
Finally, replacingσ2 by its consistent estimators2, it is known as follows:

β̂2 − β2

s/
√∑n

i=1(xi − x)2
−→ N(0,1), (16)

wheres2 is defined as:

s2 =
1

n− 2

n∑
i=1

e2
i =

1
n− 2

n∑
i=1

(yi − β̂1 − β̂2xi)
2, (17)

which is a consistent and unbiased estimator ofσ2. −→ Proved later.

Thus, using (16), in large sample we can construct the confidence interval and test

the hypothesis.
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[Review] Confidence Interval (信頼区間，区間推定)):

SupposeX1,X2, · · · ,Xn are iid with meanµ and varianceσ2. −→ No N assumption

From CLT,
X − E(X)√

V(X)
=

X − µ
σ/
√

n
−→ N(0,1).

Replacingσ2 by S2 =
1

n− 1

n∑
i=1

(Xi − X)2, we have:
X − µ
S/
√

n
−→ N(0,1).

That is, for largen,

P
(
−1.96<

X − µ
S/
√

n
< 1.96

)
= 0.95, i.e.,P

(
X − 1.96

S
√

n
< µ < X + 1.96

S
√

n

)
= 0.95.

Note that 1.96 is obtained from the normal distribution table.

Then, replacing the estimatorsX andS2 by the estimatesx ands2, we obtain the 95%

confidence interval ofµ as follows:

(x− 1.96
s
√

n
, x+ 1.96

s
√

n
).

[End of Review]
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Going back to OLS, we have:

β̂2 − β2

s/
√∑n

i=1(xi − x)2
−→ N(0,1).

Therefore,

P
(
−2.576<

β̂2 − β2

s/
√∑n

i=1(xi − x)2
< 2.576

)
= 0.99,

i.e.,

P
(
β̂2 − 2.576

s√∑n
i=1(xi − x)2

< β2 < β̂2 + 2.576
s√∑n

i=1(xi − x)2

)
= 0.99.

Note that 2.576 is 0.005 value ofN(0,1), which comes from the statistical table.

Thus, the 99% confidence interval ofβ2 is:(
β̂2 − 2.576

s√∑n
i=1(xi − x)2

, β̂2 + 2.576
s√∑n

i=1(xi − x)2

)
,

whereβ̂2 ands2 should be replaced by the observed data.
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[Review] Testing the Hypothesis (仮説検定):

Suppose thatX1,X2, · · · ,Xn are iid with meanµ and varianceσ2.

From CLT,
X − µ
S/
√

n
−→ N(0,1), whereS2 =

1
n− 1

n∑
i=1

(Xi − X)2, which is known as

the unbiased estimator ofσ2.

• The null hypothesisH0 : µ = µ0, whereµ0 is a fixed number.

• The alternative hypothesisH1 : µ , µ0

Under the null hypothesis, in large sample we have the following disribution:

X − µ0

S/
√

n
∼ N(0,1).

ReplacingX andS2 by x ands2, compare
x− µ0

s/
√

n
andN(0,1).

H0 is rejected at significance level 0.05 when
∣∣∣∣x− µ0

s/
√

n

∣∣∣∣ > 1.96.

[End of Review]
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In the case of OLS, the hypotheses are as follows:

• The null hypothesisH0 : β2 = β
∗
2

• The alternative hypothesisH1 : β2 , β∗2

UnderH0, in large sample,

β̂2 − β∗2
s/
√∑n

i=1(xi − x)2
∼ N(0,1).

Replacingβ̂2 ands2 by the observed data, compare
β̂2 − β∗2

s/
√∑n

i=1(xi − x)2
andN(0,1).

H0 is rejected at significance level 0.05 when
∣∣∣∣ β̂2 − β∗2
s/
√∑n

i=1(xi − x)2

∣∣∣∣ > 1.96.
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Exact Distribution of β̂2: We have shown asymptotic normality of
√

n(β̂2 − β2),

which is one of the large sample properties.

Now, we discuss the small sample properties ofβ̂2.

In order to obtain the distribution of̂β2 in small sample, the distribution of the error

term has to be assumed.

Therefore, the extra assumption is thatui ∼ N(0, σ2).

Writing (13), again,̂β2 is represented as:

β̂2 = β2 +

n∑
i=1

ωiui .

First, we obtain the distribution of the second term in the above equation.
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[Review]　 Content of Special Lectures in Economics (Statistical Analysis)　

Note that themoment-generating function (積率母関数, MGF) is given byM(θ) ≡

E(exp(θX)) = exp(µθ + 1
2σ

2θ2) whenX ∼ N(µ, σ2).

X1, X2, · · ·, Xn are mutually independently distributed asXi ∼ N(µi , σ
2
i ) for i =

1,2, · · · ,n.

MGF of Xi is Mi(θ) ≡ E(exp(θXi)) = exp(µiθ +
1
2σ

2
i θ

2).

Consider the distribution ofY =
∑n

i=1(ai + biXi), whereai andbi are constant.

My(θ) ≡ E(exp(θY)) = E(exp(θ
∑n

i=1(ai + biXi)))

=
∏n

i=1 exp(θai)E(exp(θbiXi)) =
∏n

i=1 exp(θai)Mi(θbi)

=
∏n

i=1 exp(θai) exp(µiθbi+
1
2σ

2
i (θbi)2) = exp(θ

∑n
i=1(ai+biµi)+ 1

2θ
2∑n

i=1 b2
i σ

2
i ),

which implies thatY ∼ N(
∑n

i=1(ai + biµi),
∑n

i=1 b2
i σ

2
i ).

[End of Review]
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Substituteai = 0, µi = 0, bi = ωi andσ2
i = σ

2.

Then, using the moment-generating function,
∑n

i=1ωiui is distributed as:

n∑
i=1

ωiui ∼ N(0, σ2
n∑

i=1

ω2
i ).

Therefore,̂β2 is distributed as:

β̂2 = β2 +

n∑
i=1

ωiui ∼ N(β2, σ
2

n∑
i=1

ω2
i ),

or equivalently,

β̂2 − β2

σ
√∑n

i=1ω
2
i

=
β̂2 − β2

σ/
√∑n

i=1(xi − x)2
∼ N(0,1),

for anyn.
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Moreover, replacingσ2 by its estimators2 defined in (17), it is known that we have:

β̂2 − β2

s/
√∑n

i=1(xi − x)2
∼ t(n− 2),

wheret(n− 2) denotest distribution withn− 2 degrees of freedom.

Thus, under normality assumption on the error termui, the t(n − 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,

( β̂2 − β2

s/
√∑n

i=1(xi − x)2

)2
∼ F(1,n− 2),

which will be proved later.

Before going tomultiple regression model (重回帰モデル),
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2 Some Formulas of Matrix Algebra

1. Let A =


a11 a12 · · · a1k

a21 a22 · · · a2k

...
...
. . .

...

al1 al2 · · · alk


= [ai j ],

which is al × k matrix, whereai j denotesith row andjth column ofA.

Thetransposed matrix (転置行列) of A, denoted byA′, is defined as:

A′ =


a11 a21 · · · al1

a12 a22 · · · al2

...
...
. . .

...

a1k a2k · · · alk


= [aji ],

where theith row of A′ is theith column ofA.
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2. (Ax)′ = x′A′,

whereA andx are al × k matrix and ak× 1 vector, respectively.

3. a′ = a,

wherea denotes a scalar.

4.
∂a′x
∂x
= a,

wherea andx arek× 1 vectors.

5.
∂x′Ax
∂x

= (A+ A′)x,

whereA andx are ak× k matrix and ak× 1 vector, respectively.

Especially, whenA is symmetric,

∂x′Ax
∂x

= 2Ax.
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6. Let A andB bek × k matrices, andIk be ak × k identity matrix (単位行列)

(one in the diagonal elements and zero in the other elements).

When AB = Ik, B is called theinverse matrix (逆行列) of A, denoted by

B = A−1.

That is,AA−1 = A−1A = Ik.

7. Let A be ak× k matrix andx be ak× 1 vector.

If A is apositive definite matrix (正値定符号行列), for anyx except forx = 0

we have:

x′Ax> 0.

If A is apositive semidefinite matrix (非負値定符号行列), for any x except

for x = 0 we have:

x′Ax≥ 0.
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If A is anegative definite matrix (負値定符号行列), for anyx except forx = 0

we have:

x′Ax< 0.

If A is anegative semidefinite matrix (非正値定符号行列), for anyx except

for x = 0 we have:

x′Ax≤ 0.

Trace, Rank and etc.: A : k× k, B : n× k, C : k× n.

1. Thetrace (トレース) of A is: tr(A) =
k∑

i=1

aii , whereA = [ai j ] .

2. Therank (ランク，階数) of A is the maximum number of linearly independent

column (or row) vectors ofA, which is denoted by rank(A).
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3. If A is anidempotent matrix (べき等行列), A = A2 .

4. If A is an idempotent and symmetric matrix,A = A2 = A′A .

5. A is idempotent if and only if the eigen values ofA consist of 1 and 0.

6. If A is idempotent, rank(A) =tr(A) .

7. tr(BC) =tr(CB)

Distributions in Matrix Form:

1. Let X, µ andΣ bek× 1, k× 1 andk× k matrices.

WhenX ∼ N(µ,Σ), the density function ofX is given by:

f (x) =
1

(2π)k/2|Σ| exp
(
−1

2
(x− µ)′Σ−1(x− µ)

)
.
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E(X) = µ and V(X) = E
(
(X − µ)(X − µ)′

)
= Σ

The moment-generating function:φ(θ) = E
(
exp(θ′X)

)
= exp(θ′µ + 1

2θ
′Σθ)

(*) In the univariate case, whenX ∼ N(µ, σ2), the density function ofX is:

f (x) =
1

(2πσ2)1/2
exp
(
− 1

2σ2
(x− µ)2

)
.

2. If X ∼ N(µ,Σ), then (X − µ)′Σ−1(X − µ) ∼ χ2(k).

Note that X′X ∼ χ2(k) whenX ∼ N(0, Ik).

3. X: n× 1, Y: m× 1, X ∼ N(µx,Σx), Y ∼ N(µy,Σy)

X is independent ofY, i.e., E
(
(X − µx)(Y − µy)′

)
= 0 in the case of normal

random variables.

(X − µx)′Σ−1
x (X − µx)/n

(Y− µy)′Σ−1
y (Y− µy)/m

∼ F(n,m)
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4. If X ∼ N(0, σ2In) andA is a symmetric idempotentn×n matrix of rankG, then

X′AX/σ2 ∼ χ2(G).

Note thatX′AX = (AX)′(AX) and rank(A) = tr(A) becauseA is idempotent.

5. If X ∼ N(0, σ2In), A andB are symmetric idempotentn× n matrices of rankG

andK, andAB= 0, then

X′AX
Gσ2

/X′BX
Kσ2

=
X′AX/G
X′BX/K

∼ F(G,K).
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3 Multiple Regression Model (重回帰モデル)

Up to now, only one independent variable, i.e.,xi, is taken into the regression model.

We extend it to more independent variables, which is called themultiple regression

model (重回帰モデル).

We consider the following regression model:

yi = β1xi,1 + β2xi,2 + · · · + βkxi,k + ui = (xi,1, xi,2, · · · , xi,k)


β1

β2

...

βk


+ ui = xiβ + ui ,

for i = 1,2, · · · ,n, wherexi andβ denote a 1× k vector of the independent variables
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and ak× 1 vector of the unknown parameters to be estimated, which are given by:

xi = (xi,1, xi,2, · · · , xi,k), β =


β1

β2

...

βk


.

xi, j denotes theith observation of thejth independent variable.

The case ofk = 2 andxi,1 = 1 for all i is exactly equivalent to (1).

Therefore, the matrix form above is a generalization of (1).

Writing all the equations fori = 1,2, · · · ,n, we have:

y1 = β1x1,1 + β2x1,2 + · · · + βkx1,k + u1 = x1β + u1,

y2 = β1x2,1 + β2x2,2 + · · · + βkx2,k + u2 = x2β + u2,

...

yn = β1xn,1 + β2xn,2 + · · · + βkxn,k + un = xnβ + un,
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which is rewritten as:
y1

y2

...

yn


=


x1,1 x1,2 · · · x1,k

x2,1 x2,2 · · · x2,k

...
...
. . .

...

xn,1 xn,2 · · · xn,k




β1

β2

...

βk


+


u1

u2

...

un



=


x1

x2

...

xn


β +


u1

u2

...

un


.

Again, the above equation is compactly rewritten as:

y = Xβ + u, (18)
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