whered = (8, o?), because 01(%{ =1,

Therefore, the log-likelihood function is:
. n 2 1 ’
logL(#; Y, X) = ~5 109(2r0%) ~ 5—5(y ~ XB) (¥ = XB).

Note thatZ| 2 = |02l Y% = 2.

3. max logL(8;y, X)

6
(FOC) W =0
2 .
(SOC) 9 IO%;‘;Z 2 is a negative definite matrix.
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We obtain MLE ofg ando:

52 V= XB - XB)

B =(X'X)XYy, .

whered? is divided byn, notn — k.

4. Fisher's information matrix is:

9*logL(8;y, X))
06006’

1(6) = —E(

The inverse of the information matrix(6)~!, provides a lower bound of the

variance - covariance matrix for unbiased estimatois.of

(O'Z(X’X)‘l 0 )

1) = 204

B B\ (FPXX)T 0
For largen, we approximately obtain( . 2) ~N (( ) ) , ( 0 204 ))
g d T
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9.3 MLE: The Case of Multiple Regression Model Il

1. Regression model: y=X8+u, u~ N(0,c?Q)

Transformation of Variables fromtoy:

fu(u) = (2na?) Q2 ex;( 53U 'Q u)

= (2n0?) QM x5 5y~ XBY Ny - XB))
~L(@B:y. X).

whered = (B, 0?), because o% =1,
The log-likelihood function is:
. n 2 1 1 r-1
logL(67y, X) = 5 log(2r0) — 5 log || - 5—(y = XB) Q™ (y — Xp),

147



whereé = (8, 52).

2. max logL(6;y, X)
0

(Foc) 19LEOY.X)

0% logL(6;y, X)
0000’
Then, we obtain MLE of ando?:

(SOC) is a negative definite matrix.

2 V=X Y- XP)

B — (X/Q—lx)—lle—ly, -

3. Fisher’s information matrix is defined as:

d%logL(8;y, X))

16) = -§( 8060

The inverse of the information matrix(6)~!, provides a lower bound of the
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variance - covariance matrix for unbiased estimato wfhich is given by:

a2(X'QIX)t 0 )

16) " = ( 0 20"
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9.4 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AB(Model (p ¥X® A c.[alF € 7 V):

Yo = @Y1+ PaYr2+ -+ PpYip + U

AR(1) Model: t=2,3,---,n,
Vi = 11 + U, U~ N(O, 0'2)
where|¢;| < 1 is assumed for now.

To obtain the joint density function @f, y», - - -, Yn, (Y, Yn-1,- -, Y1) IS decomposed

as follows:
n
F Yo Yoo, 5 ya) = ) | | F ORIy, ya).
t=2
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Fromy; = ¢1Y;_1 + U, We can obtain:

E(ytlyt—l» Y yl) = ¢lyt—11 and V@tlyt—l’ Y yl) = 0-2'

Therefore, the conditional distributiolr{y|y;_1, - - -, Y1) IS:

1
f(VilYi-1, -+, Y1) = eXp(_ZT-Z(yt — p1ye1)?|.

1
V202
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To obtain the unconditional distributiof(y;), y; is rewritten as follows:

Vi = P1Yr1 + W

2
= P7Vi—2 + Uy + P1Ui1

= @Yo j + U+ drlhg + - + Pl |

= Up+ Pl 1 + Palh_p + -, whenj goes to infinity.
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The unconditional expectation and varianceas:

0.2

= 1_¢%_

Therefore, the unconditional distribution yfis given by:

1

1
expl -——
2102/(1 - ¢?) p( 202/(1 - ¢7)

fy) = yz) |
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Finally, the joint distribution o¥/,y,, - - -, ¥, iS given by:

n
F(Yo Y1, ¥1) = Fya) | | FORIYen, -+, y)
t=2

1

1
expl—————=-
J2ra? /(1 - ¢2) p( 20%/(1 - ¢7)

n
X

g

e %
|| o2 Xp T 552 Vi — d1Yi-1
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The log-likelihood function is:

1
202/(1 - ¢§)

n-— 1 2 1 - 2
—— log(2r0°) - 252 ;(yt = P1Ye-1)".

1
10gL(¢1, 0%} Y Y-, Y1) = =5 l0g(2n0*/ (1 - 6)) - yi

Maximize logL with respect tap, ando?.

Maximization Procedure:

¢ Newton-Raphson Method, or Method of Scoring

e Simple Grid Search (search maximization within the ranfje< ¢; < 1, chang-
ing the value ofp; by 0.01)
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

Vi = XLB + U, U = pU—1 + &, & ~ iid N(O, O'E)

The joint distribution ofu,, Uy_1, - - -, Uy IS:

n
fu(Un, Un 1, s p, 02) = fu(uz; p, ) | ] fulWhln s, -+, s p, )
t=2

= (2no2/(1 - p?)) V2 exp(—mﬁ)

1 n
2\—(n-1)/2 2
x(2no?)~1) exp[— 5 g (U — pUr_1) ]

€ t=2
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By transformation of variables fromy,, Un_1,- -+, Uy tO Y, Yn_1, - - -, Y1, the joint dis-

tribution of y,, Y1, -+, Y1 iS:

fy (Yo Y1+ +» Y15 0, 02, B)

]
= fulYn = XaB, Y1 = X018, -+, Y1 — Xu8; p, 02) a;"
_ 2 _ 2 -1/2 _ 1 _ 2
— @ro2 (1~ ) 7 exp{ 5y 01 - 38

n

X(2r0?) (12 exp[— 2;_2 Z((Yt = PYr-1) — (X — PXt—l)ﬁ)z)

€ t=2

1
2
207

= (2n0?) (1 - p?)V? eXIO(— (V1-p2y1— y1- pleﬂ)z)

n

X(2r02) "D/ eXp[— 22-_2 Z((Yt = PYr1) — (% — PXt—l)ﬁ)zJ

€ t=2

= (2n02) (1 — pA)V2 exp(—%(ﬁ - x*;,g)z) X exp(— 2(172 Z(Y{ - Xfﬁ)z)

€ t=2
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1
= (20 oD (L PP exp[— =
0-6

= L(0, 02,8 Y Y1, *» Y1)

wherey; andx are given by:

v1- P*Yrs
ytk =
Yt — PYr-1,
By \/1 - pzxt,
Xt =
Xt — PXi-1,

n

fort =1,
fort=2,3,---
fort=1,
fort=2,3,---
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© For maximization, the first derivative &fjo, o2, 8; Yn, Yn-1. - - - » Y1) With respect to

8 should be zero.
5 T T
B=0 %) O K
t=1 t=1
— (X*,X*)_lx*,w

— This is equivalent to OLS from the regression modgl:= X*B + € ande ~
N(O, 021 ,), whereo? = 02/(1 - p?).
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© For maximization, the first derivative &fjo, o2, 8; Yn, Yn-1. - - - » Y1) With respect to
a2 should be zero.

- 1% IO .
52 5 LV RB = 0 - XY - XB)

where
y; \ 1- pzyl Xj_ aY; 1- p2X1
Y Y2 — pY1 X5 X2 — pXg
yk = '2 = . . X>‘< = 2 =
Yn Yn — PYn-1 Xn Xn — PXn-1
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© For maximization, the first derivative &fjo, o2, 8; Yn, Yn-1. - - - » Y1) With respect to

p should be zero.

maxL(p,0?,B;Y) is equivalent to mak (o, 52,3, Y).
ﬂ’a—esp P

L(p, 52 B;y) is called theconcentrated log-likelihood function EE KX EA B RI%R

), which is a function op, i.e., botho2 and depend only om.
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The log-likelihood function is written as:

.o n n - 1 n
logL(p,52,8;Y) = =3 log(2r) - > log(5?) + > log(1-p%) - 5

= —g log(2r) — 2 - g log(6%(p)) + % log(1 - p?)

For maximization of lod., use Newton-Raphson method, method of scoring or sirr

ple grid search

Note thato? = 53(p) = %(y* — X'BY (y* = X*B) for B = (X' X*) 71Xy
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