Proof of the above equality:

fL(H; xX)dx =1

Take a derivative with respect &

f&L(Q; X)dx 0
a0

(We assume that (i) the domainxtioes not depend anand (ii) the derivative
oL(0; X)
a0

Rewriting the above equation, we obtain:

dlogL(6;x), , B
f %0 L(6; X)dx = 0,

exists.)
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Again, differentiating the above with respectfowne obtain:

d%logL(6;x), , dlogL(#; X) OL(6; X)
f ST L(6; X)dx + f %9 54 dx

_ [ *logL(®;x), . dlogL(#; X) dlog L(6; X)
- f 3000’ LG xax + f 90 00
_ (9logL(6; X) dlogL(6; X) 6log L(6; X)
- E( 3000’ ) i E( a0 00

L(6; x)dx

)=0.

Therefore, we can derive the following equality:

_E(az log L(6; X)) _ E(a log L(6; X) 0log L(; X)) _v ((’) log L(6; X))
3600’ B 90 00 - 90 ’

where the second equality utiIizez( Iogal_e(e; X)) =0.

3. Cramer-Rao Lower Bound (7 2 X —JL - A D TFR): (1(0)*

Suppose that an estimatoréis given bys(X).
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The expectation of(X) is:

() = [ s09L(6: e
Differentiating the above with respect#o

8E(S(X)) fs( )5'—(9 X) 4x — fs( )ML(Q x)dx

= Cov(s(X), —GIOQ(;SH X))
For simplicity, lets(X) andé be scalars.
Then,
FE(S(X) ) dlogL(6; X)\\* dlogL(6; X)
(557 =[cov(s00 Z225ER ) < visoonv (FREEER)
dlogL(d; X)
<v (s (Z222020),
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: : dlogL(6; X
wherep denotes the correlation ciheient betweers(X) andM

09 B
Cov( ). 0 Iog(I?_Q(H; X))
p:
) \/ M)

Note thatp| < 1.
Therefore, we have the following inequality:

(DN < vispop v

dlogL(g; X)
00 ’

IE(S(X))\?
=)
v (6 Iog(;.@(e; X))

V(s(X)) =
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Especially, when EX)) = 6,

1

d%logL(8; X)
=5

V(s(X)) 2 = (1)

Even in the case wher#X) is a vector, the following inequality holds.

V(s(X)) = (1(6) ™,

wherel (0) is defined as:

2 .
0--e[Z15%)
_E dlogL(0; X) dlog L(6; X) _v dlogL(0; X)
_( 90 00 )_( 90 )

The variance of any unbiased estimatop a larger than or equal td (¢)) .
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4. Asymptotic Normality of MLE:
Let 6 be MLE of 6.

As n goes to infinity, we have the following result:

V(@ - 6) — N(O ||m( ())_l)

n

. (1(6
where it is assumed that I|<n%) converges.

Nn—oo

That is, whem is large,d is approximately distributed as follows:
~N(6.(1()).

Suppose thas(X) = 6.
Whennis large, (s(X)) is approximately equal td (6)) .
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5. Optimization (&&1k):
MLE of 6 results in the following maximization problem:

max logL(#8; x).
0

We often have the case where the solutiof ©f not derived in closed form.

= Optimization procedure

_OlogL(g;x) adlogL(¢*;x) 6%logL(6”;X)

0 50 0 00

@ - 6).

Solving the above equation with respectiave obtain the following:

0=6"— (52 logL(6"; x))‘1 dlogL(6": x)

06000’ 00

Replace the variables as follows:
g —s 60+Y)
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g — Y

Then, we have:

D _ ) _ 821og L(6"; x)\ " alogL(6D; x)
B A000 90 '

= Newton-Raphson method Eax— kY - STV ViK)

Replaci
eplaciNg— a0 9000

timization algorithm:

S0 _ g0 _ [P 1ogL(e?; %) “alogL(69; x)
0006’ 00
-1 9logL(Y; x)
00

2 @i)- 2 (i)
M b E(M), we obtain the following op-

=60+ (1(69))

= Method of Scoring (R 3 773%)
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9.1 MLE: The Case of Single Regression Model

The regression model:

Yi = B1+ B2X + Ui,
1. u ~ N(0, o?) is assumed.

2. The density function ofj; is:

() =

! ex —iu2
\2no? P\72021 )
Becauseuy, Uy, - - -, U, are mutually independently distributed, the joint density

function ofug, Uy, - - -, U, IS written as:

f(ug, Up, - -+, un) = fug) f(uz) - - - f(upn)
2

1 1 <
= @2z P 202 2,4

138



3. Using the transformation of variable;(= y; — 81 — 82X), the joint density

function ofyy, s, - - -, ¥y iS given by:

1 1 %

f e = - E - — By — BoX)?
(yl’ Yo, s Yn) (271'0'2)”/2 eXp 20_2 - (y ﬁl 182X|)

= L(ﬁ].’ﬁZ’ 0'2|Y1, YZ, Tty Yn)

L(B1, B2, 2ly1. Yo, - - -, Yn) is called the likelihood function.

log L(B1. B2, |y, Y2, - - -, Yn) is called the log-likelihood function.

|Og L(ﬂl’ﬂ27 O-2|yla y29 Tty yn)
n n 1 &
= —5 log(2x) - 5 log(e?) - 5~ ;(yt ~ B1— Boxi)?
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4. Transformation of Variable (Z#Z#i) — Review.
Suppose that the density function of a random variabie f,(x).

Defining X = g(Y), the density function oY, f(y), is given by:

50) = fa0) | |

In the case wherX andg(Y) aren x 1 vectors

’M' should be replaced by

'6g(y)‘ which is an absolute value of a determinant of the ma&ﬂgl
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Example: WhenX ~ U(0, 1), derive the density function of = —log(X).

f(X) = 1

X = exp(Y) is obtained.

Therefore, the density function &f fy(y), is given by:

f(y) = j—§ f.(00)) = | - exp(y)| = expl-y)
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5. Given the observed data, Y-, - - -, Yn, the likelihood functionL(B1, B2, o2|yx,
Yo, <=+, Yn), Or the log-likelihood function lod(81, B2, o2ly1, Y2, -+, Yn) IS

maximized with respect tg(, 8o, o?).

Solve the following three simultaneous equations:

dlog L(B1, B, 02Y1, Vo, - - - 1 <
gL(B: ,32(;81M Y2 Yn) :;Z(yi — B1 - Bax) = 0,
i=1

0 |0g L(ﬂl,ﬁz, 0'2|y1, Yo, Yn) 1 n
=— ) (Vi—B1—B2x)% =0,
B2 o? ;

(9 |Og L(ﬁl’ﬁ27 0'2|Y1, y27 Tty yn) — n 1 1

7 Z(Yi — B1—B2x)? = 0.
i=1

02 202 " 207 «

The solutions of £, 5,, o) are called the maximum likelihood estimates,
denoted byf:, B2, 52).
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The maximum likelihood estimates are:

- YL (= X)(Yi - ) s s L, 1 . .
B2 = éin:l(xi_y()z ’ B1 =Y~ B2X, Uzzﬁ;(yi_ﬁl_ﬁzxi)z-

The MLE of o2 is divided byn, notn — 2.
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9.2 MLE: The Case of Multiple Regression Model |

1. Multivariate Normal Distribution: X : nx 1 andX ~ N(u, X)

The density function oKX is:
1
_ /215 1—-1/2 ry-1
f(x) = (2n)"Z| ex;{—z(x—y) ) (x—,u)).

2. Regression model: y=X8+u, u~ N(0,c?l,)
Transformation of Variables fromto y:
1
— 2\—-n/2 ’
fu(u) = 2ro)™ exr(—ﬁu u)
ou
oy’
1
_ 2y-n/2 = (v— XBY(v—
= (2r0?) " exp(~ =5 (y - XB) (v - XB))
=L(8;y, X),

L) = fuly - XB) \
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