8. Lag Operator (5 7 FER) :

L™Vt = Ytrs 7=12---

9. Likelihood Function (7B RE#4) — Innovation Form :

The joint distribution ofy, y», - - -, yr IS written as:

fy,, Yo, o yr) = F(yrlyr-a, - ya) fF(Yroa, - -+, 1)
= f(yrlyr—1, - yo) F(yralyr—2, -, yo) F(yr—2, - - . Yh)

= f(yrlyr-1, - -, yo) fF(Yralyr—2, - -, y1) - F(Yalys) f(ya)

-
= ) | | 0y,
t=2
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Therefore, the log-likelihood function is given by:
T
l0g f (Y1, Y2, -+, yr) =log f(ya) + > log f (lye 1, -+, ¥1).
t=2

Under the normality assumptiofh(y:|y:_1, - - - , Y1) iS given by the normal distri-

bution with conditional mean By;_1, - - - , y1) and conditional variance Vagk(y;_1, -

6.2 Autoregressive Model B EIIZE T/l or AR ET L)

1. AR(p) Model :

Vi = P1¥ie1 + dYeo + -0 + PpVip + &,

which is rewritten as:

d(LIV: = &,
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where

HL) = 1= g1l - gol?— - — gyLP.

. Stationarity (€ F )

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers

When thep solutions are greater than ongjs stationary.

Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.

. Partial Autocorrelation Coefficient (f& B SEBEHR2X), by :

The partial autocorrelation cigient betweery; andy;_x, denoted bypyy, IS

a measure of strength of the relationship betwgeandy;_y, after removing
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influence ofy;_1, - - -, Yi_ks1-

#11 = p(1)
( 1 P(l))(¢2,1):(/0(1))
p() 1 /\p22) \p(2)

1 p(1) p(2))(¢s1 p(1)
[p(l) 1 P(l)][¢3,2]=[P(Z)J

p2) p(1) 1 /¢33 P(3)
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1 p(1)
p(1) 1

pk=-1) pk-2) ---

p(1)
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- pk=2) p(k-1)
pk=3) pk-2)

1

dr1
dx2

k-1

Pk

p(1)
p(2)

p(K)



Use Cramer’s rulef 7 A — )LD/ ) to obtaingy.

1 p() - p(k=2)p(1)
o(1) 1 p(k—=3) p(2)

pk=1)pk=2)--- p(1) pK

1 p(1) - pk=2)p(k-1)
p(1) 1 pk=3)pk-2)

Ok =

pk=1) p(k=2)--- p(1) 1
Example: AR(1) Model: Vi = ¢1Vr 1 + &

1. The stationarity condition is: the solution®fx) = 1 —¢;x = 0, i.e.,x = 1/¢;,

is greater than one in absolute value, or equivalefatly< 1.

82



2. Rewriting the AR(1) model,

Vi = P11 + &
2
=1 Yi2 + & + Pr6-1

3 2
= PiYi3+ &+ P161 + PrE 2

= Vst &+ P+ o+ (ﬁ_let,sﬂ.
As sis large, ¢ approaches zero— Stationarity condition
3. For stationarity, y; = ¢1y_1 + € IS rewritten as:
Vi = & + dr16-1 + ¢%€t—2 + .-
MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) procesg
p=EW) = E(& + ¢r6-1 + dle2+ )
= E(a) + #1E(e1) + ¢7E(62) + --- =0
5. Autocovariance and autocorrelation functions of the AR(1) process:

Rewriting the AR(1) process, we have:
Ve =Yoo+ &+ P11+ 0+ O € it
Therefore, the autocovariance function of AR(1) process is:
y(@) = E(0t — )V — 1)) = EGiYer)
= E((‘ﬂ)’t—T +t&+di6at+ o0+ ¢§__1€t—7+1)yt—‘r)
= $IEMi-Yir) + EleYir) + p1E(Yie) + -+ + ¢ "E&-ri1)ir)
= ¢17(0).
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The autocorrelation function of AR(1) process is:

o0 =13 =41

Multiply y;_, on both sides of the AR(1) process and take the expectation:

EWtyi-r) = #1EMVi-1Y1-r) + E(&Yi-r)

ory(t—1), fort # 0,
y(7) =
$ry(r = 1)+ 02, forr =0.

Usingy(t) = y(-7), vy(r)forr = 0is given by:

¥(0) = ¢1y(1) + 0% = $3¥(0) + 0.

Note thaty(1) = ¢1y(0).
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Therefore;y(0) is given by:

0_2

1-¢3

6. Partial autocorrelation function of AR(1) process:

¥(0) =

¢11=p(1) = ¢1
1 p(2)
brn = lp(l) p(Z)' _p@)-py _
’ 1 p(1) 1-p(1)?
lp(l) 1 '

7. Estimation of AR(1) model:

(a) Likelihood function
T
log f(yr, -+, y1) = log f(y1) + " 10g f (Vlye-1 -+, y)
t=1
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2

:—}Iog(Zn)—}Iog( d )— 1 y?

1-¢% 2/(1 ¢2)
T-1, ,
0g(@n) - *=Llogle?) - Z(yt b1Yi-1)?
T T 1 1
= -5 log(2n) - 5 |Og(0'2) -z Iog(1 ¢2)
1

2021 ¢2) T 5 ZZ(yt $1¥i-1)°

Note as follows:

1 1
00- ool gt ]
Jorora-gh 20D
1 1 >
f(WilYi-1, -+, Y1) = N exp(—zfrz(yt — ¢1Yi-1) )
g
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alogf(yT,---,yl)__Il N 1
do2 202 20%/(1- ¢2)

t o 4Z(Yt $1¥i-1)° =0

alog f(yr, -, y1) 1 ¢, 1<
=- + S+ = ) (= d1Ye)Ve1=0
2 A

The MLE of ¢; ando? satisfies the above two equation.
1 u -
7=+ ((1 - Y7 + Z(Yt - </>1Yt—1)2]
t=2

~ Zthz YiVi-1 (~ o <51 )
= — + —_——
b1 ST, 2. P1y7 1 ¢2 /Z Voq
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(b) Ordinary Least Squares (OLS) Method

;
S(¢1) = Z(Yt — ¢1¥e-1)?
=2

is minimized with respect t@;.

S DY YioYaa (UT) X Yae
bpr=""F 5 Tt V—F 5 =Pt T
Zt:Z yt_]_ Zt:Z yt_]_ (1/T) Zt:Z yt—l
E(yi-16)
— g1+ = ¢
R

OLSE of¢, is a consistent estimator.

The following equations are utilized.

E(yi-1&) =0
E(y2,) = Var(y-1) = ¥(0)
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8. Asymptotic distribution of OLSE:
VT(p1— ¢1) — N(O,1-¢9)

Proof:

4
. . . . g
Vi1, t=1,2,---, T, are distributed with mean zero and varlarfiee?.
— %
From the central limit theorem,

(L/T) Sl Y16

— N(0, 1)
o /(A= ¢2)/NT
Rewriting,
1 il ot
— yt—lEt —> N(O, d )
T Z‘ 1-¢3
Next,

1 log
T2 — B =Y 0= T
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yields:
(1/VT) 3Ly Ve

VT(1— 1) = — N(O,1-¢?)
(L/T) SLa¥2, '
9. Some formulas:
(a) Central Limit Theorem
Random variableg,, X, ---, Xr are mutually independently distributed

with meanu and variancer?.
DefineX = (1/T) 3, %.

Then,
X-EX) X-u
= — N(0,1
WE  o/VT O

(b) Central Limit Theorem I

Random variablegy, X, - - -, X; are distributed with meamand variance

o?.
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DefineX = (1/T) 31, %.

Then,
X - E(X)

WX

(c) Let xandy be random variables.

— N(0,1)

y converges in distribution to a distribution, andonverges in probability

to a fixed value.
Then,xy converges in distribution.

For example, consider:
y — N(u, o?), X — C.

Then, we obtain:

xy — N(cu, 20?)
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10. AR(1) +drift: Vi = U+ d1Yi1 + &
Mean:

Using the lag operator,
(LY =u+ &
whereg(L) = 1 — ¢4L.

Multiply ¢(L)~* on both sides. Then, wheg| < 1, we have:

Yo = ¢(L) i + ¢(L) e

Taking the expectation on both sides,

E() = ¢(L) u + ¢(L)'E(e)

— 1—1 — M
$(1)"u -
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Example: AR(2) Model: Considerny; = ¢1Yi_1 + ¢2Yi_2 + €.

1. The stationarity condition is: two solutions from ¢(x) = 1— @1 Xx—¢,x> = 0

are outside the unit circle.
2. Rewriting the AR(2) model,
(1-¢1l — g2l Py = &.
Let 1/a; and Y a; be the solutions of(x) = 0.
Then, the AR(2) model is written as:
(1-a1l)1 - aclyt = &,

which is rewritten as:

T (l-al) (@ -agl)

Wt
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_ (/e —a)  —ap/(a1— a))

1oL 1-al |°

3. Mean of AR(2) Model:

Wheny; is stationary, i.e.q; anda, are within the unit circle,
u=EMW) =E@lL)&) =0
4. Autocovariance Function of AR(2) Model:

¥(7) = E(M — ) (Yer — 1)) = EMiYtr)
= E((‘/’lYt—l + P2 + Et)yt—‘r)
= ¢1E(Yi-1Yi—r) + $2E(Vi-2Yi-1) + E(&Yi—r)

B dry(t — 1) + doy(r — 2), fort # 0,
¢1y(r — 1)+ doy(t — 2) + o2, for r = 0.
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The initial condition is obtained by solving the following three equations:

¥(0) = ¢1y(1) + $2y(2) + 02,
¥(1) = ¢1y(0) + ¢2¥(1),
¥(2) = $1¥(1) + ¢2¥(0).

Therefore, the initial conditions are given by:

1-¢ oZ
0)= ,
7(0) (1+¢2)(1—¢2)2—¢1
b1 b1 1-¢» o?
@) 1—¢27( ) (1—¢2)(1+¢2) (11— ¢2)? — ¢2

Giveny(0) andy(1), we obtainy(r) as follows:

v(1) = ¢p1y(r — 1) + ¢oy(r — 2), forr=2,3,---.
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5. Another solution for y(0):

Fromy(0) = ¢1¥(1) + ¢2y(2) + o2,

2

g
O — €
YO = 1500 @
where
__$ _ P+ (L-¢2)¢2
p(1) = -0, p(2) = p1p(1) + ¢2 = 14,

6. Autocorrelation Function of AR(2) Model:

Givenp(1) andp(2),

o(7) = pro(t — 1) + ¢op(T — 2), forr=3,4,---,
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7. ¢« = Partial Autocorrelation Coefficient of AR(2) Process:

ok,

1 p1) - pk-2) pk-1) ¢“ p(1)

1) 1 pk=3) pk=2| | _|p@
Drk-1

pk=1) pk—=2) - p(2) 1 p(®)
drk

fork=1,2,---.
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1 p(1) -+ pk=2)p(1)
p(1) 1 p(k=3)p(2)

pk=1pk=2)--- p(1) pK

Pk =
1 p(l) - plk=2)p(k-1)

p(1) 1 pk=3)pk-2)

pk=1)pk-2)--- p(1) 1
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Autocovariance Functions:

¥(1) = ¢1¥(0) + ¢2¥(1),
¥(2) = ¢17(1) + ¢2¥(0),
v(1) = ¢ry(t — 1) + ¢oy(r — 2), fort=3,4,---.

Autocorrelation Functions:

B _
p(1) = ¢1+ dop(1) = — o7
¢
P(2) = ¢p1p(1) + ¢2 = -6, + 2,

o(1) = p1p(t — 1) + ¢op(r — 2), forr=3,4,---.
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$1
1-¢2
1 p®)

b2y = LB P2) _ p2) - p(1y
1 p(l)l‘ 1-pap "

p(l) 1
1 p(1) p(1)

p(1) 1 p(2)

bas = p2) p(1) p(3)
1 p(1) p2)

p(1) 1 p(1)
p(2) p(1) 1

#11=p(1) =
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_ 0B = p(1)p(2)) - p(17(pB3) - p(1)) + pp(L)P(2) - 1) _ o
(1-p1)) - p(1)(1 - p(2)) + p() (1) - p(2)) '

8. Log-Likelihood Function — Innovation Form:

;
log f(yr,-++,y1) = 10g f(y2,y2) + > log f (lye-a, -+ Y1)
t=3

where

1 lv(O) y(1)
27 |y(1) (0)

1
f(ytlyt—l’ Tt yl) = W

. “172 exp(_ %(yl ") (y(o) (1) )1 (yl )] |

¥(1) ¥(0)/ \y,
1

exp(— 552 Ve — P1Ye1 — ¢2yt—2)2) :

Note as follows:
0 —
(y() 7(1)): 0)( 1 p(l))zyo( 1 $1/(1 ¢2)).
y(1) ¥(0) p(l) 1 ¢1/(1 - ¢2) 1
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9. AR(2) +drift: Y =t + P1Yi-1 + a2 + &
Mean:

Rewriting the AR(2}-drift model,

d(L)yr = u+ &

whereg(L) = 1 — ¢1L — ¢»L2.

Under the stationarity assumption, we can rewrite the AR{#jt model as

follows:
Yo = (L) '+ ¢(L) e

Therefore,

EG) = (L) '+ ¢(L) 'Ele) = $(1) 'u = m
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