BE is superior to MLE because BEs of both the autc
correlation cofficient and the variance of the error term are closer to the true values

compared with MLEs.

6.2.2 Setup of the Model

Let X; be a 1x k vector of exogenous variables gfthe ak x 1 parameter vector.

Consider the following regression model:
Ve = XiB + W, U = pUi-1 + &, & ~ N(O, 0'3),
fort = 1,2,---,n, wheree, e, - -, & are assumed to be mutually independently
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distributed.
In this model, the parameter to be estimated is givef by, p, 02).
The unconditional density of is:
1 1
eXp-—=———
V2raZ/(1 - p?) { 20¢/(1-p?)

LetY; be the information set up to timei.e.,Y; = {Vi, V-1, - - - » Y1}

f(ytlﬁap’ 0'5) = (yt - Xtﬂ)z)

The conditional density of; givenY,_; is:

f (el Y1, B, 0, 02) = T (VilYi1. 8, p, 72
1 1
= exp(— 5 (Yt — pYe1) = (X = PXt—l)ﬁ)2)~

\2ro? 207

565



Therefore, the joint density of,,, i.e., the likelihood function, is given by :

n
f(YnIB7p’ O-E) = f(yllﬁapa 0-3) n f(ytlYt—l,ﬁ,P, 0'5)
t=2

D0~ XBY).  (20)

€ t=1

= (210 "X(1 - p?)"? exy{ -

wherey; andX;" represent the following transformed variables:

V1 - P2y, fort=1,

Yt — PY-1, fort=2,3,---,n,

Ve = Yi(p) =

566



V1 - p2X, fort =1,

X — pXe_1, fort=2,3,---,n,
which depend on the autocorrelation fiagentp.

X = X (p) =

Maximum Likelihood Estimator: We have shown above that the likelihood func-
tion is given by equation (20).
Maximizing equation (20) with respect foando?, we obtain the following expres-

sions:
B=Bl)= () XX XV
t=1 t=1
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P =) =1 30 - XA (21)
t=1

By substituting3 andc? into g ando? in equation (20), we have the concentrated

likelihood function:

f(VlB,p. 6 = (2r62(0) ™" (1 - 07" expl=). (22)

which is a function op.
Equation (22) has to be maximized with respega.to
In the next section, we obtain the maximum likelihood estimatge by a simple

grid search, in which the concentrated likelihood function (22) is maximized by

568



changing the parameter value@by 0.0001 in the interval betweer0.9999 and
0.9999.

Once the solution g, denoted by, is obtainedj(p) andc?(p) lead to the maxi-
mum likelihood estimates ¢@f ando2.

Hereafterp, &2 andg are taken as the maximum likelihood estimateg,af? and
p, i.e.,B(p) and?(p) are simply written ag ando™.

Variance of the estimate 6f= (8, 02, p)’ is asymptotically given by: \&) = 1-1(6),
wherel () denotes the information matrix, which is represented as:

0% log f(Ynle))

'6) = _E( 0600’
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Therefore, variance gfis given by V{3) = a?(Xr, X' X)) tin large sample, where
pin Xt is replaced by, i.e., X = X (0).

For example, suppose th&t has a tendency to rise over timand that we have
p>0.

If p is underestimated, then B is also underestimated, which yields incorrect
inference on the regression d¢beientg.

Thus, unlesp is properly estimated, the estimate of3Y(s also biased.

In large samplep Ts a consistent estimator pfand therefore \f) is not biased.

However, in small sample, since it is known tpas underestimated (see, for exam-
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ple, Andrews (1993), Tanizaki (2000, 2001)), clearl\3Vis also underestimated.

In addition tog, the estimate of? also influences inference gf because we have
V(B) = XX, X’ X))t as mentioned above.

If o2 is underestimated, the estimated variancg isfalso underestimated.

&2 is a consistent estimator of’ in large sample, but it is appropriate to consider
thats? is biased in small sample, becauseis a function ofo"as in (21).

Therefore, the biased estimatecogives us the serious problem on inferencg.of
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Bayesian Estimator: We assume that the prior density functiongspp ando?

are the following noninformative priors:

f5(B) o constant for —oco < B < o0, (23)

f,(0) o« constant for-1<p<1, (24)
1

f, (0%) = for0 < o2 < oo, (25)

In equation (24), theoretically we should haveé < p < 1.
As for the prior density ot2, since we consider that lagf has the flat prior for

—o0 < logo? < o0, we obtainf,, (0?) o 1/02.
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Note that in Section 6.1 the first element of the heteroscedasticity paraymister

also assumed to beftlise, where it is formulated as the logarithm of variance of

the error term, i.e., log?.
Combining the four densities (20) and (23) — (25), the posterior density function o

B, p ando?, denoted byfs,.. (8, p, 72|Yy), is represented as follows:

f500. (B, P> Olen)
o 1(Yelb, o, D) Es(B) £, () s (02)
« (A PN - P exp(- o0 Y- XBP). (26)

2
202 e
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We want to have random draws@fp ando? givenY,,

However, itis not easy to generate random draws pfando? from f4,,.. (B, p, 02| Yn).
Therefore, we perform the Gibbs sampler in this problem.

According to the Gibbs sampler, we can sample from the posterior density functio
(26), using the three conditional distributiofi,.. (Blo, 02, Yn), fop0. (018, 2, Yn)

and f,s,(2|8, p, Yn), Which are proportional tds,. (8, o, c?Y,) and are obtained

as follows:
o f5p0 (B, 02, Yy) is given by:

fﬁ‘p(re (ﬂlp’ 0-3’ Yn)
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o fa0. (B, 0, 72|Yp) o exr(— 2(];2 Z(y; - )(t*lg)Z)

€ t=1

= exp{—5 5 2°(06 - XA - X8 - A)))

€ t=1

= {3 D 06 X = 5508~ B (Y XX0E D)

€ t=1

< exH{-5(6- B (55 > XX - ). @7)

€ t=1

which indicates thg ~ N(3, o2(X, X’ X:)™1), whereg represents the OLS esti-
mate, i.e.8 = (i1 X X)) (L X)-
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Thus, (27) implies thagg can be sampled from the multivariate normal distribution

with means and variancer?(X1, X’ X:) .
e {50 (018, 2, Yy) is obtained as:

fplﬁo—e(plﬁa 0-39 Yn) o prO'e (ﬁa P 0'§|Yn)
n

(- PP ey O (% - XB)). (@9

€ t=1

for -1 < p < 1, which cannot be represented in a known distribution.

Note thaty; = y; (o) andX; = X{ (o).
Sampling from (28) is implemented by the MH algorithm.
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A detail discussion on sampling will be given later.
o f,.5.(02B, p, Yn) is represented as:
oo (0218, p, Yo) o0 fﬁpve(ﬂ P, O'2|Yn)
(az)n/m exp(~5 LS00 - Xer). (29)

Etl

which is written as follows:o? ~ 1G(n/2, 2/ 3., €?), or equivalently, 102 ~
G(n/2, 2/ Y1, %), wheree = y; — X'B.

Thus, in order to generate random drawggb ando? from the posterior density

fs00. (B, p» 2|Yn), the following procedures have to be taken:
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(i) Letg;, pi ando?; be theith random draws g8, p ando.

Take the initial values off, p, o2) as B-m, p-m, 02 _,,)-
(i) From equation (27), generag given pi_1, o2,_, and Yy, usingg ~ N(3,
o2 (S XX ™), wherep = (S X X)) HELLXY). % = ¥iloi-d)
andX = X{(oi-1)-
(i) From equation (28), genergtegiveng;, Uf,i_l andy,,.
Since it is not easy to generate random draws from (27), the Metropolis

Hastings algorithm is utilized, which is implemented as follows:
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(a) Generatep* from the uniform distribution betweenl and 1, which
implies that the sampling density pfis given by f.(olpi_1) = 1/2 for
-l<p<1.

Compute the acceptance probabilitfp;_1, p*), which is defined as:
(p *) mln[ prﬁO'é(p*Wi’ O-E,i—l’ Yn)/f*(p*lpl—l) 1]
w i-1, = ’
b pr,B(rE(pi—llﬁi’ O-E,i—l’Yn)/ f*(Pi—lLD*)
: [ foigor (07181, 072,15 V) )
=min 5 , 11.
fplﬁa'f (Pi—1|,3i > O-E,i—l’ Yn)

(b) Setp; = p* with probability w(pi_1, p*) andp; = pj_; otherwise.
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(iv) From equation (29), generadaei{i giveng;, pi andY,, using ¥o? ~ G(n/2,
2/ Y, U2), whereu, = y; — X8, Vi = Y; (o) andX; = X; (o).
(v) Repeat Steps (ii) — (iv) far=-M+1,-M +2,---, N, whereM indicates the

burn-in period.

Repetition of Steps (ii) — (iv) corresponds to the Gibbs sampler.

For suficiently largeM, we have the following results:

N
=3 a6) — E).

580



dlpi) — E(g(p))

Zlr Z|k

M= 1M

1l
[

a(c?) — E(g(@?)),

|
whereg(-) is a function, typicallyg(x) = x or g(x) = X2.
We define the Bayesian estimategnb ando? asE = (1/N) Z{ilﬁi,ﬁ = (1/N) Zi“ilpi
ando? = (1/N) 3%, o2;, respectively.

Thus, using both the Gibbs sampler and the MH algorithm, we have shown that w

can sample fronfs,, (8, p, o2|Yy).

See, for example, Bernardo and Smith (1994), Carlin and Louis (1996), Chen, She
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and Ibrahim (2000), Gamerman (1997), Robert and Casella (1999) and Smith ar
Roberts (1993) for the Gibbs sampler and the MH algorithm.

6.2.3 Monte Carlo Experiments

For the exogenous variables, again we take the data used in Section 6.1, in whi
the true data generating process (DGP) is presented in Judge, HiiitiGrand Lee
(1980, p.156).

As in equation (18), the DGP is defined as:

Vi = B1 + BoXor + BaXar + U, U = pUi_1 + €, (30)
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whereg, t = 1,2,---,n, are normally and independently distributed witlsEE O
and E€?) = o2.

As in Judge, Hill, Grifiths and Lee (1980), the parameter values are set t6;be (
B2, B3) = (10,1, 1).

We utilize X, andxs; given in Judge, Hill, Gfffiths and Lee (1980, pp.156), which
is shown in Table 1, and gener&esamples ofy; given theX; fort=1,2,---,n.

That is, we perforn@ simulation runs for each estimator, whé&e= 10* is taken.

The simulation procedure is as follows:

(i) Givenp, generate random numbers wffort = 1,2,---,n, based on the
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True Value| 10 1 1 0.9 1

AVE 10.012 0.999 1.000 0.559 0.752
SER 3.025 0.171 0.053 0.240 0.276
RMSE 3.025 0.171 0.053 0.417 0.372
Skewness | 0.034 -0.045 -0.008 -1.002 0.736
Kurtosis 2979 3.093 3.046 4.013 3.812
5% 5.096 0.718 0.914 0.095 0.363
10% 6.120 0.785 0.933 0.227 0.426
25% 7.935 0.883 0.965 0.426 0.550
50% 10.004 0.999 1.001 0.604 0.723
75% 12.051 1.115 1.036 0.740 0.913
90% 13.913 1.217 1.068 0.825 1.120
95% 15.036 1.274 1.087 0.863 1.255
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True Value| 10 1 1 0.9 1

AVE 10.010 0.999 1.000 0.661 1.051
SER 2.782 0.160 0.051 0.188 0.380
RMSE 2,782 0.160 0.051 0.304 0.384
Skewness | 0.008 -0.029 -0.022 -1.389 0.725
Kurtosis 3.018 3.049 2942 5391 3.783
5% 5498 0.736 0.915 0.285 0.515
10% 6.411 0.798 0.934 0.405 0.601
25% 8.108 0.891 0.966 0572 0.776
50% 10.018 1.000 1.001 0.707 1.011
75% 11.888 1.107 1.036 0.799 1.275
90% 13578 1.205 1.067 0.852 1.555
95% 14588 1.258 1.085 0.875 1.750
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True Value| 10 1 1 0.9 1

AVE 10.011 0.999 1.000 0.661 1.051
SER 2.785 0.160 0.051 0.189 0.380
RMSE 2,785 0.160 0.052 0.305 0.384
Skewness | 0.004 -0.027 -0.022 -1.390 0.723
Kurtosis 3.028 3.056 2938 5403 3.776
5% 5500 0.736 0.915 0.285 0.514
10% 6.402 0.797 0.934 0.405 0.603
25% 8.117 0.891 0.966 0572 0.775
50% 10.015 1.000 1.001 0.707 1.011
75% 11.898 1.107 1.036 0.799 1.277
90% 13.612 1.205 1.066 0.852 1.559
95% 14.600 1.257 1.085 0.876 1.747
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True Value| 10 1 1 0.9 1

AVE 10.010 0.999 1.000 0.661 1.051
SER 2.783 0.160 0.051 0.188 0.380
RMSE 2,783 0.160 0.051 0.304 0.384
Skewness | 0.008 -0.029 -0.021 -1.391 0.723
Kurtosis 3.031 3.055 2938 5.404 3.774
5% 5495 0.736 0.915 0.284 0.514
10% 6.412 0.797 0.935 0.404 0.602
25% 8.116 0.891 0.966 0573 0.774
50% 10.014 1.000 1.001 0.706 1.011
75% 11.897 1.107 1.036 0.799 1.275
90% 13.587 1.204 1.067 0.852 1.558
95% 14588 1.257 1.085 0.876 1.746
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assumptionsu; = pu;_1 + & ande ~ N(O, 1).
(i) Givenp, (Xa1, X3t) anduy, fort = 1,2,---,n, we obtain a set of datg, t =
1,2, ---,n, from equation (30), wheres{, 82, 83) = (10, 1,1) is assumed.

(iiiy Given (, X;) fort = 1,2,---,n, obtain the estimates &f= (8, p, ) by the
maximum likelihood estimation (MLE) and the Bayesian estimation (BE)

discussed in Sections 6.2.2, which are denoted &yds, respectively.
(iv) Repeat (i) — (iii)G times, whereG = 10* is taken.
(v) FromG estimates o, compute the arithmetic average (AVE), the standard

error (SER), the root mean square error (RMSE), the skewness (Skewnes:
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the kurtosis (Kurtosis), and the 5, 10, 25, 50, 75, 90 and 95 percent point
(5%, 10%, 25%, 50%, 75%, 90% and 95%) for each estimator.

For the maximum likelihood estimator (MLE), we compute:
18 18 1/2
— i) _ () 32
AVE = & >89, RMSE= (6 Z;(ej —6))) ",
g:

for j = 1,2,---,5, whereg; denotes thgth element o¥ andégg) represents

the jth element of) in thegth simulation run.

For the Bayesian estimator (BE),n the above equations is replaced &)y

and AVE and RMSE are obtained.
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(vi) Repeat (i) — (v) fop = -0.99,-0.98, - - -, 0.99.

Thus, in Section 6.2.3, we compare the Bayesian estimator (BE) with the maximui
likelihood estimator (MLE) through Monte Carlo studies.

In Figures 8 and 9, we focus on the estimates of the autocorrelatidicoe p.

In Figure 8 we draw the relationship betweemandp, wherep denotes the arith-
metic average of the fMMLEs, while in Figure 9 we display the relationship be-
tweenp andp, wherep indicates the arithmetic average of the BEs.

In the two figures the cases nf= 10, 15, 20 are shown, and\{, N) = (500Q 10%)

is taken in Figure 9 (we will discuss later abddtandN).
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If the relationship between andg (or p) lies on the 45 degree line, we can con-
clude that MLE (or BE) op is unbiased.

However, from the two figures, both estimators are biased.

Take an example gf = 0.9 in Figures 8 and 9.

When the true value is = 0.9, the arithmetic averages of AMLESs are given by
0.142 forn = 10, 0.422 fom = 15 and 0.559 fon = 20 (see Figure 8), while those
of 10° BEs are 0.369 fon = 10, 0.568 fom = 15 and 0.661 fon = 20 (see Figure
9).

As nincreases the estimators are less biased, because it is shown that MLE gives
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the consistent estimators.

Comparing BE and MLE, BE is less biased than MLE in the small sample, becaus
BE is closer to the 45degree line than MLE.

Especially, ap goes to one, the fference between BE and MLE becomes quite
large.

Tables 2 — 5 represent the basic statistics such as arithmetic average, standard el
root mean square error, skewness, kurtosis and percent points, which are compu
from G = 10* simulation runs, where the caserof 20 ando = 0.9 is examined.

Table 2 is based on the MLEs while Tables 3 — 5 are obtained from the BEs.
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Figure 10: Empirical Distributions ¢,
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Figure 11: Empirical Distributions ¢,
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Figure 13: Empirical Distributions qf
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Figure 14: Empirical Distributions af?
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To check whetheM andN are enough large, Tables 3 — 5 are shown for BE.
Comparison between Tables 3 and 4 shows whether5000 is large enough and
we can see from Tables 3 and 5 whether the burn-in pevlog¢ 1000 is large
enough.

We can conclude thal = 5000 is enough if Table 3 is very close to Table 4 and
thatM = 1000 is enough if Table 3 is close to Table 5.

The diference between Tables 3 and 4 is at most 0.034 (see 9@% and that
between Tables 3 and 5 is less than or equal to 0.013 (see Kurt@s}s in

Thus, all the three tables are very close to each other.
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Therefore, we can conclude that(N) = (100Q 5000) is enough.

For safety, hereafter we focus on the caseMyf) = (500Q 10%).

We compare Tables 2 and 3.

Both MLE and BE give us the unbiased estimators of regressiofficieatss;, 3,
andps, because the arithmetic averages from thé d€limates of3;, 8, andgs,

(i.e., AVE in the tables) are very close to the true parameter values, which are set
be (B1.2.83) = (10,1, 1).

However, in the SER and RMSE criteria, BE is better than MLE, because SER an

RMSE of BE are smaller than those of MLE. From Skewness and Kurtosis in the
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two tables, we can see that the empirical distributions of MLE and BE,0B4, 33)

are very close to the normal distribution. Remember that the skewness and kurto:
of the normal distribution are given by zero and three, respectively.

As for o2, AVE of BE is closer to the true value than that of MLE, because AVE of
MLE is 0.752 (see Table 2) and that of BE is 1.051 (see Table 3).

However, in the SER and RMSE criteria, MLE is superior to BE, since SER anc
RMSE of MLE are given by 0.276 and 0.372 (see Table 2) while those of BE ar¢
0.380 and 0.384 (see Table 3).

The empirical distribution obtained from 48stimates oé2 is skewed to the right
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(Skewness is positive for both MLE and BE) and has a larger kurtosis than th
normal distribution because Kurtosis is greater than three for both tables.

Forp, AVE of MLE is 0.559 (Table 2) and that of BE is given by 0.661 (Table 3).
As it is also seen in Figures 8 and 9, BE is less biased than MLE from the AVE
criterion.

Moreover, SER and RMSE of MLE are 0.240 and 0.417, while those of BE are
0.188 and 0.304.

Therefore, BE is morefcient than MLE.

Thus, in the AVE, SER and RMSE criteria, BE is superior to MLE with respect to
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P-

The empirical distributions of MLE and BE qf are skewed to the left because
Skewness is negative, which value is given-b002 in Table 2 and-1.389 in
Table 3.

We can see that MLE is less skewed than BE.

For Kurtosis, both MLE and BE g are greater than three and therefore the em-
pirical distributions of the estimates pfhave fat tails, compared with the normal
distribution.

Since Kurtosis in Table 3 is 5.391 and that in Table 2 is 4.013, the empirical distri
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bution of BE has more kurtosis than that of MLE.

Figures 10 — 14 correspond to the empirical distributions for each parameter, whic
are constructed from th® estimates used in Tables 2 and 3.

As we can see from Skewness and Kurtosis in Tables 2 agdeBdg;, i = 1, 2,3,

are very similar to normal distributions in Figures 10 — 12.

Forgi, i = 1,2, 3, the empirical distributions of MLE have the almost same centers
as those of BE, but the empirical distributions of MLE are more widely distributed
than those of BE.

We can also observe these facts from AVEs and SERs in Tables 2 and 3.
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In Figure 13, the empirical distribution pfi§ quite diferent from that op.

o is more skewed to the left thanahdp has a larger kurtosis than ~

Since the true value @fis 0.9, BE is distributed at the nearer place to the true value
than MLE.

Figure 14 displays the empirical distributionsced. MLE &2 is biased and under-
estimated, but it has a smaller variance thandBE

In addition, we can see that BE is distributed around the true value.
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6.2.4 Summary

In Section 6.2, we have compared MLE with BE, using the regression model witt
the autocorrelated error term.

Chib (1993) applied the Gibbs sampler to the autocorrelation model, where th
initial density of the error term is ignored.

Under this setup, the posterior distributioncofeduces to the normal distribution.
Therefore, random draws pfgiveng, o2 and §;, X;) can be easily generated.
However, when the initial density of the error term is taken into account, the pos

terior distribution ofp is not normal and it cannot be represented in an explicit
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functional form.

Accordingly, in Section 6.2, the Metropolis-Hastings algorithm have been appliec
to generate random draws @from its posterior density.

The obtained results are summarized as follows.

Giveng’ = (10,1,1) ando? = 1, in Figure 8 we have the relationship betwgen
andp, andp corresponding tp is drawn in Figure 9.

In the two figures, we can observe:

(i) both MLE and BE approach the true parameter value igdarge, and

(i) BE is closer to the 45degree line than MLE and accordingly BE is superior to
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MLE.

Moreover, we have compared MLE with BE in Tables 2 and 3, whete(10, 1, 1),

p = 0.9 ando? = 1 are taken as the true values.

As for the regression céiécients, both MLE and BE gives us the unbiased estima-
tors.

However, we have obtained the result that BB a more dficient than MLE. For
estimation ofor?,

BE is less biased than MLE.

In addition, BE of the autocorrelation déieientp is also less biased than MLE.
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Therefore, as for inference g BE is superior to MLE, because it is plausible to
consider that the estimated variancgd$ biased much more than that®f
Remember that variance gfdepends on both ando2.

Thus, from the simulation studies, we can conclude that BE performs much bette

than MLE.
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6.3 Marginal Likelihood, Convergence Diagnostic and so on
6.3.1 Marginal Likelihood (B2 L)

Model Selection— Marginal Likelihood
60) = [ fulve) o)

Evaluation of Marginal Likelihood = Proper Prior
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(i) Importance Sampling: Use of Prior Distribution

N
H0) = EGui0) = < D (v,

whered, is theith random draw generated from the prior distributipf).
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(i) Importance Sampling: Use of the Appropriate Importance Distribution

[ Tya(¥16) Fo(6) o Fe(¥16) f(6)

fue(Y16:) To(61)
< O,

whereg; is theith random draw generated from the appropriately chosen importanc

distributiong(9).

620



(iif) Harmonic Mean = Gelfand and Dey (1994) and Newton and Raftery (1994)

L 90 4 o(6)
B 0 d
fY(y) fy(y) f fy(y) f@\y(ely) Iy(9|)’) 0

9(6) 9(6)
f Loy @) MNP~ Z Ok

whereé; is theith random draw generated from the posterir distributigigly).

Thus, the marginal distribution is evaluated by:

-1
[(
f(y) ~ ( ; fyw(yle.)fe(e)] , =  Gelfand and Dey (1994).
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Wheng(0) = f4(0) is taken, the marginal distribution is given by:
-1

1w 1
f(y) ~ [N le fy|e(y|9i)) ., = Newton and Raftery (1994).
i=

(iv) Chib (1995) and Chib and Jeliazkov (2001)

fy(Y16) f(6)
fely(9|Y)

log f,(y) = log fys(y16) + log f,(8) — log fay(ly),

fy(y) =

whered denotes the Bayes estimates.

We need to evaluate Idgy(ély), using the Gibbs sampler or the MH algorithm.
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6.3.2 Convergence DiagnosticlR ZR¥ 7€)

We need to check whether tharn-in period is enough and whether MCMC con-
verges to thénvariant distribution ( 7Z2%).

Geweke (1992)

Divide the sample path into three periods, excluding the burn-in period..

Test whether the first period isfterent from the third period.

Suppose that we have the MCMC sequence,l.,1, - - -, 6o, 01, - - -, On.
The burn-in period is denoted Iy, 1, - - -, 6.

6y, - - -, Oy are divided by three periods.
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The first period is given by, - - -, 6y;.
The second period is given By .1, - - -, On,-
The third period is given b¥y,.1, - - -, On.

Consider a functiom(-).

1 & 1 9
Define @, = — Z g(6) and g;= N Z 0(6;)) for Ng = N—Ny—Nj.
Ny & 3 i=Ny+No+1
1. & 1 N
Estimate V() g(6)) and LV > u@)),
Ny i=1 3 i=Np+Np+l

which are denoted bg ands3, respectively.
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By the central limit theorem,

g, - E@) — N(O,1) and 0; — E(Gs)
si/ VNi ss/ VN3
Therefore, under the null hypothesis : E(g;) = E(G5),

— N(O, 1).

01— 03
\JSi/Ni + S5/N3

The case 0§(6)) = 6 = Testing whether the two means (i.e., first-moments) are

— N(O, 1).

equal.

The case ofj(¢) = 0> — Testing whether the two second-moments are equal.
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Computation ofs? and s; has to be careful, becaugé,), - - -, g(dn) are serially
correlated.

— Long-run variance.

Ny
Take an example off, which is an estimate OI\%V(Z a(6)).
1 =3
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N1 Ni

1. 1
EV(; 90)) = §; 2, 2, Cove@). 90))

i=1 j=1
. Nil(le(O) 42Ny — 1)y(1) + 20Ny — 2)y(2) + -~ + 2y(Ns — 1))

N1-1
=v(0)+ 2 Z k(NL))/(T), = Bartlett Kernel (Newy-West Est.)
=1 1

wherey(r) = Cov(@(6)), 9(6i+)).
We may choose the other kernels (for example, Parzen kernel or second-order sp

trum kernel; see p.166-167) f&(x).
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Thus,s] is estimated by:
d T
S =7(0)+2) K 7))
=1

forg< N; - 1. — Choice ofg andk(-).
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