AETET IV
JaO—NI)LETEET IV
Thr., 8:50-10:20
Room # 4 (EiX:E&ER)

e The prerequisite of this class Basic Statistics {5t &) (by Prof. Oya, Tue.,
16:20-17:50, this semester) aBdonometrics (L 3./ X b 1) v 2 X) (undergradu-
ate level, next semestef G &#EFF] 1A i &, Fritbtt).

e The class ofntroductory Econometrics (5t 2% F%E) (by Prof. Takeuchi,
Mon., 16:20-17:50, this semester) should be registered.
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Statistics Test §R5TH#& ) on June 22 (Sun.)

e Exams: Level 2 (2%%) — Level 4 (4%%)
Note that Level 4 is Junior high school level,
Level 3 is High school level, and
Level 2 is the 1st or 2nd year statistics in undergraduate school.
See http: //www.toukei-kentei.jp/index.html in more detail.

e Qualification for Exam (2ER&Eg) :

Undergraduate and Graduate Students in Osaka University
e Application Period (Z5XE:AHAE) :  April 14 (Mon.) — May 14 (Wed.)

e Application Fee (Z5&#) : Free



SRR, SRR 244 FE 1T ERIR & 172 STHR 248 O K 2 T e 1 2 ] 4 5 =
% 15— 225D  FREMRIR L M E RICE 3 2B BRG] 5%
bz,
MRS 0 HEURY:, KBRKZE, REMFERERRY, FLFREAY (R
KIZ) , ZEXRT, HKF, BRHEXY, FELKRY
LAz, KU D N DZERN,

MatiE 2%  10:30~12:00 5,0004

fREtiE 3%  13:30~14:30 4,0004

MatoE 4%  10:30~11:30 3,000
X5,

e Exam Date @8 H) : June 22 (Sun.)

e Exam Place ¢57f) : TEREEZRM#1, 2,4
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2 Regression Analysis[al)& 4 #7)

2.1 Setup of the Model

When i, 1), (X2, ¥2), - -+, (X, Yn) are available, suppose that there is a linear rela

tionship betweerny andx, i.e.,

Yi = B1+ B2X + Ui, (4)
fori=12,---,n. x; andy; denote theth observations.
— Single (or simple) regression model#EFE T )L)

yi is called thedependent variable (E/E@Z%X) or theexplained variable (¢#&ztEHZ
#0), while x; is known as théndependent variable ¢H3IIZ %) or theexplanatory

(or explaining) variable (5tFAZ%X).
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B1 = Intercept (Y1 F), B> = Slope (EZ)
B1 andg, are unknowrparameters (X > X —4%, %) to be estimated.
B1 andp, are called theegression cofficients (Bl JZ{%%%).

u; is the unobserveerror term ( 22ZIH) assumed to be a random variable with mear

zero and variance?.

o2 is also a parameter to be estimated.

x; is assumed to beonstochastic §EEZRY), buty; is stochastic fE3H) because
y; depends on the erroy.

The error termsiy, Uy, - - -, U, are assumed to be mutually independently and ident

cally distributed, which is calletd.

It is assumed that; has a distribution with mean zero, i.e.Ug(= 0 is assumed.
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Taking the expectation on both sides of (4), the expectatignisfrepresented as:

Elyi) = E(B1 + 82X + Ui) = 1 + BoX + E(W)
= B1 + B2X;, (5)

fori=12---,n.

Using Ef;) we can rewrite (4) ag = E(y)) + u.
(5) represents the true regression line.
Let3; andj3, be estimates ¢#; andg..

Replacing3; andgs, by 3; andj,, (4) turns out to be:

Vi = B1+BoX + &, (6)
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fori=1,2 ---,n, whereg is called theresidual (%Z).
The residuak is taken as the experimental value (or realization);of

We definey; as follows:
Vi = ,[31 +B2Xi, (7)

fori=1,2,---,n, which is interpreted as th@redicted value (F%;8{&) of y;.
(7) indicates the estimated regression line, whichfiedent from (5).
Moreover, using; we can rewrite (6) ag = y; + €.

(5) and (7) are displayed in Figure 1.

Consider the case of = 6 for simplicity. x indicates the observed data series.
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Figure 1. True and Estimated Regression Lines[f/FE#R)

Distributions
of the Errors

§ =B+ BoXi
(Estimated
Regression Line)

X

The true regression line (5) is represented by the solid line, while the estimated

gression line (7) is drawn with the dotted line.
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Based on the observed data,andg, are estimated ag; and,.

In the next section, we consider how to obtain the estimatgs anhd;3,, i.e.,,@l and

A~

Ba.

2.2 Ordinary Least Squares Estimation

Suppose thatq, y1), (X2, ¥2), - - -, (Xn, Yn) are available.
For the regression model (4), we consider estimagingndg,.
Replacings; andg, by their estimateg; andj,, remember that the residuglis
given by:
& =VYi— % =Vi—B1—fBax.
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The sum of squared residuals is defined as follows:
~ ~ n n ~ ~
S(B1,B2) = Z e = Z(Yi — B1 - B2xi).
i=1 i=1

It might be plausible to choose tig and3, which minimize the sum of squared
residuals, i.e.S(31, 32).
This method is called therdinary least squares estimation f&/N=%%, OLS).

To minimize S(B,, 3,) with respect tg3; andj,, we set the partial derivatives equal

to zero:
55(51,,32)
-2 i - i) =
s Z(y ~B1— Baxi) =
33(31,,32)
2 By — Box) =
%, Z X (Vi — B1 — B2X) =

31



The second order condition for minimization is:
9?S(B1rBa)  9*S(Brb) n o
( o2 P10z ) _ ( n 22X )

PSBBa)  9°S(B1B2) no. N2
3P20p1 B3 22X 22 X

should be a positive definite matrix.

The diagonal elementsand 23, x? are positive.
The determinant:

2n 230X

‘ 23 % 2% %

is positive. =  The second-order condition is satisfied.

“an) %40 X = 4 D (x - R
i=1 i=1

i=1

The first two equations yield the following two equations:

Y = B1 + B2%, (8)
Xi

Vi =nXB1+ B2 » %, (©)



19 _ 1y
wherey = - ;yi andX = - ; X .
Multiplying (8) by nX and subtracting (9), we can deriggas follows:

5, - S XV~ XY (6 X% ~Y)

= = = — 10
S I I N S (10

From (8),5; is directly obtained as follows:
P =Y~ B (11)

When the observed values are takenyfoand x; fori = 1,2, ---,n, we say thap;
andp, are called therdinary least squares estimats (or simply thdeast squares
estimates, &/N ZFHEE) of B, andp,.

Wheny, fori = 1,2,---,nare regarded as the random sample, we saﬁmnd,éz
are called theordinary least squares estimatos (or theleast squares estimatos,
B/NZFHEEE) of B, andp..
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