Remark: The regression model with AR(1) error is:

Vi = XfB + U, U = pl—1 + &, & ~ 1id N(O, 0'?)

1 o pz pn—l
o 1 o p2 . pn—2
2 n-3
rmop 1op P o2
V(u) = o? , , = 0%Q, wheres? = ——.
e -p
: p
pn—l pn—z .. p2 p 1
where Cov(i, u;) = E(uiu;) = o?0'1l, i.e., theith row andjth column ofQ is p!-Jl.
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The regression model with AR(1) erroris: y= X8+ U, u ~ N(O, 2Q).
There existd? which satisfies tha = PP, becaus® is a positive definite matrix.
Multiply P! on both sides from the left.

Ply=PIXg+Plu =y =Xpg+u andu’ ~ N(O,ac?l,)
= Apply OLS.
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W = 2 = . ! = 0 —pP 1 = P_ly
Yn Yn — PYn-1 0 i 0 —p 1 Yn
X; V1-p%%
X X2 — pX1
X = _2 = ) = P1X = CheckP1QPY = al,,
: : wherea is constant.
X; Xn — PXn-1
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, th

gression model is written as follows:
Vi = X6 + U, U ~ id N(O, O'iz), 0_i2 = (Zia/)z.
The joint distribution ofu,, u,_1, - - -, Uz, denoted byf,(-; -), is given by:

n
10g fu(Un, Un-1,++, Ug; 03+, 08) = Y log fu(u; o)
i=1

n 1< 1 (u\?
= _E IOg(??T) - E iél |Og(0'|2) - z izgl (;I)
n 1< 1 u )\
= log(2r) - > él log(ze)? - > 2 (Z_a)

By the transformation of variables froog, u,_1,---,U; t0 Yn, Yn-1,- - -, Y1, the log-
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likelihood function is:

L., ; Yn. Yn-1, - - > Y1) = l0g fy(Yn, Yn-1. - - -, Y1 @, B)

= log fu(Yn — XaB, Yn-1 — Xn-18, - -, Y1 — X45; 0'|2)

ou
oy’
n 1< 1 (- %8\
_ 1 _ = N2 _ = i~
= log(2n) > él log(z ) > él ( > )

= Maximize the above log-likelihood function with respectanda.
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (%3 #1 IX3R)

A series of random variable§;, X,, - - -, X, - - - have distribution functionk,

F», - - -, respectively.

If
Ilm Fn = F,

n—oo

then we say that a series of random variabtgs X, - - - converges td- in

distribution.
2. Consistency &t%):

(a) Definition: Convergence in Probability (FERIXR)

Let{Z,: n=1,2,---} be a series of random variables.
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If the following holds,
lim P(|Z,— 0| <€) =1,
Nn—oo

for any positivee, then we say thaf, converges t@ in probability.

g is called aprobability limit ( #ERIER) of Z,.
plim Z, = 6.
(b) Letd, be an estimator of parameter
If 6, converges t@ in probability, we say thaf, is a consistent estimator
of 6.
3. A General Case aChebyshev’s Inequality:

Forg(X) > 0,

Pa0) 2 K < D9,
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wherek is a positive constant.

4. Example: For arandom variabl¥, setg(X) = (X — u)’ (X —u), E(X) = x and
Var(X) = X

Then, we have the following inequality:
tr(z
P — ) (X —p) > K) < )

Note as follows:

E((X = ) (X = 1)) = E{tr((X = ) (X = ) = E(tr((X = 1)(X = 1))
= tr{E((X - ))(X = 1)) = tr().
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5. Example 1 (Univariate Case):
Suppose thaX; ~ (u,0?),i=1,2,---,n.

Then, the sample averades a consistent estimator pf

Proof:
2
Note thatg(X) = (X — )2, € = k, E(g(X) = V(X) = .
Use Chebyshev’s inequality.
If N — oo,
P(X-ul>€<— —0, for anye.
Ne

That is. for anye,
lim P(X —ul <€) = 1.
n—oo

= Chebyshev’s inequality
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6. Example 2 (Multivariate Case):
Suppose thaX; ~ (u,X),i=1,2,---,n
Then, the sample averades a consistent estimator pf
Proof:
Note thatg(X) = (X — u)'(X — ), €2 = k, E(g(X)) = V(X) = %Z.
Use Chebyshev’s inequality.

If n — oo,

()

P(X — )'(X — ) = K) = P(X — | > €) < —— — 0, for any positivee.

That is. for any positive, lim,_., P((X —,u)’(Y —u) <k)=1.

Note thatX — u| = \/(Y — 1)"(X — 1), which is the distance betweéhandp.

= Chebyshev’s inequality
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