
Remark: The regression model with AR(1) error is:

yt = xtβ + ut, ut = ρut−1 + εt, εt ∼ iid N(0, σ2
ε ).

V(u) = σ2



1 ρ ρ2 · · · ρn−1

ρ 1 ρ ρ2 · · · ρn−2

ρ2 ρ 1 ρ · · · ρn−3

ρ3 ρ2 . . .
. . .

. . .
...

...
...

. . .
. . .

. . . ρ

ρn−1 ρn−2 · · · ρ2 ρ 1


= σ2Ω, whereσ2 =

σ2
ε

1− ρ2
.

where Cov(ui ,uj) = E(uiuj) = σ2ρ|i− j|, i.e., theith row andjth column ofΩ is ρ|i− j|.
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The regression model with AR(1) error is: y = Xβ + u, u ∼ N(0, σ2Ω).

There existsP which satisfies thatΩ = PP′, becauseΩ is a positive definite matrix.

Multiply P−1 on both sides from the left.

P−1y = P−1Xβ + P−1u =⇒ y∗ = X∗β + u∗ andu∗ ∼ N(0, σ2In)

=⇒ Apply OLS.
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y∗ =


y∗1

y∗2
...

y∗n


=



√
1− ρ2y1

y2 − ρy1

...

yn − ρyn−1


=



√
1− ρ2 0 · · · · · · 0

−ρ 1 0 · · · 0

0 −ρ 1
. . .

...
...

. . .
. . .

. . . 0

0 · · · 0 −ρ 1




y1

y2

...

yn


= P−1y

X∗ =


x∗1

x∗2
...

x∗n


=



√
1− ρ2x1

x2 − ρx1

...

xn − ρxn−1


= P−1X =⇒ CheckP−1ΩP−1′ = aIn,

wherea is constant.
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, the re-

gression model is written as follows:

yi = xiβ + ui , ui ∼ id N(0, σ2
i ), σ2

i = (ziα)
2.

The joint distribution ofun,un−1, · · · ,u1, denoted byfu(·; ·), is given by:

log fu(un,un−1, · · · ,u1;σ
2
1, · · · , σ2

n) =
n∑

i=1

log fu(ut;σ
2
i )

= −n
2

log(2π) − 1
2

n∑
i=1

log(σ2
i ) −

1
2

n∑
i=1

(
ui

σi

)2

= −n
2

log(2π) − 1
2

n∑
i=1

log(ziα)
2 − 1

2

n∑
i=1

(
ui

ziα

)2

By the transformation of variables fromun,un−1, · · · ,u1 to yn, yn−1, · · · , y1, the log-
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likelihood function is:

L(α, β; yn, yn−1, · · · , y1) = log fy(yn, yn−1, · · · , y1;α, β)

= log fu(yn − xnβ, yn−1 − xn−1β, · · · , y1 − x1β;σ
2
i )

∣∣∣∣∣ ∂u∂y′
∣∣∣∣∣

= −n
2

log(2π) − 1
2

n∑
i=1

log(ziα)
2 − 1

2

n∑
i=1

(
yi − xiβ

ziα

)2

=⇒ Maximize the above log-likelihood function with respect toβ andα.
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (分布収束)

A series of random variablesX1, X2, · · ·, Xn, · · · have distribution functionsF1,

F2, · · ·, respectively.

If

lim
n→∞

Fn = F,

then we say that a series of random variablesX1, X2, · · · converges toF in

distribution.

2. Consistency (一致性):

(a) Definition: Convergence in Probability (確率収束)

Let {Zn : n = 1,2, · · ·} be a series of random variables.
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If the following holds,

lim
n→∞

P(|Zn − θ| < ε) = 1,

for any positiveε, then we say thatZn converges toθ in probability.

θ is called aprobability limit ( 確率極限) of Zn.

plim Zn = θ.

(b) Let θ̂n be an estimator of parameterθ.

If θ̂n converges toθ in probability, we say that̂θn is a consistent estimator

of θ.

3. A General Case ofChebyshev’s Inequality:

Forg(X) ≥ 0,

P(g(X) ≥ k) ≤ E(g(X))
k
,
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wherek is a positive constant.

4. Example: For a random variableX, setg(X) = (X− µ)′(X− µ), E(X) = µ and

Var(X) = Σ.

Then, we have the following inequality:

P((X − µ)′(X − µ) ≥ k) ≤ tr(Σ)
k
.

Note as follows:

E((X − µ)′(X − µ)) = E
(
tr((X − µ)′(X − µ))

)
= E

(
tr((X − µ)(X − µ)′)

)
= tr

(
E((X − µ)(X − µ)′)

)
= tr(Σ).
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5. Example 1 (Univariate Case):

Suppose thatXi ∼ (µ, σ2), i = 1,2, · · · ,n.

Then, the sample averageX is a consistent estimator ofµ.

Proof:

Note thatg(X) = (X − µ)2, ε2 = k, E(g(X)) = V(X) =
σ2

n
.

Use Chebyshev’s inequality.

If n −→ ∞,

P(|X − µ| ≥ ε) ≤ σ
2

nε2
−→ 0, for anyε.

That is. for anyε,

lim
n→∞

P(|X − µ| < ε) = 1.

=⇒ Chebyshev’s inequality
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6. Example 2 (Multivariate Case):

Suppose thatXi ∼ (µ,Σ), i = 1,2, · · · ,n.

Then, the sample averageX is a consistent estimator ofµ.

Proof:

Note thatg(X) = (X − µ)′(X − µ), ε2 = k, E(g(X)) = V(X) =
1
n
Σ.

Use Chebyshev’s inequality.

If n −→ ∞,

P((X − µ)′(X − µ) ≥ k) = P(|X − µ| ≥ ε) ≤ tr(Σ)
nε2
−→ 0, for any positiveε.

That is. for any positiveε, limn→∞ P((X − µ)′(X − µ) < k) = 1.

Note that|X − µ| =
√

(X − µ)′(X − µ), which is the distance betweenX andµ.

=⇒ Chebyshev’s inequality
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