Testing Linear Restrictions (F Distribution):

1. If u~ N(O,02l,), thens ~ N(B, r2(X’ X)) .
Consider testing the hypothesis : R =r.
R: Gxk, rankR) = G < k.

R3 ~ N(RB, ?R(X'X)"IR).

(R3 - r)(RIX'X)'R) *(R5 - 1)

o2

Therefore, ~ X*(G).

Note thatR3 = .

(@) Wheng ~ N(B, c4(X’X)™1), the mean oR3 is:
E(RB) = RE(B) = RB.
(b) Whenp ~ N(B, 3(X’X)™1), the variance oR3 is:
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V(RB) = E((RB - RB)(R3 - RB)') = E(R(B - B)(B - BY'R)
= RE((3 - B(B-B))R = RV(B)R = o*R(X'X)'R.
(n-Ks* _ee_(y-XB'(y-XB)

2. We know that — =5 - = x’(n-K.

3. Under normality assumption an 3 is independent oé.

4. Therefore, we have the following distribution:

(RB— 1) (RX'X)'R)(R6 - 1)/G
(= XBY(y=XB)/(n-K)

~F(G,n-k)
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5. Some Examples:

(a) t Test:
The case oG = 1,r =0andR = (0,---,1,---,0) (theith element oR
is one and the other elements are zero):
The test oHy : B = O is given by:

(RB - r)’(R(X’X);R)‘l(RB -n/G _ S/j; CFLn-K.

wheres? = ¢e/(n- k), R3 = 3 and
a; = ROX’X)"'R = thei row andith column of ’X)™.

*) Recall thatY ~ F(1, m) whenX ~ t(m) andY = X2,
Therefore, the test dfly : B = 0 is given by:
B
SVai

~t(n - K).
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(b) Test of structural change (Part 1):

{Xiﬁl"‘ui’ i=12---,m

XB2+U, i=m+1m+2-.--.n
Assume that; ~ N(O, o).

In a matrix form,

Y1 X1 0 Uy
Y2 X2 0 U,
Ym 0 (ﬁl ) Um
= +
Ym1 0 Xme1 ﬁz Um+1
Ym+2 0 Xm2 Uni-2
yn O Xn un
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Moreover, rewriting,
(o)=(s )l
= +u
Y 0 X/ \p

Y=XG+U

Again, rewriting,

The null hypothesis i$g : 81 = .
Apply theF test, usingR = (Ix — Ix) andr = 0.
In this caseG = rank®) = kandg is a X« x 1 vector.
The distribution ig=(k, n — 2K).
(c) The hypothesis in which sum of the 1st and 2ndffioents is equal to
one:

R=(11.0,---,0),r=1
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In this caseG = rankR) = 1
The distribution of the test statistic i1, n — k).
(d) Testing seasonality:
In the case ofjuarterly data (FU¥#§7—#4), the regression model is:
y=a+ a1D; + 2Dy + a3D3 + XBp + U
D; = 1inthejth quarter and O otherwise, i.;, | = 1,2,3, are sea-
sonal dummy variables.

Testing seasonality= Hp: a1 =a;=a3=0

a
a1 01 00O0:.--0 0

B=|az|, R=(0 0 1 0 0 --- 0Of, r=|o
as 0O 001 0--0 0
Bo
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In this caseG = rank®) = 3, andB is ak x 1 vector.
The distribution of the test statistic K53, n — k).
(e) Cobb-Douglas Production Function:
Let Q;, K; andL; be production, capital stock and labor.

We estimate the following production function:

log(Q)) = B1 + B210g(Ki) + Bslog(Li) + ui.
We test a linear homogeneous {X[Fl¥X) production function.
The null and alternative hypotheses are:

HO: ﬁ2+ﬁ3:11
Hy: B2+ 63 # 1.

Then, set as follows:

R=(0 1 1), r=1
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() Test of structural change (Part 2):
Test the structural change between time periodsdm + 1.

In the case where both the constant term and the slope are changed,

regression model is as follows:
Yi = @+ B + vt +6dix + Ui,

where
0, fori=12---,m,
d =
1, fori=m+1m+2---,n.
We consider testing the structural change at time 1.
The null and alternative hypotheses are as follows:
Ho : Y= 0=0,
Hi: y#0,0r6 #0.
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Then, set as follows:

0010 0
(o004 "l
0001 0

(g) Multiple regression model:

Consider the case of two explanatory variables:

Vi = a+BX + vz + U.
We want to test the hypothesis that neitkenor z depends ory;.
In this case, the null and alternative hypotheses are as follows:

Ho:ﬂ:)/:O,
Hi: B#0, or,y #0.

Then, set as follows:
01 0 0
=y 0 o) =(o)
0 0 1 0
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Codficient of Determination R? and F distribution:

@ The regression model:

Yi = X + U = B1+ Xoif2 + Ui

where

B
= ). =),
B2
X+ 1xKk, Xoi - 1x(k-1), B kx1, B (k—=1)x1

Define:
X21
X22
X, =
Xon
Then,
B

y=XB+u=(i Xz)( )+u:iﬁ1+Xzﬁz+u,

2
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where the first column oX corresponds to a constant term, i.e.,
1

1
X=(i X)), i=

1

@ Consider testingdy : 8, = 0.

TheF distribution is set as follows:
RZ(O |k—1), r=0

whereRis a k — 1) x k matrix andr is a k — 1) x 1 vector.

(R3 — 1Y (RIX'X)'R) ™ (R3 - 1)/(k — 1)
T ~ Fk-1,n-K)

We are going to show:
(RB— ) (RX'X)'R) ™ (RB — 1) = ByXsMXoB2,
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1.
whereM = |, - ﬁ”/'

Note thatM is symmetric and idempotent, i.&4’'M = M.
Y-y
Y2—-Y
. |=My
Yn—Y

R(X'X)"IR is given by:

lk-1

i,i |X2 !
o ol )
X XoXe) Iy
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RX'X)'R = (0 'k—l)(( )i XZ)) (O)
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[Review] The inverse of a partitioned matrix:

(All Alz)
Aoy Ag)

whereA;; andA,, are square nonsingular matrices.
AL ( Bi1 —Bl1A12A§% )
~APBL A+ ARABLALAL)
whereB;; = (A1 — AAS2 A1), or alternatively,
AL (AI% + AI%A12822A21AI% —AI%Alszz)
—BooAniALL B2, ’
WherEBzz = (A22 - Az]_AI]l_Alz)_l.

[End of Review]
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Go back to thd- distribution.

( i i )‘1
Xoi X5

(3 (X5 X — x;i(i’i)-li'xz)-l)

(5 (x;(ln—%ii')xz)-l) ( (XéMXz)_l)

Therefore, we obtain:

il i\t 0
o wall) 2
Xél XQXQ o1

_ (0 |k_1)(; °

_ ’ -1
(XéMXz)‘l) ( |k_1) = PeMXa™

Thus, undeHy : B, = 0, we obtain the following result:

(RB—rY (RXX)IR) HRB - r)/(k—1) _ ByXsMXoB,/(k— 1)
ee/(n—Kk) - ee/(n—Kk)

~ F(k-=1,n—K).
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