Finally, replacingr? by its consistent estimat@?, it is known as follows:

P2 —pa — N(0,1), (16)

s/ \/Zinzl(xi - X)?

wheres? is defined as:

(i —,él - Iézxi)z, (17)

i=1 i=1

which is a consistent and unbiased estimatarof — Proved later.

Thus, using (16), in large sample we can construct the confidence interval and

the hypothesis.
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[Review] Confidence Interval (E8X[E, XE#E)):

SupposeXy, Xz, - - -, X, are iid with mean: and variancer>. — No N assumption
X-EX) X-pu

X—pu

1 < -
Replacingr?2 by S2 = —— ) (X — X)?, we have:
placings? by n—1;( ) SV

From CLT, — N(0,1).

— N(O,1).

That is, for largen,

P(-1.96 < X-n 1.96) = 0.95, i.e.,P(X - 196> < w< X+ 1.963) = 0.95.
S/ +n Vin Vin

Note that 1.96 is obtained from the normal distribution table.
Then, replacing the estimataxsandS? by the estimate® ands?, we obtain the 95%
confidence interval gt as follows:
S S
X—196—, X+ 1.96—).

[End of Review]
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Going back to OLSwe have:

B2 — B2
— N(O, ).
s/ \/Zinzl(xi - X)?

Therefore, R
P(-2.576< E — < 2576) = 0.99,
Yimi(X —%)?
ie.,
P(B2 - 2576—— S — <2 <Bo+2576— > —) =099
it (X — X)? V2t (% —%)?

Note that 2.576 is 0.005 value Bi(0, 1), which comes from the statistical table.

Thus, the 99% confidence intervalgfis:

(8- 2576

S ~ S
, B+ 2576 :
Lk -x2 S0 — ‘)2)

where, ands? should be replaced by the observed data.
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[Review] Testing the Hypothesis {RE7i& iE):
Suppose thaXy, X,, - - -, X, are iid with mean: and variancer?.
X7 n

From CLT,u — N(0, 1), whereS? = L Z(Xi — X)?, which is known as
S/ W n-1 i—1

the unbiased estimator of.

e The null hypothesi$ly : u = ug, Whereyg is a fixed number.

e The alternative hypothesid; : u # uo

Under the null hypothesis, in large sample we have the following disribution:

X —Ho
~ N(O, 1).
NG (0,1)
ReplacingX andS? by X ands?, comparew andN(0, 1).
Ho is rejected at significance level 0.05 WW ' > 1.96.

[End of Review]
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In the case of OLShe hypotheses are as follows:

e The null hypothesi$ly : 8, =,
e The alternative hypothestd; : 3, #

UnderHo, in large sample,
B2 B
s/ \/Zin=1(xi -X)?

~ N(0, 1),

Replacings, ands? by the observed data, compare Fa— b andN(0, 1).

§/ V2t (% = X)?

Ho is rejected at significance level 0.05 wHen '8?] b — ‘ > 1.96.
S/ v Xita(X = %)?
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Exact Distribution of 8,: We have shown asymptotic normality afn(3; — 5,),
which is one of the large sample properties.

Now, we discuss the small sample propertieg.of

In order to obtain the distribution @ in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is that N(0, o).

Writing (13), againj3; is represented as:
R n
B2=pB2+ Zwiui-
i=1

First, we obtain the distribution of the second term in the above equation.
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[Review] Content of Special Lectures in Economics (Statistical Analysis)
Note that thenoment-generating function f&E %L, MGF) is given byM(6) =
E(exp@X)) = expld + 20°6%) whenX ~ N(u, o7?).

X1, Xo, -+, Xy are mutually independently distributed s ~ N(/ui,aiz) fori =
12,---,n.

MGF of X; is M;(6) = E(expX)) = expif + 30262).

Consider the distribution of = Y., (a; + b X;), wherea; andb; are constant.

M,(6) = E(exp@Y)) = E(expb XL, (a + X))
= [1iL, exp@a)E(expbbiX)) = [1L, expla) Mi(6b)
= [1iL, exp@a;) expuitbi+ ;02(6bi)?) = exp@ T, (& +biwi) +36° T L, bPo?),
which implies thaty ~ N(3 L, (a + biwi), YL, b2o?).

[End of Review]
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Substitutea; = 0, uj = 0, b = w; andO'iZ = o2

Then, using the moment-generating functidii,, wiu; is distributed as:

n n
Zwiui ~ N(O, UZZwiz).
i=1 i=1

Thereforef3, is distributed as:
n n
B2 =p2+ Zwiui ~ N(Bo, O'ZZ w?),
-1 =

or equivalently,

A

B2~ B2 B B2 — B2 ~N(0.1)

oS w? /RN - %P

for anyn.
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Moreover, replacing? by its estimatois® defined in (17), it is known that we have:

A

B2 —po
s/ \/Zin:l(xi - X)?

wheret(n — 2) denoteg distribution withn — 2 degrees of freedom.

~t(n-2),

Thus, under normality assumption on the error tespthe t(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,

B2— B2 2
~F(@,n-2),
s AN

which will be proved later.

Before going tanultiple regression model @E)EE 7 /L),
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2 Some Formulas of Matrix Algebra

A1 A2 - Az
dp1 Q2 - A

1. LetA=| = . =[]
a1 az - Ak

which is al x k matrix, wheres;; denotesth row andjth column ofA.

Thetransposed matrix @=iE1T75!) of A, denoted by, is defined as:

a1 A1 - Al
) A A - A
A=l .= &,
Ak Ak v Ak

where thdath row of A’ is theith column ofA.
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. (AX) = XA,
whereA andx are al x k matrix and & x 1 vector, respectively.

.a =a,
wherea denotes a scalar.

oa’x 3

a,
0X
wherea andx arek x 1 vectors.

OX' AX
- OX
whereA andx are ak x k matrix and & x 1 vector, respectively.

= (A+ A)X,

Especially, wherA is symmetric,
OX' AX
oX

= 2AX
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6. Let A andB bek x k matrices, and, be ak x k identity matrix ( B4z1751)

(one in the diagonal elements and zero in the other elements).

When AB = |, B is called theinverse matrix (3#17%1) of A, denoted by
B=A"1

Thatis,AAl = A1A=1,.

7. Let A be ak x k matrix andx be ak x 1 vector.

If Ais apositive definite matrix (IE{EE fFS1751), for anyx except forx = 0
we have:

X Ax > 0.

If Ais apositive semidefinite matrix GE&EE FF51751), for any x except
for x = 0 we have:

X Ax > 0.

42



If Ais anegative definite matrix (BfEZERFS1751), for anyx except forx = 0

we have:
X Ax < 0.

If Ais anegative semidefinite matrix §E1EfEE fF51771), for any x except

for x = 0 we have:

X Ax < 0.

Trace, Rank and etc.: A kxKk, B: nxKk, C:kxn.

k
1. Thetrace (k L —2) of Ais: tr(A) = Zai, whereA = [a;] .

i=1
2. Therank (> 7, B&%) of Ais the maximum number of linearly independent

column (or row) vectors of, which is denoted by rank.
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3. If Ais anidempotent matrix (X Z%F{751), A= A2,

4. If Ais an idempotent and symmetric matrix= A2 = A'A.

5. Ais idempotent if and only if the eigen valuesAtonsist of 1 and 0.
6. If Aisidempotent, rank) =tr(A) .

7. tr(BC) =tr(CB)

Distributions in Matrix Form:

1. Let X, uandX bek x 1, k x 1 andk x k matrices.

WhenX ~ N(u, X), the density function oKX is given by:

1 1 .
f(x) = @I exp(—é(x— 1y=Hx - ).
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E(X) = pand V) = E((X - )(X - p)) = £
The moment-generating function(o) = E(exp(@’X)) =exp@u + %0’29)

(*) In the univariate case, whex ~ N(u, 02), the density function oX is:

109 = G 5,200

IF X ~ N(, Z), then X — )= 1(X = 1) ~ x4(K).

Note that X’'X ~ x?(k) whenX ~ N(0, I,).

. Xonx1,  Y:mxd, X ~N@oZ), Y~ Ny,

X is independent of, i.e., (X - i)(Y - 1,)') = 0 in the case of normal
random variables.

(X - ﬂx)lz;l(x — px)/N

(Y = ) I Y = py)/m Hovm

45



4. If X ~ N(0, o?l,,) andAis a symmetric idempotemtx n matrix of rankG, then
X' AX/0? ~ ?(G).

Note thatX’AX = (AX)'(AX) and rankf) = tr(A) becausé\ is idempotent.

5. If X ~ N(0, c?l,,), AandB are symmetric idempotentx n matrices of raniG

andK, andAB = 0, then

'AX X'BX _ X'AX/G
Go?2! Ko?2 ~ XBX/K

~ F(G, K).
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3 Multiple Regression Model E&[al)&E 7 /L)

Up to now, only one independent variable, i>g, is taken into the regression model.
We extend it to more independent variables, which is calledrthitiple regression
model EEVZETIV).

We consider the following regression model:

B
B2
Vi =BaiXia+BoXio+ -+ BuXik + U = (Xia, Xiz, o, Xik) [ Fu=xg+u,

B

fori =1,2,---,n, wherex; andg denote a X k vector of the independent variables
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and ak x 1 vector of the unknown parameters to be estimated, which are given by
B1
B2
X=X %K), B=] .|

B

X; ; denotes théth observation of thgth independent variable.
The case ok = 2 andx;; = 1 for all i is exactly equivalent to (1).
Therefore, the matrix form above is a generalization of (1).
Writing all the equations for=1,2,---,n, we have:

Y1 =B1X1 + BoXez + - + BrXak + U = Xgf + U,

Yo = B1Xo1 + BoXop + -+ + BiXok + U2 = Xof8 + Uy,

Yn = ﬁlxn,l +ﬁ2Xn,2 +-- +ﬁkxn,k + Up = XnB + Up,
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which is rewritten as:

Y1 X1 X2 -0 Xk ) (B1 Up
Y2 Xo1 Xo2 0 Xok || B2 uy
= +
Yn Xn1 Xn2 -t Xnk/ \Bk Un

X1 Uy

X2 U
= . |8+

Xn Un

Again, the above equation is compactly rewritten as:

y=XB+U,
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