
Econometrics I
(Tue., 8:50-10:20)

Room # 4 (法経講義棟)

• The prerequisite of this class isBasic Statistics (統計基礎) (by Prof. Oya, Tue.,

16:20-17:50, this semester) andEconometrics (エコノメトリックス) (undergradu-

ate level, next semester,『計量経済学』山本拓著，新世社).

• The class ofSpecial Lectures in Economics (Statistical Analysis),経済学特論

（統計解析） (by Prof. Oya, Wed., 10:30-12:00, this semester) should be registered.
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TA Session (by Mr. Yonekura):
From April 21, 2014

Wed., 16:20 - 17:50

Room # 605 (法経大学院総合研究棟)

Content: Basic Statistics, Matrix Algebra, and etc.
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Statistics Test (統計検定) on June 22 (Sun.)

• Exams：　 Level 2 (2級) – Level 4 (4級)

Note that Level 4 is Junior high school level,

Level 3 is High school level, and

Level 2 is the 1st or 2nd year statistics in undergraduate school.

See http: //www.toukei-kentei.jp/index.html in more detail.

• Qualification for Exam (受験資格)：

Undergraduate and Graduate Students in Osaka University

• Application Period (受験申込期間)：　 April 14 (Mon.) — May 14 (Wed.)

• Application Fee (受験料)：　 Free
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受験料は，平成 24年度に採択された文部科学省の大学間連携共同推進事

業「データに基づく課題解決型人材育成に資する統計教育質保証」から支

払われる。

連携校：　東京大学，大阪大学，総合研究大学院大学，青山学院大学（代

表校），多摩大学，立教大学，早稲田大学，同志社大学

ちなみに、連携大学以外の人の受験料は，

統計検定 2級 10:30～12:00 5,000円

統計検定 3級 13:30～14:30 4,000円

統計検定 4級 10:30～11:30 3,000円

となる。

• Exam Date (試験日)：　 June 22 (Sun.)

• Exam Place (場所)：　法経講義棟 # 1 – # 4
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1 Regression Analysis (回帰分析)

1.1 Setup of the Model

When (x1, y1), (x2, y2), · · ·, (xn, yn) are available, suppose that there is a linear rela-

tionship betweeny andx, i.e.,

yi = β1 + β2xi + ui , (1)

for i = 1, 2, · · · ,n. xi andyi denote theith observations.

−→ Single (or simple) regression model (単回帰モデル)

yi is called thedependent variable (従属変数) or theexplained variable (被説明変

数), while xi is known as theindependent variable (独立変数) or theexplanatory

(or explaining) variable (説明変数).
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β1 = Intercept (切片), β2 = Slope (傾き)

β1 andβ2 are unknownparameters (パラメータ，母数) to be estimated.

β1 andβ2 are called theregression coefficients (回帰係数).

ui is the unobservederror term (誤差項) assumed to be a random variable with mean

zero and varianceσ2.

σ2 is also a parameter to be estimated.

xi is assumed to benonstochastic (非確率的), butyi is stochastic (確率的) because

yi depends on the errorui.

The error termsu1, u2, · · ·, un are assumed to be mutually independently and identi-

cally distributed, which is callediid. −→ discussed later.

It is assumed thatui has a distribution with mean zero, i.e., E(ui) = 0 is assumed.
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Taking the expectation on both sides of (1), the expectation ofyi is represented as:

E(yi) = E(β1 + β2xi + ui) = β1 + β2xi + E(ui)

= β1 + β2xi , (2)

for i = 1, 2, · · · ,n. Using E(yi) we can rewrite (1) asyi = E(yi) + ui.

(2) represents the true regression line.

Let β̂1 andβ̂2 be estimates ofβ1 andβ2.

Replacingβ1 andβ2 by β̂1 andβ̂2, (1) turns out to be:

yi = β̂1 + β̂2xi + ei , (3)

for i = 1, 2, · · · ,n, whereei is called theresidual (残差).

The residualei is taken as the experimental value (or realization) ofui.
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We define ˆyi as follows:

ŷi = β̂1 + β̂2xi , (4)

for i = 1, 2, · · · ,n, which is interpreted as thepredicted value (予測値) of yi.

(4) indicates the estimated regression line, which is different from (2).

Moreover, using ˆyi we can rewrite (3) asyi = ŷi + ei.

(2) and (4) are displayed in Figure 1.

Consider the case ofn = 6 for simplicity. × indicates the observed data series.

The true regression line (2) is represented by the solid line, while the estimated re-

gression line (4) is drawn with the dotted line.

Based on the observed data,β1 andβ2 are estimated as:̂β1 andβ̂2.
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Figure 1. True and Estimated Regression Lines (回帰直線)
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In the next section, we consider how to obtain the estimates ofβ1 andβ2, i.e., β̂1 and

β̂2.
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1.2 Ordinary Least Squares Estimation

Suppose that (x1, y1), (x2, y2), · · ·, (xn, yn) are available.

For the regression model (1), we consider estimatingβ1 andβ2.

Replacingβ1 andβ2 by their estimateŝβ1 and β̂2, remember that the residualei is

given by:

ei = yi − ŷi = yi − β̂1 − β̂2xi .

The sum of squared residuals is defined as follows:

S(β̂1, β̂2) =
n∑

i=1

e2
i =

n∑
i=1

(yi − β̂1 − β̂2xi)
2.

It might be plausible to choose thêβ1 and β̂2 which minimize the sum of squared

residuals, i.e.,S(β̂1, β̂2).

This method is called theordinary least squares estimation (最小二乗法，OLS).
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To minimizeS(β̂1, β̂2) with respect tôβ1 andβ̂2, we set the partial derivatives equal

to zero:

∂S(β̂1, β̂2)

∂β̂1

= −2
n∑

i=1

(yi − β̂1 − β̂2xi) = 0,

∂S(β̂1, β̂2)

∂β̂2

= −2
n∑

i=1

xi(yi − β̂1 − β̂2xi) = 0.

The second order condition for minimization is:( ∂2S(β̂1,β̂2)
∂β̂21

∂2S(β̂1,β̂2)
∂β̂1∂β̂2

∂2S(β̂1,β̂2)
∂β̂2∂β̂1

∂2S(β̂1,β̂2)
∂β̂22

)
=

( 2n 2
∑n

i=1 xi

2
∑n

i=1 xi 2
∑n

i=1 x2
i

)
should be a positive definite matrix.

The diagonal elements 2n and 2
∑n

i=1 x2
i are positive.

The determinant:∣∣∣∣∣∣ 2n 2
∑n

i=1 xi

2
∑n

i=1 xi 2
∑n

i=1 x2
i

∣∣∣∣∣∣ = 4n
n∑

i=1

x2
i − 4(

n∑
i=1

xi)
2 = 4n

n∑
i=1

(xi − x)2
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is positive. =⇒ The second-order condition is satisfied.

The first two equations yield the following two equations:

y = β̂1 + β̂2x, (5)
n∑

i=1

xiyi = nxβ̂1 + β̂2

n∑
i=1

x2
i , (6)

wherey =
1
n

n∑
i=1

yi andx =
1
n

n∑
i=1

xi.

Multiplying (5) by nx and subtracting (6), we can deriveβ̂2 as follows:

β̂2 =

∑n
i=1 xiyi − nxy∑n
i=1 x2

i − nx2
=

∑n
i=1(xi − x)(yi − y)∑n

i=1(xi − x)2
. (7)

From (5),β̂1 is directly obtained as follows:

β̂1 = y− β̂2x. (8)
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When the observed values are taken foryi andxi for i = 1, 2, · · · ,n, we say that̂β1

andβ̂2 are called theordinary least squares estimates (or simply theleast squares

estimates,最小二乗推定値) of β1 andβ2.

Whenyi for i = 1,2, · · · ,n are regarded as the random sample, we say thatβ̂1 andβ̂2

are called theordinary least squares estimators (or theleast squares estimators,

最小二乗推定量) of β1 andβ2.

1.3 Properties of Least Squares Estimator

Equation (7) is rewritten as:

β̂2 =

∑n
i=1(xi − x)(yi − y)∑n

i=1(xi − x)2
=

∑n
i=1(xi − x)yi∑n
i=1(xi − x)2

− y
∑n

i=1(xi − x)∑n
i=1(xi − x)2

=

n∑
i=1

xi − x∑n
i=1(xi − x)2

yi =

n∑
i=1

ωiyi . (9)
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In the third equality,
n∑

i=1

(xi − x) = 0 is utilized because ofx =
1
n

n∑
i=1

xi.

In the fourth equality,ωi is defined as:ωi =
xi − x∑n

i=1(xi − x)2
.

ωi is nonstochastic becausexi is assumed to be nonstochastic.

ωi has the following properties:

n∑
i=1

ωi =

n∑
i=1

xi − x∑n
i=1(xi − x)2

=

∑n
i=1(xi − x)∑n

i=1(xi − x)2
= 0, (10)

n∑
i=1

ωi xi =

n∑
i=1

ωi(xi − x) =
∑n

i=1(xi − x)2∑n
i=1(xi − x)2

= 1, (11)

n∑
i=1

ω2
i =

n∑
i=1

(
xi − x∑n

i=1(xi − x)2

)2

=

∑n
i=1(xi − x)2(∑n

i=1(xi − x)2
)2
=

1∑n
i=1(xi − x)2

. (12)

The first equality of (11) comes from (10).

14



From now on, we focus only on̂β2, because usuallyβ2 is more important thanβ1 in

the regression model (1).

In order to obtain the properties of the least squares estimatorβ̂2, we rewrite (9) as:

β̂2 =

n∑
i=1

ωiyi =

n∑
i=1

ωi(β1 + β2xi + ui)

= β1

n∑
i=1

ωi + β2

n∑
i=1

ωi xi +

n∑
i=1

ωiui = β2 +

n∑
i=1

ωiui . (13)

In the fourth equality of (13), (10) and (11) are utilized.
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[Review] Random Variables:

Let X1, X2, · · ·, Xn be n random variavles, which are mutually independently and

identically distributed.

mutually independent =⇒ f (xi , xj) = fi(xi) f j(x j) for i , j.

f (xi , x j) denotes a joint distribution ofXi andXj.

fi(x) indicates a marginal distribution ofXi.

identical =⇒ fi(x) = f j(x) for i , j.

[End of Review]
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[Review] Mean and Variance:

Let X andY be random variables (continuous type), which are independently dis-

tributed.

Definition and Formulas:

• E(g(X)) =
∫

g(x) f (x)dx for a functiong(·) and a density functionf (·).

• V(X) = E((X − µ)2) =
∫

(x− µ)2 f (x)dx for µ = E(X).

• E(aX+ b) = aE(X) + b and V(aX+ b) = V(aX) = a2V(X) for constanta andb.

• E(X ± Y) = E(X) ± E(Y) and V(X ± Y) = V(X) + V(Y).

[End of Review]
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Mean and Variance of β̂2: u1, u2, · · ·, un are assumed to be mutually indepen-

dently and identically distributed with mean zero and varianceσ2, but they are not

necessarily normal.

Remember that we do not need normality assumption to obtain mean and variance

but the normality assumption is required to test a hypothesis.

From (13), the expectation ofβ̂2 is derived as follows:

E(β̂2) = E(β2 +

n∑
i=1

ωiui) = β2 + E(
n∑

i=1

ωiui) = β2 +

n∑
i=1

ωiE(ui) = β2. (14)

It is shown from (14) that the ordinary least squares estimatorβ̂2 is an unbiased

estimator ofβ2.

From (13), the variance of̂β2 is computed as:

V(β̂2) = V(β2 +

n∑
i=1

ωiui) = V(
n∑

i=1

ωiui) =
n∑

i=1

V(ωiui) =
n∑

i=1

ω2
i V(ui)
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= σ2
n∑

i=1

ω2
i =

σ2∑n
i=1(xi − x)2

. (15)

The third equality holds becauseu1, u2, · · ·, un are mutually independent.

The last equality comes from (12).

Thus, E(̂β2) and V(̂β2) are given by (14) and (15).
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