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1 Time Series Analysis %715 #)

1.1 Introduction

1. Stationarity (€& %) :

Letys, VYo, -+, Y7 be time series data.

(a) Weak Stationarity (33 F M)

EM) = u,

EGt-0)Mer —p)) =),  7=012--

The first moment does not depend on time.

The second moment depends only on timédence.



(b) Strong Stationarity (G&%E F 1) :
Let f(yi,, Yi,, - - -» W, ) be the joint distribution o¥:,, Vi, - - -, t, -
f(Ytl, ytza Y Ytr) = f(yt1+‘r7 yt2+7'a Y Ytr+r)

All the moments are same for all

2. Auto-covariance Function (B 228 :

E(b: — 1) (Ye-r — 1)) = ¥(1), 7=012,---

y(7) = y(-7)

3. Auto-correlation Function (B ©+8R3EI%X) :

_ EGi -0 - 1) _ y(@)
WVar(y) WVar(y,)  ¥(0)

Note that Vary;) = Var(y,_.) = y(0) in the case of stationary process.

p(7)
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. Partial Autocorrelation Coefficient (R B S HEBREX), dix

The partial autocorrelation cicient betweery, andy; , denoted bypyy, IS
a measure of strength of the relationship betwgesndy; , after removing

influence ofy;_1, - - -, Yi_ks1-
$11 = p(1)
( 1 P(l))(¢2,1):(/0(1))
p(1) 1 /\¢2 p(2)
1 p(1) p(2))(¢31 p(1)

p(1) 1 pQ)|] ¢32]|=]|p?2)
p(2) p(l) 1 J\¢z3 p(3)



1 p(1) - pk=2) pk-1)\ k1) (r(2)
p(1) 1 pk=3) pk=2)|| ¢z | |p(2)

plk=1) pk=-2) - p(1) 1 ok’ \p(K)
Use Cramer’s rulef 7 X —)L D /A3X) to obtaingy.

1 p(1) - p(k=2)p(1)
p(1) 1 p(k=3)p(2)

pk=1)pk=2)--- p(1) p(K)

1 p(M) - pk=2)p(k-1)
p() 1 pk-3)pk-2)

bk =

pk=1)pk=2)--- p(1) 1
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5. Sample Mean (EA¥13) :

=

t=1

—||l—‘

6. Sample Auto-covariance 4B o9 #)) :

OE EHMIMMTM)

t T+1

7. Correlogram (IL 0% 3 4, or ZABZEREREE)

)
P =50

8. Lag Operator (5 7 1FER) :

L'Vt = Yi-rs =12,



9. Likelihood Function (B R8#4) — Innovation Form :
The joint distribution ofyy, y», - - -, yr IS written as:

f(yl’ ay2’ et ’yT) = f(yleT—l’ e ,YI)f(YT—la ce ’YI)
= f(yrlyr-1, - -, yo) F(yralyr—2, -, yo) f(Yr=2, - - - . Yh)

= flyrlyr—e, - YO F(Yroalyr—2, - - ya) -+ f(yalys) F(ya)
T

= ) [ | FOtyea ooy,
t=2

Therefore, the log-likelihood function is given by:

)
l0g f (Y1, Y2, -+, yr) = log f(ya) + > log f (yilye 1, -+, ).
t=2

Under linear model with normality assumptidr{y:|y:_1, - - - , 1) IS given by the

normal distribution with mean E{y:_1, - - -, y1) and variance Vay|yi-1, - - - , Y1)-

8



1.2 Time Series ModelsEE®5IE T IL)

Autoregressive Model @ 2E/EE T/l or AR €T /L) AR(p)
Ye=01Yi1 + P22+ o+ PpVip + &

Moving Average Model &) FHE T )L or MA €7 L) MA(Q)

Vi=6&+ 01&_1 + 92€t—2 + -+ Qth_q

ARMA Model: ARMA(p,q)

Ve =1y + PoVr2+ oo +PpYipt+ &+ 0161 + o602+ -+ + g



ARIMA Model: ARIMA( p,d,q)

Ay = Yr — Vo1 = (1= L)y,

A%y, = Ayt Ayi1 = (1- L)%y,

AdYt (1- L)dYt

A%; ~ ARMA(p,q) < Y, ~ ARIMA(p,d,q)

A%, = $1A% 1+ gAY o+ oo + PpAlYp + & + G161 + Or62 + -+ + Ogig

SARIMA Model: SARIMA(p, d, )
Ayt = Vi — Ve s = 4 for quarterly data, and = 12 for monthly data

AAYY: ~ ARMA(p,0) < Agy; ~ ARIMA(p,d,q)
AsAYi = P1AAY 1+ P2AAYN 2+ - -+ +PpAAY p+ & +016-1+ 0262+ -+ +04€iq

10



1.3 Autoregressive Model B2 @R E 7 /)L or AR €7 /L)

1. AR(p) Model :

Ve = @Y1+ GV 2+ o0+ dpYep t &,
which is rewritten as:
¢(L)yt = &,
where

(L) = 1= il —gol? — - — g7,

2. Stationarity (TE&M4) :

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers

When thep solutions are greater than one in absolute vajuis, stationary.

11



Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.

Example: AR(1) Model: vy, = ¢1Yi_1 + & for & ~ iid N(O, o?)

1. The stationarity condition is: the solution®fx) = 1 —¢;x = 0, i.e.,x = 1/¢x,

is greater than one in absolute value, or equivalejatly < 1.
2. Rewriting the AR(1) model,

Vi = ¢1¥i-1 + &
2
= ¢iVi2 + & + P16

3 2
= PiYi3+ & + P161 + PrE 2

-1
=¢ V- +t&+PrE 1+ -+ € i1

12



As 7 goes to infinity, ¢7 approaches zero—= Stationarity condition
3. For stationarity, y; = ¢1y_1 + € IS rewritten as:
Vi = & + d161 + ¢%€t—2 + .-
MA representation of AR model, i.e., AREMA( o)

4. Mean of AR(1) procesg;

M = E(yt) = E(Et + ¢l€t—l + (]5%61;_2 + - )
= E(&) + #1E(&-1) + ¢7E(6-2) + --- =0

5. Variance of AR(1) procesg,0)

¥(0) = V(W) = V(& + ¢161 + ¢§Et—2 + )
= V(Et) + V(¢1€t_1) + V((ﬁ%ft_z) + .-

13



= V(&) + ¢3V(e1) + $7V(62) + -+

0_2

1-¢7

Note that Va&X+b) = a?V(X) and V(X +Y) = V(X) + V(Y) when two random

= (La g+ i+ o) =

variablesX andY are independent.

6. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Vo= @ Vir + &+ dreci+ o+ O] e
Therefore, forr = 1,2, - - -, the autocovariance function of AR(1) process is:

¥(7) = E(0: — ) (Vi — 1)) = E(i¥i-r)
= E((‘P‘]r_yt—‘r + & + ¢1€t—l R ¢2]—__l€t—r+l)yt—‘r)

14



= PTEVi-rYe-r) + E(&Yir) + p1E(6-1Yir) + -+ + &7 E(&-rs1Yi-r)
= ¢17(0).

The autocorrelation function of AR(1) process is:

@)
p(r) = TO) = ¢;.

Or, multiply y;_. on both sides of the AR(1) process and take the expectatior
EMWiYt-r) = ¢1EMe-1Ye--) + E(eyr—r)

ory(t—1), forr # 0,
y(7) =
pry(r — 1)+ o2, forr =0.

Usingy(r) = y(-7), y(r)fort = 0is given by:

¥(0) = ¢1y(1) + 0* = $7y(0) + 7.

15



2

g
1-¢?

Note thaty(1) = ¢1y(0). Thereforey(0) is given by: y(0) =

7. Partial autocorrelation function of AR(1) process:

¢11=p(1) = ¢1
' 1 p(1)|
p(1) p@)l _ p2)-p(d) _

‘ﬁﬂ:' 1 p(1)| 1-p(1P
p(l) 1

8. Estimation of AR(1) model:

(a) Likelihood function

]
log f(yr, -+, y1) = log f(y1) + > 1og f (Wlye 1, ya)
t=1

16



2

:—}Iog(Zn)—}Iog( d )— 1 y?

1-¢% 2/(1 ¢2)
T-1, ,
0g(@n) - *=Llogle?) - Z(yt b1Yi-1)?
T T 1 1
= -5 log(2n) - 5 |Og(0'2) -z Iog(1 ¢2)
1

2021 ¢2) T 5 ZZ(yt $1¥i-1)°

Note as follows:

1 1
00- ool gt ]
Jorora-gh 20D
1 1 >
f(WilYi-1, -+, Y1) = N exp(—zfrz(yt — ¢1Yi-1) )
g

17



alogf(yT,---,yl)__Il N 1
do2 202 20%/(1- ¢2)

t o 4Z(Yt $1¥i-1)° =0

alog f(yr, -, y1) 1 ¢, 1<
=- + S+ = ) (= d1Ye)Ve1=0
2 A

The MLE of ¢; ando? satisfies the above two equation.
1 u -
7=+ ((1 - Y7 + Z(Yt - </>1Yt—1)2]
t=2

~ Zthz YiVi-1 (~ o <51 )
= — + —_——
b1 ST, 2. P1y7 1 ¢2 /Z Voq

18



(b) Ordinary Least Squares (OLS) Method

;
S(¢1) = Z(Yt — ¢1¥e-1)?
=2

is minimized with respect t@;.

S DY YioYaa (UT) X Yae
bpr=""F 5 Tt V—F 5 =Pt T
Zt:Z yt_]_ Zt:Z yt_]_ (1/T) Zt:Z yt—l
E(yi-16)
— g1+ = ¢
R

OLSE of¢, is a consistent estimator.

The following equations are utilized.

E(yi-1&) =0
E(y2,) = Var(y-1) = ¥(0)

19



9. Some formulas:

(a) Central Limit Theorem

Random variables;, X, - -+, X are mutually independently distributed
with meanu and variancer?. DefineX = (1/T) X, %.
Then,

X-E® _ X-u
WE  o/VT

(b) Central Limit Theorem I

— N(0, 1)

Random variableg,, x,, - - -, X; are distributed with meamand variance
2. Definex = (1/T) I, X

Then,
X - E(X)

WX

— N(0,1)

20



(c) Let xandy be random variables.

y converges in distribution to a distribution, andonverges in probability

to a fixed value. Therxy converges in distribution.
For example, consider: y — N(u,0?) and x — c.
Then, we obtain: xy — N(cu, c20?).

.
10. Asymptotic distribution of OLSE#, = Zt:TZ—yt;lyt
Zt:Z yt—l

VT (1 - ¢1) — N(O,1-¢?)

, W So Vi€,
@/T) S ¥2,

=¢1

Proof:

Yi_1€ IS distributed with mean B(_ ;&) = 0 and variance ¢_1¢) = V(yi-1)V(&) =
4

) T
oc“y(0) = —1_¢%.

21



Viig, t=121,2,---,T, are iid, because Com( 1€, Vs 1€s) = E(Yi_1Ys 16€5) = 0

fort > s.

From the central limit theorem,

(U/T) Zia Ve — (/M) Bia V&) _ (/) Bia Y

— N(O,1).
W) EL, Vesa) Jot @ -3/ VT
Rewriting,
1 v o
_T;yt_lft — N(O 1_ i)

Next,

1w o2

$;yf_1 — B0 0=
yields:

(1/ ‘/T) Zthl Vi-16
(LT)ZLv2,

VT (¢1 - ¢1) = — N(0,1-¢9).

22



11. AR(1) +drift: Vi = U+ d1Yi1 + &
Mean:

Using the lag operator,
(LY =u+ &
whereg(L) = 1 — ¢4L.

Multiply ¢(L)~* on both sides. Then, wheg| < 1, we have:

Yo = ¢(L) i + ¢(L) e

Taking the expectation on both sides,

E() = ¢(L) u + ¢(L)'E(e)

— 1—1 — M
$(1)"u -

23



Example: AR(2) Model: Consider y; = ¢1Vi-1 + ¢2Vi2 + €.

1. The stationarity condition is: two solutions from ¢(x) = 1— @1 Xx—¢,x> = 0

are outside the unit circle.
2. Rewriting the AR(2) model,
(1-¢1l — g2l Py = &.
Let 1/a; and Y a; be the solutions of(x) = 0.
Then, the AR(2) model is written as:
(1-a1l)1 - aclyt = &,

which is rewritten as:

T (l-al) (@ -agl)

Wt

24



_ (/e —a)  —ap/(a1— a))

1oL 1-al |°

3. Mean of AR(2) Model:

Wheny, is stationary, i.e.q; anda, are outside the unit circle,
u=EMW) =E@lL)&) =0
4. Autocovariance Function of AR(2) Model:

¥(7) = E(M — ) (Yer — 1)) = EMiYtr)
= E((‘/’lYt—l + P2 + Et)yt—‘r)
= ¢1E(Yi-1Yi—r) + $2E(Vi-2Yi-1) + E(&Yi—r)

B dry(t — 1) + doy(r — 2), forr # 0,
¢ry(r = 1)+ doy(r - 2) + 0, forr =0.

25



The initial condition is obtained by solving the following three equations:

¥(0) = ¢1¥(1) + $2y(2) + 02,
¥(1) = ¢1y(0) + ¢2¥(1),
¥(2) = $1¥(1) + ¢2¥(0).

Therefore, the initial conditions are given by:

1- ¢, o?
0) = ’
7() (1+¢2) (1—¢2)2_ %
¢1 $1 1_¢2) o’
1)=—-(0)= '
¥(1) 1_¢27( ) (1_¢2)(1+¢2 (1-¢2)* - ¢3

Giveny(0) andy(1), we obtainy(r) as follows:

v(1) = dry(r — 1) + ¢oy(r — 2), fort=2,3,---.

26



5. Another solution for y(0):

Fromy(0) = ¢1y(1) + ¢2¥(2) + o2,

2

ag
O =
YO = 15— e @
where
P B B 95 + (1 - ¢2)p2
p(1) = -0, p(2) = ¢1p(1) + ¢2 = 14,

6. Autocorrelation Function of AR(2) Model:

Givenp(1) andp(2),

o(7) = pro(t — 1) + ¢op(T — 2), forr=3,4,---,

27



7. ¢« = Partial Autocorrelation Coefficient of AR(2) Process:

ok,

1 p1) - pk-2) pk-1) ¢“ p(1)

1) 1 pk=3) pk=2| | _|p@
Drk-1

pk=1) pk—=2) - p(2) 1 p(®)
drk

fork=1,2,---.
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1 p(1) -+ pk=2)p(1)
p(1) 1 p(k=3)p(2)

pk=1pk=2)--- p(1) pK

Pk =
1 p(l) - plk=2)p(k-1)

p(1) 1 pk=3)pk-2)

pk=1)pk-2)--- p(1) 1

29




Autocovariance Functions:

¥(1) = ¢1¥(0) + ¢2¥(1),
¥(2) = ¢17(1) + ¢2¥(0),
v(1) = ¢ry(t — 1) + ¢oy(r — 2), fort=3,4,---.

Autocorrelation Functions:

B _
p(1) = ¢1+ dop(1) = — o7
¢
P(2) = ¢p1p(1) + ¢2 = -6, + 2,

o(1) = p1p(t — 1) + ¢op(r — 2), forr=3,4,---.

30



$1
1-¢2
1 p®)

b2y = LB P2) _ p2) - p(1y
1 p(l)l‘ 1-pap "

p(l) 1
1 p(1) p(1)

p(1) 1 p(2)

bas = p2) p(1) p(3)
1 p(1) p2)

p(1) 1 p(1)
p(2) p(1) 1

#11=p(1) =

31



_ 0B = p(1)p(2)) - p(17(pB3) - p(1)) + pp(L)P(2) - 1) _ o
(1-p1)) - p(1)(1 - p(2)) + p() (1) - p(2)) '

8. Log-Likelihood Function — Innovation Form:

;
log f(yr,-++,y1) = 10g f(y2,y2) + > log f (lye-a, -+ 1)
t=3

where

1 lv(O) y(1)
27 | y(1) ¥(0)

f(tht—l’ Tty yl) =

-2 0 1)\t
f(y2,y1) = exp(—%(yl yz)(y() " )) (yl)],

y@1) () \y»

1 2
exp —ﬁ()’t — d1¥i-1 — d2Yi2)7 ).

1
V2102
Note as follows:

y(0) (1) 1 p(1) 1 ¢1/(1 - ¢2)
— (0 = (0 .
(y(l) y(O)) " )(p(l) 1) " )(¢1/(1—¢2) 1 )
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9. AR(2) +drift: Y =t + P1Yi-1 + a2 + &
Mean:

Rewriting the AR(2}-drift model,

d(L)yr = u+ &

whereg(L) = 1 — ¢1L — ¢»L2.

Under the stationarity assumption, we can rewrite the AR{#jt model as

follows:
Yo = (L) '+ ¢(L) e

Therefore,

EG) = (L) '+ ¢(L) 'Ele) = $(1) 'u = m

33



Example: AR(p) model:  Considely; = ¢1i-1 + ¢2Ye2 + -+ + PpYi—p + &-

1. Variance of AR(p) Process:

Under the stationarity condition (i.e., thpesolutions ofx from ¢(x) = O are
outside the unit circle),

0.2

LA e ) J—— e

Note thaty(r) = p(7)y(0).

Solve the following simultaneous equations fot 0,1, - - -, p:

¥(7) = E(0 — ) (Ver — 1)) = EMiVe—r)
_ pry(r = 1)+ doy(r = 2) + - + dpy(r — P), fort #0,
dry(t — 1)+ doy(r = 2) + -+ + dpy(r — P) + 02, fort=0.
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2. Estimation of AR(p) Model:

1. OLS:
.
min Z Yt — d1Yr-1 — P2Ye2 — -+ — ¢th—p)2
b1, dp tepri
2. MLE:
max Iog f(yT? e 9y1)
#1,- . Pp
where
.
l0g f(yr, -+, Y1) = 10g f(Vp, . Yo, Y1) + Y 109 F(Yelye 1.+, ya),
t=p+1
Y1
—p/2p\J1-1/2 1 B RL:
f(Yp, -+, Y2, Y1) = (21) PV exp _E(yl Yo oo Yp)V
Yp

35



1 () - p(p-2) p(p-1)

1 1 -3 -2
V = 5(0) p(') | p(p' ) p(p. )
p(p=1) p(p-2) ---  p(1) 1
F(YilYeos, oY) = \/%exr(—zjiz(yt—qblyt_l—@yt_z— = PpYip)’)
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3. Yule=Walker (L—JL - 7 # —7—) Equation:

Multiply ¥i-1, Yi-2, -+, Yi-p ON both sides of; = ¢1yi1 + d2Yr2 + -+ +
dpYi-p + & = Y, take expectations for each case, and divide by varig(@e

Moreover, replace the autocorrelation functjgm) by the correlogram(t).

b1

1 p1) - Ap-2) pp-1) ) A1)
A1) 1 pp-3) sp-2| |42
R R R Pp-1 A'
p(p-1) p(p-2) --- pQA) 1 p(p)
$p
where
1y . ) 1 )
IO=F 20D A=E 2% 0= 5

37



3. AR(p) +drift: Yy = u+ 11+ P2Vr2+ -+ PpYip + &
Mean:
(L)Y =p+ &

wherep(L) = 1 - gL — L2 — -+ — ¢ LP.
yi = ¢(L) '+ ¢(L) e
Taking the expectation on both sides,

E(r) = (L) '+ ¢(L) 'E(g) = ¢(1) 'u
_ M
T l-dr—¢o— - —p

4. Partial Autocorrelation of AR( p) Process:

¢k =0fork=p+1,p+2---

38



1.4 MA Model
MA (Moving Average, #%E13¥13) Model:

1. MA( )

Vi=6&+ 0161+ 662+ - + Qth_q,

which is rewritten as:
Yt = 0(L)e,

where

O(L) = L+ 61L + G,L2 + -+ + G,LC.

39



2. Invertibility ( RExRTBEME):
Theq solutions ofx from 6(X) = 1 + 61X + %% + -+ + 6x4 = 0 are outside

the unit circle.

= MA(q) model is rewritten as AR¢) model.
Example: MA(1) Model: y; =& + 0161

1. Mean of MA(1) Process:

EW) = E(& + 61&-1) = E(&) + 61E(6-1) = 0

2. Autocovariance Function of MA(1) Process:

v(0) = E(ytz) = E(g + 91&_1)2 = E(et2 + 201661 + Qfetz_l)

= E(etZ) + 20,E(g€-1) + HiE(etz_l) =1+ 95)02

40



¥(1) = E(iYi-1) = E((& + O16-1)(6-1 + O16-2)) = 6107

¥(2) = EMiyi-2) = E((& + O16-1)(62 + 016-3)) =0

3. Autocorrelation Function of MA(1) Process:

01
_ 7(7') _ —1+92, forr =1,
D=0,
4 0, forr=2,3,---.
Let x bep(1).
7] .
=X, e, Xx5-0+x=0.
1+67
6, should be a real number.
1-4x2>0, ie., —%<p(1)<%.

41



. Partial Autocorrelation Function of MA(1) Process:

¢1,1—P(1)— 1+95 ' 1 p(l)

1 p(R)\(¢21) (p(1) _1p@) p(Z)‘ _ —p(1)?
(p(l) 1 )(¢2,2)_(p(2)) - ¢2’2_| 1 ;o(l)‘_l—p(l)2

p(1) 1

1 p(1) p(2)\(¢31 p(1)
p(1) 1 p(l)][¢3,z]=[p(2)]
p(2) p(1) 1 /\¢a3 p(3)

1 p) - pk-2) pk-1)\( by (p(Q)

p(1) 1 pk=3) pk=2)|| d2| [p(2)
pk=1) pk-2) ---  p(1) 1 Pk p(K)

¢k #0fork=1,23,---
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5. Invertibility Condition of MA(1) Process:

€& = —016_1+ W
= (—91)2€t—2 + Y + (01 Y1

= (—601)%€-3 + Vi + (—01)Ye-1 + (=61)*Yi2

= (—61)% s+ Yi + (=01)Ye1 + (002 + -+ (=61)"" Y s

When (6,)%¢_s — 0, the MA(1) model is written as the AR{) model, i.e.,
Ve = —(—00)¥1— (002 — -+ = (—0) Ve — - + &

6. Likelihood Function of MA(1) Process:

The autocovariance functions arey(0) = (1 + 65)0?, y(1) = 6,02, and
y(r)=0fort =23,
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The joint distribution ofy, Y5, - - -, yr is:

f(Yn Y2 -, Y1) =

where

1
(27)772 2
1+62 6, O

6 1+62 0
0 o1

1+ 62
0 ... 0 0,

44
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7. MA(1) +drift: Vi =+ €&+ 0161

Mean of MA(1) Process:
yt =M + Q(L)Et,

whered(L) = 1+ 6,L.

Taking the expectation,

EM) =+ 6(L)E(&) = .
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Example: MA(2) Model: vy, = g + 0161 + O26_>
1. Autocovariance Function of MA(2) Process:

a+ 9% + 9%)0‘2, forr =0,

(91 + 9102)0'2, forr =1,
y(7) =
0,072, for 7 = 2,

0, otherwise.

2. Autocorrelation Function of MA(2) Process:
61 + 616>

————, forr=1,
1+62+065
= 0
p(7) — 2 —  forr=2,
1+67+6;
0, fort=3,4,5,---.

3. Partial Autocorrelation Function of MA(2) Processfk # O fork=1,2,---.
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4. let-1/B; and-1/8, be two solutions ok from 6(x) = 0.
For invertibility condition, bothB; andg, should be less than one in absolute
value.

Then, the MA(2) model is represented as:

Vi = & + 0161 + 0262
= (1 + 91'. + 92'.2)&

=1 +pL)(A+B2L)e

AR( o) representation of the MA(2) model is given by:

1
T @+pna+sn”"
N (:81/(31 ) N —B2/(B1 —ﬁz))y
"\ 1+B8L 1+8L |

€
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5. Likelihood Function:

f(yw yo, - -
where
Y1
61 + 616>
Y2 )
Y= e V=0 92
y
! 0

1+62+65

(27T)T/2

61 + 616>
1+62+65
61 + 616>
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6. MA(2) +drift: Vi =u+ ¢ + 0161 + b6

Mean:

Yo = u+6(L)e,
whered(L) = 1 + 6,L + 6,L.2.

Therefore,

EW) = p + 0(L)E(&) = p
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Example: MA(Q) Model: vy, = & + 616-1 + bo&_2 + -+ + Oy6i_q
1. Mean of MA(q) Process:

EQ:) = E(& + 0161 + 262+ -+ +0qet—q) = 0

2. Autocovariance Function of MA(q) Process:

q-7
02(00; + 016,11+ -+ +0q 0g) = 0° Z 00, T=12---,0,
y(7) = —

0, T=0q+1q+2,---

whered, = 1.
3. MA( q) process is stationary.

4. MA(Q) +drift: Yy =pu+ &+ 60161+ 62+ -+ + Oy6q
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Mean:
Yo = u+60(L)e,
whered(L) = 1+ 6L + 6,17 + -+ + 64LO

Therefore, we have:

EM) = 1+ 6(L)E(&) = .
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1.5 ARMA Model
ARMA (Autoregressive Moving Average H C [A|/## B 14 Process

1. ARMA(p,q)

Vi = P11+ PaYro+ o0+ PpYep + €& + 0161 + G262+ -+ + Og€iq,

which is rewritten as:
o(L)y: = 6(L)e,

whereg(L) = 1-¢;L—¢oL?— --- —gpLPandd(L) = 1+6;L+60,L2+ - - - +64L9.

2. Likelihood Function:

The variance-covariance matrix ¥f denoted by, has to be computed.
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Example: ARMA(1,1) Process: V; = ¢1Yi1 + & + 0161
Obtain the autocorrelation cfiient.

The mean ol is to take the expectation on both sides.

EW:) = p1E(i-1) + E(&) + 61E(&-1),

where the second and third terms are zeros.

Therefore, we obtain:
EM) = 0.
The autocovariance of is to take the expectation, multiplying . on both sides.
EQiVt-r) = p1EMt-1Yr-0) + E(&Vr--) + O1E(6-1¥1-0)-
Each term is given by:
EMiyi--) = (1), EM-1yt—o) = y(r - 1),
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(¢1+ 61)0%, =0,
o%,1t=0,

E(&Yi-) = E(g-1Yi—) =3 o 2, T=1,
O’ T = 1’ 2, te b

0, T=23--.

Therefore, we obtain;

¥(0) = ¢1y(1) + (1 + $161 + 67)02,
¥(1) = ¢1¥(0) + 6107,
¥(1) = p1y(r - 1), T=23--.

From the first two equationg(0) andy(1) are computed by:

(1 —¢1)(y(0)) 2(1+¢191+6§)
=0

_¢l 1 7(1) 91

el 1T
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o? (1 ¢1)(1+¢191+9%) o2 ( 1+2¢191+9§
S 1-¢2\g 1 61 1=\ 100 + O0))

Thus, the initial value of the autocorrelation ¢ibgent is given by:

_ (1 + ¢161)(1 + 61)
1+ 2¢191 + 9% .

p(1)

We have:

p(r) = p1o(r - 1).
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ARMA( p, q) +drift:

Ve =+ P1Yra+ Yo+ o PpYrpt &+ 0161+ 6 2+ - + OyEq.

Mean of ARMA(p, q) Process: ¢(L)y; = u + 0(L)e,
whereg(L) = 1 - gL — ¢pol? — --- —ppLPandd(L) = 1+ 1L + 6,L2 + - + 6L

¥e = ¢(L) ' + ¢(L) O(L)e
Therefore,

EGh) = 9L n-+ 60 HHLE() = (1) Y = g
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1.6 ARIMA Model

Autoregressive Integrated Moving Average (ARIMAT C[Rl/@F13 £ #1°F1) Model

ARIMA( p,d, q) Process
$(L)A%; = 6(L)e,
whereA%y, = A1 - L)y, = A%y, - A%ty = 1- L)% ford = 1,2,--+, and

A% = yi.

) : ARIMA(0,1,0) Model
Consider the model: Ay, =yi—Yi1=6&, &~ N(0,0?), Yo=0,

whichis rewritten as: yi =g+ 61+ -+ + €.

EV) =0, ¥(0)=V(yn) = o’t, y(1r) = Coviy, i—r) = EMiYi—r) = O'Z(t - 1),
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which implies thaty(r) is time-dependent= Y is not stationary.

COV(yt, yt—‘r) _ t—1 t—7

A= N wWo . vivies VT

That is,p(r) gradually decreases with slow speed.

1.7 SARIMA Model
Seasonal ARIMA (SARIMA) Process:

1. SARIMA(p, d, g)
S(L)AAY; = 6(L)e,

where Agyr = (1- L)Yt = Yt — Yes.

s = 4 wheny, denotes quarterly date arsd= 12 wheny; represents monthly

data.
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1.8 Identification (%73, F7=I&, BEE)
1. Based on AIC or SBIC gived, s, we obtainp, g.
(a) AIC (Akaike’s Information Criterion 7kt o> ¥} & £ #E)
AIC = -2log(likelihood)+ 2k,

wherek = p + g, which is the number of parameters estimated.

(b) SBIC (Shwarz’s Bayesian Information Criterion)
SBIC = -2 log(likelihood)+ klogT,
whereT denotes the number of observations.

2. From the sample autocorrelation ¢deent functiono(k) and the partial auto-

correlation cofficient functiongy for k = 1,2, - - -, we obtainp, d, g, s.

59



AR(p) Process MA(q) Process
Autocorrelation Function Gradually decreasing(k) = 0,
k=q+1,9+2---
Partial Autocorrelation Functigrp(k, k) = 0, Gradually decreasing
k=p+1Lp+2---

(a) ComputeA,y; to remove seasonality.

Compute the autocovariance functionsAQy.

If the autocovariance functions have pergave take (1- L3), again.
(b) Determine the order of éference.

Compute the partial autocovariance functions every time.

If the autocovariance functions decrease @slarge, go to the next step.

(c) Determine the order of AR terms (i.q).
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Compute the partial autocovariance functions every time.
The partial autocovariance functions are close to zero after spgeto
the next step.
(d) Determine the order of MA terms (i.e).
Compute the autocovariance functions every time.

If the autocovariance functions are randomly around zero, end of the pr

cedure.
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1.9 Example of SARIMA using Consumption Data

Construct SARIMA model using monthly and seasonally unadjusted consumpti

expenditure data and STATA12.
Estimation Period: Jan., 1970 — Dec., 2012 516)

. gen time=_n
. tsset time ) ]
time variable: time, 1 to 516
delta: 1 unit

. corrgram expend

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 0.8488 0.8499 373.88 0000 [ r— [——
2 0.8231 0.3858 726.18 0.0000 [--—--- |---
3 0.8716 0.5266 1122 0.0000 [------ |----
4 0.8706 0.4025 1517.6 0.0000 [------ |---
5 0.8498 0.3447 1895.3 0.0000 [ p—— [--
6 0.8085 0.0074 2237.9 0.0000 [ p——
7 0.8378 0.1528 2606.5 0.0000 [ — [ -



8 0.8460 0.1467 2983 0.0000 |------ | -
9 0.8342 0.3006 3349.9 0.0000 [-——--- [--
10 0.7735 -0.1518 3666 0.0000 |------ -
11 0.7852 -0.1185 3992.3 0.0000 [------ |
12 0.9234 0.9442 4444.5 0.0000 |-==---- |-------
13 0.7754 -0.5486 4764.1 0.0000 |-=---- -]
14 0.7482 -0.3248 5062.1 0.0000 |----- -
15 0.7963 -0.2392 5400.5 0.0000 |------ -
. gen dexp=expend-1.expend
(1 missing value generated)
. corrgram dexp
-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 -0.4316 -0.4329 96.485 0.0000 - -
2 -0.2546 -0.5441 130.13 0.0000 -- -——-
3 0.1721 -0.4091 145.53 0.0000 - -—-
4 0.0667 -0.3459 147.85 0.0000 --
5 0.0715 -0.0036 150.52 0.0000
6 -0.2428 -0.1489 181.36 0.0000 - -
7 0.0711 -0.1400 184.01 0.0000 -
8 0.0668 -0.2900 186.36 0.0000 --
9 0.1704 0.1681 201.64 0.0000 - -
10 -0.2485 0.1306 234.21 0.0000 -
11 -0.4293 -0.9305 331.56 0.0000 - e
12 0.9773 0.6768 837.12 0.6000 @ |--—-——  |-===—-
13 -0.4152 0.3778 928.56 0.0000 - -—-
14 -0.2583 0.2688 964.03 0.0000 -- --
15 0.1712 0.0406 979.63 0.0000 -




. gen sdex=dexp-112.dexp
(13 missing values generated)

. corrgram sdex

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]

(=]
=
=
N
w
(=)
(=}
(=}
O
N
[
w
~N
w
V.1
SO
(=}
S
(=]
(=)

. arima sdex, ar(1,2) ma(l)

(setting optimization to BHHH)
Iteration 0: log likelihood
Iteration 1: log likelihood

-5107.4608
-5102.391
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Iteration 2: log likelihood = -5099.9071
Iteration 3: log likelihood = -5099.4216
Iteration 4: log likelihood = -5099.2463
(switching optimization to BFGS)
Iteration 5: log likelihood = -5099.2361
Iteration 6: log likelihood = -5099.2346
Iteration 7: log likelihood = -5099.2346
Iteration 8: log likelihood = -5099.2346
ARIMA regression
Sample: 14 - 516 Number of obs = 503
Wald chi2(3) = 973.93
Log likelihood = -5099.235 Prob > chi2 = 0.0000
S o¢
sdex | Coef Std. Err z P>|z]| [95% Conf. Intervall]
_____________ +________________________________________________________________
sdex |
_cons | -15.64573 59.17574 -0.26 0.791 -131.628 100.3366
_____________ +________________________________________________________________
ARNMA |
ar |
L1. | .1271774 .0581883 2.19 0.029 .0131304 .2412244
L2. I .1009983 .053626 1.88 0.060 -.0041068 .2061034
ma |
L1. | -.8343264 .0419364 -19.90 0.000 -.9165202 -.7521326
_____________ +________________________________________________________________
/sigma | 6111.128 139.0105 43.96 0.000 5838.673 6383.584



Note: The test of the variance against zero is one sided, and the two-sided
confidence interval is truncated at zero.

. estat ic

Model | Obs 11(null) 1l(model) df AIC BIC
_____________ +_______________________________________________________________
| 503 . -5099.235 5 10208.47 10229.57

. predict resid, r
(13 missing values generated)

. corrgram resid

-1 0 1 -1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 -0.0132 -0.0132 08814 0.7666
2 -0.0095 -0.0097 1341 0.9351
3 0.1248 0.1246 8.0433 0.0451
4 -0.0644 -0.0624 10.154 0.0379
5 -0.0001 0.0011 10.154 0.0710
6 -0.0138 -0.0309 10.252 0.1144
7 -0.0032 0.0126 10.257 0.1745
8 0.0958 0.0938 14.97 0.0597
9 -0.0317 -0.0255 15.487 0.0784




.0126
.0053
.3773

0408
0233

.0911

0.0112
-0.0305
-0.3837

0.0258
-0.0307
-0.0059

15.569
15.583
89.235
90.098
90.381
94.703

(=X =TI —X—X—}

L1127
.1573
.0000
.0000
.0000
.0000
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1.10 ARCH and GARCH Models

Autoregressive Conditional Heteroskedasticity (ARCH)

Generalized Autoregressive Conditional Heteroskedasticity (GARCH)
1. ARCH (p) Model
€l€-1, €2, &1 ~ N(O,09),

where

2 _ 2 2
Of = Qo+ Q164 + 0+ QpElp,

The unconditional variance ef is:

ol = o
l-a1-ax— -+ —ap
2. GARCH (p, g) Model
&le-1, €2, -, &0 ~ N(O, O'tz),
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where
a't2 = cy0+aflet2_l+ +a/p€t2—p+,310't2_1+ +,Bq0't2_q.
3. Application to OLS (Case of ARCH(1) Model):

2
Y= XpB + &, ele-1, €2, €1 ~ N(O, a0 + 1€ ).

The joint density oy, e, - - -, 7 iS:

)
flen - e) = fe) | | flales - a)
t=2

_ (20" (a_) exp(_;ez)
1-o 2a0/(1 - ay) !

T T 2
1
(T-1)/2 1/2
X (27)” | |(C¥o+a1€t 1) exp( > E p—— 21).

t=2 t=
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The log-likelihood function is:

logL(B, a0, @1; Y1, -+, Y1)
= i Iog(27r) 1 Iog(

T 1

(04 _ 1
1-a1) 2m/(1- )

(Y1 — x1B)°
(%)——Zbg o + a1(Yi-1 — %-18) )

1 (Vi — XB)?
2 ; o+ a1(Yio1 — %-18)?

Obtainag, a; andg such that the log-likelihood function is maximized.

ao > 0 anday > 0 have to be satisfied.

These two conditions are explicitly included, when the model is modified tc

E(Et2|6t_1, €2, 61) - G“/O + ajz_ t2]_
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Testing the ARCH(1) Effect:

(a) Estimatey; = x,8 + U by OLS, and computg andd; = y; — x.

(b) Estimateuw? = o + 102, by OLS. If @, is significant, there is the
ARCHY(1) efect in the error term.

This test corresponds to LM test.

Example: GARCH(1,1) Model

. arch sdex 1.sdex 12.sdex, arch(1l) garch(l)

(setting optimization to BHHH)
Iteration O: log likelihood = -5089.3558
Iteration 1: log likelihood = -5086.7468

-5064.9328 (backed up)
-5064.9328

Iteration 22: 1log likelihood
Iteration 23: 1log likelihood

ARCH family regression
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Sample: 16 - 516 Number of obs = 501
Distribution: Gaussian Wald chi2(2) = 225.19
Log likelihood = -5064.933 Prob > chi2 = 0.0000
_________________________ o¢
sdex | Coef Std. Err Z P>|z| [95% Conf. Intervall]
_____________ +________________________________________________________________
sdex
sdex
L1. -.6357273 .0426939 -14.89 0.000 -.7194059 -.5520488
L2. -.370862 .0466222 -7.95 0.000 -.4622398  -.2794842
_cons -55.28043 261.2057 -0.21 0.832 -567.2341 456.6733
_____________ +________________________________________________________________
ARCH
arch
L1. .041632 .0123474 3.37 0.001 .0174317 .0658324
garch
L1. .9526041 .0148639 64.09 0.000 .9234715 .9817367
_cons 312143.8 227564.3 1.37 0.170 -133873.9 758161.6
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2 \Vector Autoregressive (VAR) Model — Causality, Im-
pulse Response Function and etc
Vector Autoregressive Process:
Ye=p+ oY1+ Yo+ oo +PpYip t+ &,

where
ye o kx 1, uo kx1, & kx1, ¢ . kxk

Rewriting the above equation,

¢(L)yt =UT+ &,

whereg(L) = Iy — ¢1L — gol2 = -+ — gpLP.
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VAR(1) Model:
Yt = P1V-1 + &, ie., (k= d1L)yt = &.
Wheny, is stationary, we obtain:

Vo= (= ¢1l) e
(et prl+GIL% + 9117 + - )

2 3
€& + Q161 + P16 2 + P& 3+ -+

VAR(1)=VMA( )
VAR(2) Model:

Vi = P1Yi-1 + d2Vi2 + &, ie., (k= ¢k — 2%y 1 = &.
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Wheny, is stationary, we obtain:
Y1 = (k= g1l — 42L&
=&+ 0161+ 062+ -
VAR(2)=VMA( o)

VAR(p) Model:

Vi =1+ Pyt PVeo+ -0+ dpYip t &,

(k=1L —gol® = -+ —ppLP)y1 = &

Wheny, is stationary, we obtain:

Ve = (k= 1l — ol — -+ —¢pLP) 1

=&+ 91€t_1 + 92&_2 + .-
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VAR(p)=VMA( )

2.1 Autocovariance Matrix and Autocorrelation Matrix
Lety; be ak x 1 vector.

Autocovariance Function Matrix:

@) =Bt -w)M—--p)). 7=012--
where EY;) = u.  I'(7) is ak x k matrix.
I'(r) =T(-7)
Note thatI'(-7) = E((—+ — 1) (y: — 1)) andl'(-=7)" = E((t — ) (Ve—r — 1)) = T'(2).
Autocorrelation Function Matrix:
p(r) = DVI(r)D2,
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where thei( j)th element oD is given byy;i(r) = V(y;) fori = j and zero otherwise.
p(a) = p(=7)
2.2 Granger Cuasality Test 'L ~ ¥+ —RRMET 2 M)
Consider a bivariate case.
Unrestricted Model (Sum of Squared Residuals, denoted by )SSR
(yl,t ) (/11) (¢1L1 b121 ) ( Yit-1 ) (‘Pllp b12p ) (yl,t_p ) ( 61)
= + + 0 4+ +
Yoi M2 d211 @221/ \Yor-1 $21p  P22p/ \Yar-p €&
Ho: ¢101=¢122= -+ =¢12p=0

WhenHg is correct, we say there is no causality frgpto y;.

= Granger Causality Test.
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Restricted Model (Sum of Squared Residuals, denoted by)SSR
3 R P S VO 4 S
= + + oo+ +
Yai J77; 211 P21/ \Yor1 $21p  P22p/ \Yar-p €&

Asymptotically, we have the following distribution:

_ (SSR -SSR)/p

F= SSR/(T -2p-1)

~ F(p.T-2p-1)
or
PF ~ x*(p).
In general, we consider testing the Granger causality frptay;.
Vi =1+ d1Ye1+ PV o+ -0+ dpYrp T &.
Vi o kx1, ui kx1, ¢p - kxKk, €. kx1.
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The null hypothesisis:Ho : ¢ij1 = ¢ij2= -+ = ¢ijp=0.

The alternative hypothesis isH; : not Ho.

SSR = Sum of Squared Residuals undy
SSR = Sum of Squared Residuals undér

UnderHy, the asymptotic distribution is given by:

F (SSR -SSR)/p
- SSR/(T —kp-1)

~ F(p.T-kp-1),

or

PF ~ X*(p).
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Example:

Data: 19944F 25 — DU HH ~20144F 25 — 1Y~ 1

gdp = GDP &, 10{=H, ZF=i¥, NEF HP 5 HR)

def = GDP 7T 7 L — & ({5, WEK HP 2 5 HfF)

r = BHEEIER (%, Fk, BE - BENRIT, HIHP S HUS)
m= BEER (CEEFtiTE, RM, TR, HIRHP» SHUT)

. gen time=_n
. tsset time
time variable: time, 1 to 81
delta: 1 unit
. gen lgdp=log(gdp)
. gen lm=log(m/(def/10))
. varsoc d.1lgdp d.r d.1m

Selection-order criteria
Sample: 6 - 81 Number of obs = 76



1.4e-10

8.2e-11%

9.2e-11
1.1e-10
1.2e-10

-14.1637
-14.7153%
-14.5978
-14.4619
-14.336

0.0422
0.2553
0.2903

3.480972
27.0782
32.30929

-14.1269 -14.0717
-14.5682* -14.3473*
-14.3404 -13.9537
-14.0942 -13.5418
-13.858 -13.1399
obs = 79
= -14.68945
= -14.54526
= -14.32954
P>chi2
0.3232
0.0000
0.0000

+
| 0 | 541.22
| 1| 571.181 59.923 9 0.000
| 2 | 575.715 9.0675 9 0.431
| 3 | 579.55 7.6704 9 0.568
| 4 | 583.767 8.4328 9 0.491
Endogenous: D.lgdp D.r D.1lm
Exogenous: _cons
. var d.1lgdp d.r d.1m, lags(l)
Vector autoregression
Sample: 3 -
Log 11ke11hood = 592.2334
FPE = 8.38e-11
Det(Sigma_ml) = 6.18e-11
Equation Parms RMSE
D_lgdp 4 .010717
_r 4 .087186
D_1m 4 .009434
Coef Std. Err
D_lgdp
lgdp
LD. 2031129 .1119361

1.81

81

0.070

-.0162778 .4225037



r
LD. .0045431 .0120151 0.38 0.705 -.0190061 .0280922
Im
LD. .0152162 .1086739 0.14 0.889 -.1977807 .228213
_cons .0019504 .0019124 1.02 0.308 -.0017978 .0056986
_____________ +________________________________________________________________
D_r |
lgdp |
LD. .4341641 .9106374 0.48 0.634 -1.350652 2.218981
r
LD. .5085677 .0977469 5.20 0.000 .3169874 .7001481
Im
LD. .1845222 .8840978 0.21 0.835 -1.548278 1.917322
_cons -.0202984 .0155578 -1.30 0.192 -.0507912 .0101943
_____________ +________________________________________________________________
D_1m |
lgdp |
LD. -.1972406 .098541 -2.00 0.045 -.3903774 -.0041037
r
LD. -.029395 .0105773 -2.78 0.005 -.0501261 -.0086639
Im
LD. .4472679 .0956691 4.68 0.000 .2597599 .634776
_cons .0071036 .0016835 4.22 0.000 .0038039 .0104033



. vargranger

Granger causality Wald tests

+ __________________________________________________________________
I Equation Excluded | chi2 df Prob > chi2
______________________________________ +___________________________
| D_lgdp D.r | 14297 1 0.705

| D_lgdp D.Im | 0196 1 0.889

| D_lgdp ALL | .15705 2 0.924

|[-—====— o
| D_r D.1lgdp | 22731 1 0.634

| D_r D.1lm | 04356 1 0.835

I D_r ALL | .3039 2 0.859
______________________________________ +___________________________
| D_1m D.lgdp | 4.0064 1 0.045

| D_Im D.r | 7.7232 1 0.005

| D_1m ALL | 10.798 2 0.005

+ __________________________________________________________________
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2.3 Impulse Response Function{ > /%)L 2 EBEE):

ayi,t+m, m=12---,
6ej,t
wherei, j=1,2,---,k.
Example: AR(p) Process:
Wheny, is stationary, we obtain:
Ye=(lk— g1l — ol — -+ —ppLP) "

=&+ Qlet—l + 02&_2 + .-

The impulse response function is:

0Yit+k
(96]1

= bijk» k=12---,
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whereé;; x denotes thei(j)th element of.

Vi =&+ 016 1+066 2+ -
= PPl +6,PP e 1 + 0,PP g o+ ---

= Qont + Qg + Qotgrp + -+

where Vi) = Iy, andQ; = 6Pfori =0,1,2,--- andQy = P.

0Yi t+m
a77j,t ’

m= 1’ 2, e
wherei, j =1,2,---,k.
— Orthogonalized Impulse Response FunctionE 3 b1 > /3L R & EI%R)

Example:

. varbasic d.1lgdp d.r d.1lm, lags(1l)

Vector autoregression
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Sample: 3 - 8
Log likelihood
FPE
Det(Sigma_ml)

Equation

1

592.2334
8.38e-11
6.18e-11

0.0422
0.2553
0.2903

.010717
.087186
.009434

3.480972
27.0782
32.30929

79
-14.68945
-14.54526
-14.32954

.2031129

.0045431

.0152162
.0019504

.1119361

.0120151

.1086739
.0019124

.0162778

.0190061

-.1977807
-.0017978

.4225037

.0280922

.228213
.0056986

.4341641

.9106374
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-1.350652

2.218981



LD. .5085677 .0977469 5.20 0.000 .3169874 .7001481
Im
LD. .1845222 .8840978 0.21 0.835 -1.548278 1.917322
_cons -.0202984 .0155578 -1.30 0.192 -.0507912 .0101943
_____________ +________________________________________________________________
D_Im |
lgdp |
LD. -.1972406 .008541 -2.00 0.045 -.3903774 -.0041037
r
LD. -.029395 .0105773 -2.78 0.005 -.0501261 -.0086639
Im
LD. .4472679 .0956691 4.68 0.000 .2597599 .634776
_cons .0071036 .0016835 4.22 0.000 .0038039 .0104033
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varbasic, D.lgdp, D.lgdp

varbasic, D.lgdp, D.Im varbasic, D.lgdp, D.r

varbasic, D.Im, D.lgdp

varbasic, D.r, D.lgdp

varbasic, D.Im, D.Im varbasic, D.Im, D.r

varbasic, D.r, D.Im varbasic, D.r, D.r

T

2 4 6 8 0 2 4 6 8
step

95% Cl

orthogonalized irf

Graphs by irffname, impulse variable, and response variable
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3 Unit Root (84718) and Cointegration (#14)

3.1 Unit Root (B{i4R) Test (Dickey-Fuller (DF) Test)

1. Why is a unit root problem important?

(a) Economic variables increase over time in general.
One of the assumptions of OLS is stationarityypandx;.

This assumption implies thai}X’X converges to a fixed matrix asis

large.

That is, asymptotic normality of OLS estimator goes not hold.

(b) In nonstationary time series, the unit root is the most important.

In the case of unit root, OLSE of the first-order autoregressivéicant

iS consistent.
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OLSE is VT-consistent in the case of stationary AR(1) process, but OLS

is T-consistent in the case of nonstationay AR(1) process.

(c) A lot of economic variables increase over time.

It is important to check an economic variable is trend stationary (i.e
Vi = ag + &yt + &) or difference stationary (i.ey; = bg + yi_1 + &).

Considerk-step ahead prediction for both cases.

(Trend Stationarity) Yirkit = 8o + a1t + K)

(Difference Stationarity) Vit = Dok + Vi

2. The Case ofi¢,] < 1:

Yt = P11 + &, & ~ i.i.d. N(0, o?), Yo =0, t=1..-.T
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Then, OLSE of#p, is:

T
Z Yi-1Yt

In the case ofp,| < 1,

1 d
T Z Yi-1€

$r=py + ——— = — ¢+ EGr-16)

T EGZ,)

1
T2

= ¢1.

Note as follows:

1

-
?Z Vi-166 — E(Yt 1€t) =
t=1
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By the central limit theorem,

Ye_E0D _, o1
V(Ye)
where
1 i
€= = Yi-1€
T t=1
E() =

T
V(Ye) = V(= ZYt 16) = ZYt—lft)z)

T T 1 J
Z Z yt—lys—letfs = T2 Z yZ 16t 0' 2v(0).

t=1 s=1 t=1

Therefore,

Ve 1
\/0'27(0)/T o +[y(0) VT &

92

ZYt 1& — N(O,1),



which is rewritten as:

Yeae — N(O,0%y(0)).
2
T
Using_l—l_ Z y2, — E@W2,) = ¥(0), we have the following asymptotic distri-
t=1

bution:

Vi-16

2
VT($1— ¢1) = ——— N(O m)—N(o,l—qﬁ).

I ﬁ\
M* Mﬁ

2

>

Note thaty(0) = a
1- 1

3. Inthe case op; = 1, as expected, we have:
\/T((}Bl -1) — 0.
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That is,¢, has the distribution which converges in probabilitygto= 1 (i.e.,

degenerated distribution).

Is this true?

4. The Case ofp; = 1. — Random Walk Process
Vi = Vi1 + & With yp = 0 is written as:
yt = €t+€t—l+€t—2+ +El.
Therefore, we can obtain:
Vi ~ N(O, o?t).

The variance of; depends on time = y; is nonstationary.

2 V1€

5. Remember thap, = ¢, + .
1 1 Zytz—l
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(a) First, consider the numeratdly;_1 €.

We havey! = (Vi1 + &)° = Y7y + 216 + €

Therefore, we obtain:

1
Vt-16 = E(ytz - Yt2-1 - €t2)

Taking into accouny, = 0, we have:

T

ZYt 16 = —y?r——z

t=1

Divided byo?T on both sides, we have the following:

1 ZT: 1y ¥ 11,
2T L9 T BT T 2T A

t=1

Fromy; ~ N(0, o%t), we obtain the following result:

2
YT W2
(aﬁ) )
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Note tahtY ~ y2(1) for X ~ N(0,1) andY = X2.  Moreover, the second

T

1 2 2

?Zét —> O .
t=1

term is derived from:

Therefore,
1 < 1( yr )2 114, 1,
—= ) Y16 == -—==) ¢ — -(x(1)-1).
GZT; T2 oVT 202T L4 2

(b) Next, considep y?,.

T T T
E(Z yf_l] =BG = Y- )= 1D

t=1 t= t=1

Thus, we obtain the following result:
1 T
e 3] =

96

= afixed value

NI =



Therefore,

.
1 .
T3 ny_l — adistribution

o t=1

6. Summarizing the results up to NoW(¢; — ¢1), not VT (¢, — ¢1), has limiting
distribution in the case af; = 1.

(1/0°T) X Yia&

— adistribution
(1/0'2T2) )y ytz_l

T(¢1— 1) =

More formally, we introducestandard Brownian motion.
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Basic Concepts of Random Walk Process:

(@) Model: vy =VYi1+e, Yo = 0, & ~ N(O,1).
Then,

Vi=+ 61+ - + €.
Therefore,
Vi ~ N(O, t).

= Nonstationary Process (i.e., variance depends onttime

Difference betweey andy; (s > t) is:

yS_yt:E$+€S—1+ e +Et+2+€t+1.

The distribution ofys — y; is:

Ys— VYt ~ N(O, s—1).
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(b) Definition:
Thestandard Brownian motion or Wiener processW(t) denotes a
continuous-time variable at timieand a stochastic function.
W(t) for t € [0, 1] satisfies the following:
i. W0)=0
li. Foranytime periods @ r; <rp, < --- <rg <1, W(rp) — W(ry),

W(r3) — W(ry), - --, W(ry) — W(r¢_,) are independently multivariate
normal withW(s) — W(t) ~ N(O, s—t) for s> t.

iii. W(t) is continuous irt with probability 1.
An example:
aW(t) ~ N(O, o%t),

which denotes the Brownian motion with variance
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Another example;
W(t)? ~ t X y2(1).

(c) Assumeg ~ iid (0,0?). DefineX;(r) for r € [0, 1] as follows:

1
O, OSI’<?
€1 1 2
=, —<r<—=
T T T
Xr(r) = ate 203
T T T
a+e+ - +er
r=1
T D)

Let [Tr] be the largest integer which is less than or equdl tor.

[T1]
1
Xr(r) = ?Zq, VT X% (r) — N(O,ro?).
t=1
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Note that

—_ ra — N 07 2 s
T m él € (0,09
(1]
Vixe(y= o4 [T 1 T 1

b [ H - =
T NI V[T Zl [Tr] NG
Therefore, we obtain:

VT X (r) — N(O,ra?).

Moreover, we have the following results:

VT (X1 (r2) — %7 (re))

o

— N(O, I — r]_) = W(rz) — W(r]_),

@ L N(O.T) = W(r)
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For example, consider the caserof 1.

T
E €t.
t=1

Xr(1) =

=l

Then,

VIXr(1) 1 <
UT :Uﬁ;etﬂN(O,l):W(l).

(d) Considery; = yi_1 + &, Yo = 0 andg ~ N(0, o).

Xt (r) is defined as follows:

1

) 0<r<=,
r<_|_

Y1 1 2
7= < f
T T'T

Xr(=q% 2_,.3
T TS'°7
y_T, r =1.
T
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1
To obtainf X7 (r)dr, we compute a sum of rectangulars as follows:
0

Yi (2 Y2 2 LY T-1
fXT(r)dr T(T_?) T(T_?)+" T (1_ T )

Yyi Yo yraa 1
AR AR e
t=1
TX
We have already known tha{m W(r)
ag

Therefore,

L VT X (1) 1 1
fo e T3/2<yzyt — | Wlnar
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(e) DefineS+(r) as follows:

1
< —_
0, O_r<_|_,
ioo1_. .2
T T T
2_)y2 2 3
St(r) = (VTX(n) =Y. 2 _, _3
T T T
y2
T =1
T T

1
To obtainf St(r)dr, we compute a sum of rectangulars as follows:
0

j;lST(r)dr:y—%(E_l)+y_§(§_z)+ +Y$1(1_T_1)

T\T T T\T T T T
T

BB, 13

T2 T2 T2 T2 t
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We have already known thalT X;(r) — oW(r).
FromSy(r) = (\/'TXT(Y))Z.

— W(l’)z,

Sr(r) _ ( ﬁxT(r))z

o2

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem (E#: B & EHE):
if X1 — X (convergence in distribution) amgg') is a continuous function,

theng(xy) — g(X) (convergence in distribution).

Threfore, we have the follwoing result:
1 1 2 T 1
St(r) f VT X7(r) 1 f 2
dr = —| dr= —> W(r)“dr.
fo - i ~ M= ; A i (r)%dr
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Asymptotic Distribution of AR(1) Model:
Ho! Yyt =Yia+&andHy: Yo = drya + € for ¢y < 1
OLSE of¢,, denoted byp,, is given by:

- Yl Ve Y1 Vi1
h=—"F 5 =0t—F 5

Z;rzl yt2_1 Z;r:l yt2_1
Using¢; = 1 and some formulas shown above, we obtain:
Ti3liyesa  3W(P-1)
T230¥2, i wi(r)zdr

T($1-1)=
Note that
u 1 T 1
t=1 =1
whereW(1)? = y?(1).
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We say thatp, is super-consistent $8—31%#) or T-consistent

Remember that whel;| < 1 we haveVT (¢, — ¢1) — N(O,1 — ¢7), and in

this case we say tha is VT-consistent

Next, consider the conventionilest statistic:

p— 1
tT:¢1 ,

Sy

where

S?— 1/2 1 T
_ _ _x 2
Ve (ZLlyf_l] S ;‘(yt P

Thet test statistic, denoted ly, is represented as follows:

:él—lzT(le—l)
S Ts

tr
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The denominator is:

S% )1/2 ( , )—1/2
Ty =| ——— — W(r)<d ,
N (T-Z SeiY2y o2 f W(r)2dr f (ar

wheres? — ¢ is utilized.

Therefore, we have the following asymptotic distribution:

d1-1 2(W(L) - / 24r\-1/2 _ s(W(1Y - 1)
tr = — 27 | w(r)d .
s o wi(r)zdr f O (5 W(r)2dr)™2

Therefore, the distribution of thig statistic shown above isfiiérent from the

t distribution.
= Compard distribution with (a) — (c).

= Unit Root Test (R AIR1RTE, or Dickey-Fuller (DF) Test)

108



t Distribution

T | 0010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -249 -206 -171 -132 132 171 206 249
50| -240 -201 -168 -130 130 168 201 240
100| -236 -198 -166 -129 129 166 198 236
250 =234 -197 -165 -128 128 165 197 234
500 -233 -196 -165 -128 128 165 196 233
o | -233 -196 -164 -128 128 164 196 233
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@Ho: Yt =Y+ &
Hi: VYi=d1Vii+efor g, <1

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -266 -226 -195 -160 092 133 170 216
50| -262 -225 -195 -161 091 131 166 208
100 -260 -224 -195 -161 09 129 164 203
250| -258 -223 -195 -162 089 129 163 201
500 -258 -223 -195 -162 089 128 162 200
o | =258 -223 -195 -162 089 128 162 200
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Note that testinddo : ¢; = 1 andH; : ¢; < 1in the model:

Yi = 11 + &,
is equivalent to testingly : p = 0 andH; : p < 0in the model:
Ayt = pyt—l + €,

wherep = ¢ — 1.
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O)Ho: Vi =Yi1+ &
Hi: Yi=ao+d1yir+gforg; <1

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -375 -333 -300 -263 -037 000 034 Q72
50| -358 -322 -293 -260 -040 -003 029 066
100 -351 -317 -289 -258 -042 -005 026 063
250| -346 -314 -288 -257 -042 -006 024 062
500| -344 -313 -287 -257 -043 -0.07 024 061
o | =343 -312 -286 -257 -044 -007 023 060
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(c)Ho:

Yi = @o + Yi-1 + €

Hi: Vi=zao+art+ dryi1 + e for g <1
T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990
25| -438 -395 -360 -324 -114 -080 -050 -0.15
50| -415 -380 -350 -318 -119 -087 -058 -0.24
100| -4.04 -373 -345 -315 -122 -090 -062 -0.28
250 -399 -369 -343 -313 -123 -092 -0.64 -031
500| -398 -3.68 -342 -313 -124 -093 -065 -0.32
| -396 -366 -341 -312 -125 -094 -0.66 -0.33
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3.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.

3.2.1 Augmented Dickey-Fuller (ADF) Test
Consider the following ARg§) model:
Yo = d1Ye1+ P2+ + PpYip + &, & ~ iid(0, o),

which is rewritten as:  ¢(L)y; = «.
When the above model has a unit root, we ha{d = 0, i.e.,¢; + ¢ +

The above ARp) model is written as:
Yt = pYi-1 + 01AYi1 + 62AYi2 + -+ + +0p-1AYipi1 + &,

wherep = ¢y + ¢p + -+ + pp @NAS; = —(¢js1 + Pz + -+ - + Bp)-

114

"'+¢p:1.



The null and alternative hypotheses are:
Ho : p =1 (Unitroot)
Hi, . p < 1 (Stationary)
That is, the above test is equivalent to the following:
AYy = @Y1+ 01AY; 1 + 0202 + -+ + +0p_ 1AVt p1 + &,
wherea = p—1. The null and alternative hypotheses are:
Ho : @ = 0 (Unit root),

H; . a < 0 (Stationary)

Use thet test, where we have the same asymptotic distributions.
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Therefore, we can utilize the same tables as before.
Use AIC or SBIC to choose.

UseN(0,1) totestHy : 6; = 0againsH; : 6;#0forj=1,2,---,p-1.

Reference
Kurozumi (2008) “Economic Time Series Analysis and Unit Root Tests: Develoy

ment and PerspectiveJapan Statistical Society/ol.38, Series J, No.1, pp.39 — 57.

Download the above paper from:

http://ci.nii.ac.jp/vol_issue/nels/AA11989749/ISS0000426576_ja.html
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Example of ADF Test

. gen time=_n
. tsset time . .
time variable: time, 1 to 516
delta: 1 unit

. gen sexpend=expend-112.expend
(12 missing values generated)

. corrgram sexpend

-1 0 1-1 0 1
LAG AC PAC Q Prob>Q [Autocorrelation] [Partial Autocor]
1 0.7177 0.7184 261.14 60 - |----- | ====-
2 0.7036 0.3895 512.6 0.0000 = |----- -—-
3 0.7031 0.2817 764.23 0.0000 @@ |----- --
4 0.6366 0.0456 970.94 0.0000 @ |-----
5 0.6413 0.1116 1181.1 0.60000 | -----
6 0.6267 0.0815 1382.2 0.60000 = |-----
7 0.6208 0.0972 1580 0.0000 -———-
8 0.6384 0.1286 1789.5 0.6000 = |----- -
9 0.5926 -0.0205 1970.5 0.0000 ———-
10 0.5847 -0.0014 2146.9 0.0000 ———-
11 0.5658 -0.0185 2312.6 0.0000 ———-
12 0.4529 -0.2570 2418.9 0.0000 -—- --
13 0.5601 0.2318 2581.8 0.0000 -———- -
14 0.5393 0.1095 2733.2 0.0000 -——-
15 0.5277 0.0850 2878.4 0.0000 ———-




. varsoc d.sexpend, exo(l.sexpend) maxlag(25)

Selection-order criteria
Sample: 39 - 516 Number of obs = 478

.3e+07  20.1608 20.2465 20.3788
.3e+07  20.1625 20.2517  20.3893

0 -4917.7 5.1e+07  20.5845 20.5914 20.6019
1 | -4878.69 78.013 1 0.000 4.3e+07 20.4255 20.4358 20.4516
2 | -4858.95 39.481 1 0.000 4.0e+07 20.3471 20.3608 20.382
3 | -4858.46 .97673 1 0.323 4.0e+07 20.3492 20.3664 20.3928
4 | -4855.44 6.0461 1 0.014 4.0e+07 20.3407 20.3613 20.3931
5 | -4853.84 3.1904 1 0.074 4.0e+07 20.3383 20.3623 20.3993
6 | -4851.58 4.5304 1 0.033 4.0e+07 20.333  20.3604  20.4027
7 | -4847.61 7.942 1 0.005 3.9e+07 20.3205 20.3514 20.399
8 | -4847.51 .20154 1 0.653 3.9e+07 20.3243 20.3586 20.4115
9 | -4847.51 .00096 1 0.975 3.9e+07 20.3285 20.3662 20.4244
10 | -4847.43 16024 1 0.689 4.0e+07 20.3323  20.3735 20.437
11 | -4831.38 32.094 1 0.000 3.7e+07 20.2694 20.3139 20.3828
12 | -4818.46 25.834 1 0.000 3.5e+07 20.2195 20.2675 20.3416*
13 | -4815.64 5.6341 1 0.018 3.5e+07 20.2119 20.2633  20.3427
14 | -4813.98 3.321 1 0.068 3.5e+07 20.2091 20.264  20.3487
15 | -4813.38 1.2007 1 0.273 3.5e+07 20.2108 20.2691 20.3591
16 | -4810.57 5.6184 1 0.018 3.5e+07 20.2032 20.265  20.3603
17 -4808.7 3.7539 1 0.053 3.5e+07 20.1996 20.2647 20.3653
18 | -4806.12 5.1557 1 0.023 3.4e+07 20.193  20.2616 20.3674
19 -4804.6 3.0319 1 0.082 3.4e+07 20.1908 20.2628 20.374
20 -4804.6 2.7e-05 1 0.996 3.5e+07 20.195  20.2704 20.3869
21 | -4797.33 14.542 1 0.000 3.4e+07 20.1688 20.2476 20.3694
22 -4794.2 6.2571*% % 8.@12 §.3e+®7* 20.1598* 20.2422* 20.3692
1 0. 3
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| 25 | -4792.78 .13518 1 0.713 3.4e+07 20.1664 20.259 20.402

Endogenous: D.sexpend

Exogenous: L.sexpend _cons
. dfuller sexpend, lags(23)
Augmented Dickey-Fuller test for unit root Number of obs = 480
—————————— Interpolated Dickey-Fuller ---------
Test 1% Critical 5% Critical 10% Critical
Statistic Value Value Value
Z(t) -1.754 -3.442 -2.871 -2.570

MacKinnon approximate p-value for Z(t) = 0.4033

. dfuller sexpend, lags(13)

Augmented Dickey-Fuller test for unit root Number of obs = 490
—————————— Interpolated Dickey-Fuller ---------
Test 1% Critical 5% Critical 10% Critical
Statistic Value Value Value
Z(t) -2.129 -3.441 -2.870 -2.570

MacKinnon approximate p-value for Z(t) = 0.2329

119



3.3

1.

2.

Cointegration G£#14)
For a scalay;, whenAy; = y; — yi_1 is a white noise (i.e., iid), we writay; ~ 1(1).

Definition of Cointegration:

Suppose that each series ig& 1 vectory; is (1), i.e., each series has unit root, and that a

linear combination of each series (iay; for a nonzero vectaa) is 1(0), i.e., stationary.

Then, we say that; has a cointegration.

. Example:

Suppose thay; = (Y11, You)' is the following vector autoregressive process:

Yit = d1Yar + €1y,

Yot = Yor-1 + €2t

Then,

Ay1t = pret + €1p — €1i-1,  (MA(1) process)

Ayt = €y,
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where bothy, ; andy,; arel (1) processes.

The linear combinatiofy ; — ¢1Ya; is 1(0).

In this case, we say thst = (Y11, Y21)’ is cointegrated witla = (1, —¢1).
a= (1, —¢1) is called the cointegrating vector, which is not unique.
Therefore, the first element afis set to be one.

. Suppose that; ~ 1(1) andx; ~ 1(1).

For the regression modgl = x8 + U, OLS does not work well if we do not have tBavhich
satisfiesu ~ 1(0).

= Spurious regression & & H I+ D[AIF)

. Suppose thag; ~ 1(1), y; is ag x 1 vector andy; = (yl’t )
Y2t is ak x 1 vector, wherdk = g — 1. &

Consider the following regression model:

Vit =@+ Yor + U, t=12---,T.
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OLSE is given by:

) (v o) (s
y IR yz,tY'z,t 2 Y1yt .
Next, consider testing the null hypothesls : Ry = r, whereRis am x k matrix (m < k) and

risamx 1 vector.

TheF statistic, denoted bk, is given by:

-1

" T Syt 0)) )
- ®-r|20 R ' Ry — 1),
Gl [s%( )(Mt Zyz,tyz,t) (R Ry -1)

where

S =7 met @ - 'y20".

When we have the such thaty;; — yy.; is stationary, OLSE o}, i.e., y, is not statistically

equal to zero.

When the sample siZE is large enoughg is rejected by thé test.

. Phillips, P.C.B. (1986) “Understanding Spurious Regressions in Econometimg;hal of
EconometricsVol.33, pp.95 — 131.
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Consider g x 1 vectory; whose first diference is described by:
Ayy = ¥(L)e = Z Yses,
s=0

for & ani.i.d.g x 1 vector with mean zero , variancede{) = PP, and finite fourth moments

and whergs¥s)g , is absolutely summable.

Letk =g-1andA = ¥(1)P.

. Yt I Xy
Partitiony; asy; = andAA’ asAA’ = , Wherey;; andX;; are scalarsys;

Yai ) X1 X
andX,; arek x 1 vectors, and,; is ak x k matrix.

Suppose thad A’ is nonsingular,and defing;? = £, — £, 5155,

Let L, denote the Cholesky factor 61;21, i.e., Ly, is the lower triangular matrix satisfying
25% = L22L’22.

Then, (a) — (c) hold.

(a) OLSEs ofa andy in the regression modgh: = «@ + y'ya: + U, denoted byrt andyr,

é ,
Y1 —Z3%n o L2ohy
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hy 1 frwg(rydr 7t frwe(ndr
h2) ) ( frwnydr [ W;(r)Wz*(r)’dr) ( S W (r)W (r)dr )

W;(r) and W;(r) denote scalar and-dimensional standard Brownian motions, and
W (r) is independent ofV;(r).

where (

(b) The sum of squared residuals, denoted by RSS,_, 02, satisfies
T?RS§ — o}’H,

fol W (r)dr )’ ( hy )]‘1.

w2
where H = ["(W;(r))%dr ((f;WZ(r)WI(r)dr hy

(c) TheF test satisfies:

1
T — —(eiRh - 1)

fc>1W§(r)’dr )‘1 o R*)’)_l

c?H(0 R (
X( PHO ) Fwsmdr W nws(rydr

x(o1Rhy —r7),

whereR' = RLy, andr* = r — RZ,1%,1.
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Summary:

(a) indicates that OLSE<"is not consistent.
1 T

b) indicates thag2 = —— » ({7 diverges.

(b) as} T—g; ? diverg

(c) indicates thaFt diverges.

= Spurious regression &t A7 D[AJF)

. Resolution for Spurious Regression:
Suppose thafi; = @ + v’y + U iS @ Spurious regression.

(1) Estimatey; = @ + y'Yor + ¢Y11-1 + 0Y21-1 + Ut
Then,yt is VT-consistent, and thigest statistic goes to the standard normal distribution unde
Ho: y=0.
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(2) EstimateAy; ; = a + 9’ Ay, + W. Then,at andBr are VT-consistent, and thietest ande

test make sense.

(3) Estimatey1; = a + y'y2; + U by the Cochrane-Orcutt method, assuming that the

first-order serially correlated error.

Usually, choose (2).
However, there are two exceptions.
(i) The true value ob is not one, i.e., less than one.

(i) y1r andy,; are the cointegrated processes.

In these two cases, taking the firsffdrence leads to the misspecified regression.

. Cointegrating Vector:
Suppose that each elementypfs 1 (1) and tha#&'y; is I (0).

ais called acointegrating vector Gt#143X 2 kJL), which is not unique.
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Setz = a'y;, wherez is scalar, ané andy; areg x 1 vectors.
Forz ~ 1(0) (i.e., stationary)
T T
T Z=T" Y (@w? — E@)
t=1 t=1
Forz ~ I(1) (i.e., nonstationary, i.eq is not a cointegrating vector),
T 1
T2y — 2 [ o
t=1 0

whereW(r) denotes a standard Brownian motion addndicates variance of (£ L)z.

If ais not a cointegrating vector,* Zthl Z diverges.

— We can obtain a consistent estimate of a cointegrating vector by minimi?:lqu(2 with

respect t@, where a normalization condition @has to be imposed.

The estimator of thaincluding the normalization condition is super-consist@ntonsistent).
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@ Stock, J.H. (1987) “Asymptotic Properties of Least Squares Estimators of Cointegrati
Vectors,”"Econometrica\Vol.55, pp.1035 — 1056.

Proposition:
Lety,; be a scalaty,; be ak x 1 vector, andyy . Y,,)" be ag x 1 vector, whergy = k + 1.

Consider the following model:

Yit =@+ Y'Y + %, ( z
Ayat = Uzy,

)= wa
Uzt

& isagx 1i.i.d. vector with E&) = 0 and E&e¢/) = PP

@) ( T XV, )1( ¥ Vit )

OLSE is given by: ( .
Y 2Vt X y2,ty’2’t 2 YitYat

Define;, which is ag x 1 vector, and\}, which is ak x g matrix, as follows:

y
vap=(\).
Az
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Then, we have the following results:
1 (A;fW(r)dr)/
A*ZfW(r)dr A (f(W(r)) (w(r)y dr)A;’
AW(1)
A ( f W(r) (dW(r))’) 4+ EWUaZ,) ]
=0

(Tl/z(&—a)) '1(h1)
T(i’_')’) hz '

hy
where ( )z
hy

W(r) denotes @-dimensional standard Brownian motion.

1) OLSE of the cointegrating vector is consistent even thaudshserially correlated.
2) The consistency of OLSE implies tHEt! ¥ 07 — o2

3) Becausd ! ¥ (y1: — ¥4)? goes to infinity, a cofficient of determination??, goes to one.
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3.4 Testing Cointegration
3.4.1 Engle-Granger Test

Yt ~ 1(1)
Yit=a+7Y Y2+ U
e U ~ 1(0) = Cointegration

e Uy ~ (1) = Spurious Regression
Estimatey;; = a + y'y2: + U by OLS, and obtain;”
Estimateu{ = pﬂt_l + 51A01_1 + 52A0t_2 + -+ 5p_1A0t_p+1 + € by oLS.

ADF Test:
e Hy: p =1 (Sprious Regression)

e H; : p < 1 (Cointegration)
— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Hansen (1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors,

excluding constan

(a) Regressors have no drift
1% 2.5% 5% 10%

(b) Some regressors have drift
1% 25% 5% 10%

1

ga b~ W N

-396 -3.64 -337 -307
-431 -4.02 -377 -345
-473 -437 -411 -3.83
-5.07 -471 -445 -416
-528 -498 -471 -443

-396 -367 -341 -313
-436 -407 -3.80 -3.52
-465 -439 -416 -3.84
-5.04 -477 -449 -420
-536 -502 -474 -446

J.D. Hamilton (1994)Time Series Analysip.766.
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3.4.2 Error Correction Representation

VAR(p) model:

Vi=a+ @1yi1+ dYr2+ -+ dpYrp t+ &,

wherey;, @ ande indicateg x 1 vectors foit = 1,2,---, T, and¢gs is agx g matrix fors=1,2, - - -

Rewrite:

Vi = @+ pYi-1 + 6141 + 02AY 2 + -+ - + +0p-1AYpi1 + &,

where

p=grtdzte+dyp,

632_(¢5+1+65+2+"+¢7p), fOfSZl,Z,-~-,p—1.

Again, rewrite:

AYy = a + 0oYi-1 + 01AY¢1 + 02AYr 2 + - + +0p 1AVt pr1 + &,
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where
60 =p- Ig = _¢(1)’

for (L) = Ig — 61L — §oL2 — - - - = §pLP.

If y; hash cointegrating relations, we have the following error correction representation:
AYr = @ — BAYi 1+ 01AYi 1 + 62AYr 2 + -+ - + +0p_ 1AVt pi1 + &,

whereA'y,_1 is a stationanh x 1 vector (i.e.h 1(0) processes), and andA areg x h matrices.

Note that ¢(1)=BA for ¢(L) =Ilg—061L — L2 —+-- = GpLP.

Each row ofA’ denotes the cointegrating vector, i &.,consists oh cointegrating vectors.

133



Suppose that ~ N(0, X). The log-likelihood function is:

logl(a, 61, -, 6p-1, BIA)
_ T T
- 7Iog(271)—§|091|2|

.
1 / ’ -
~5 Z(Ayt —a+BAYL1 — 614y — = 0p 1A pr1) 7T

=1

X(AY: — @ + BAYi_1 — 61AYi—1 — - - — Op_1AVi_p41)
Given A andh, maximize lod with respect ta, 61, - -+, dp-1, B.

Then, giverh, how do we estimatd? — Johansen (1988, 1991)
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(*) Canonical Correlatoion (1IE#48Eg)

X' = (X1, X2, +, %n) andy’ = (y1, Y2, -, Ym), Wheren < m.
U=a'X=aiXs + aXp + -+ + anXn, v=Db'y=byys + bayo + - - + bnym,

where V{1) = V(v) = 1 and EK) = E(y) = 0 for simplicity.
Define:

V) =2  EXY)=Zx, V() =Zy  EOX)=Zyx=Z,
The correlation caicient betweem andv, denoted by, is:

_ Cov(u V)
\/V(u VW)
where V{) = aXa=1and V) = b’Zyb=1.

= aSb,

Maximizep = a'Zyyb subject toa’Xy,a = 1 ando’Zy b = 1.

The Lagrangian is:
L=aXyb- %A(a’Exxa -1)- %u(b’zyyb - 1)
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Take a derivative with respect goandb.

oL
—-— = Exyb - /lexa. = O,

L_

0
ob

Using 8@ =1 and b’Yyb = 1, we obtain:

A=p=ayb.
From the first equation, we obtain:
1
a= Zz;izxyb,

which is substituted into the second equation as follows:

1

15T AP = ATy =0, = (T 0Ty — APlmb =0, = [Z % S %y — Pln =0

The solution of2? is given by the maximum eigen value Bf} ¥}, ¥::%y, andb is the corresponding

eigen vector.
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Back to the Cointegration:

Estimate the following two regressions:

Ayt = 1o + Dy 1Ay 1 + D12AY 2 + -+ + D1 p 1AV pi1 + Ung

Y1 = D20+ 021AY 1 + DoAY 2 + -+ + Do p 1AV pr1 + Upg

Obtainui; fori =1,2andt=1,2,---, T, and compute as follow:

T T T
ooy < 1 A Ay 2 1 A ay A ,
20l Z=I )l Sp=o 0l Za=3,
t=1 t=1

=l

i\:ll =

FromE,1%,15351,, computeh biggest eigenvalues, denotedby 5, - - -, An, and the corresponding

eigen vectors, denoted lay, 8y, - - -, &n, whered; > Ao > -+ > Ap,
The estimate oA, A, is given byA = (&, 8y, - - -, &).

How do we obtairh?
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3.5 Testing the Number of Cointegrating Vectors

Trace Test (b L — R HRE):

Ho: 41 =0 and Hi: 1,>0.

g
2(logly —loglo) = =T > log(1- 1) — tr(Q),

i=h+1

where Q = ( I8 W(r)dW(r)’)’ ( I8 W(r)W(r)’dr)_l ( I W(r)dW(r)’).

Trace Test for # of Cointegrating Relations

# of Random | (a) Regressors have no drift (b) Some regressors have drift
Walks @ — h) 1% 2.5% 5% 10% 1% 2.5% 5% 10%
1 11.576 9.658  8.083 6.691 6.936  5.332 3.962 2.816
2 21.962 19.611 17.844 15.58319.310 17.299 15.197 13.338
3 37.291 34.062 31.256 28.43635.397 32.313 29.509 26.791
4 55,551 51.801 48.419 45.24853.792 50.424 47.181 43.964
5 77911 73.031 69.977 65.95676.955 72.140 68.905 65.063
J.D. Hamilton (1994)Time Series Analysip.767.
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Largest Eigenvalue Test & KE BB E):
Ho: An1=0 and Hi: A, >0.

2(logly — loglo) = T log(1— A1) —> maxmum eigen value @,

Maximum Eigenvalue Test for # of Cointegrating Relations

# of Random| (a) Regressors have no drift (b) Some regressors have drift
Walks @ — h) 1% 2.5% 5% 10% 1% 2.5% 5% 10%
11576 9.658 8.083 6.691 6.936 5.332 3.962 2.816
18.782 16.403 14.595 12.78§317.936 15.810 14.036 12.099
26.154 23.362 21.279 18.95925.521 23.002 20.778 18.697
32.616 29.599 27.341 24.91731.943 29.335 27.169 24.712

38.858 35.700 33.262 30.81838.341 35.546 33.178 30.774
. Hamilton (1994)Time Series Analysip.768.

o » 0w N -
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