
(b) Ordinary Least Squares (OLS) Method

S(φ1) =
T∑

t=2

(yt − φ1yt−1)
2

is minimized with respect toφ1.

φ̂1 =

∑T
t=2 yt−1yt∑T
t=2 y2

t−1

= φ1 +

∑T
t=2 yt−1εt∑T
t=2 y2

t−1

= φ1 +
(1/T)

∑T
t=2 yt−1εt

(1/T)
∑T

t=2 y2
t−1

−→ φ1 +
E(yt−1εt)

E(y2
t−1)

= φ1

OLSE ofφ1 is a consistent estimator.

The following equations are utilized.

E(yt−1εt) = 0

E(y2
t−1) = Var(yt−1) = γ(0)
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8. Asymptotic distribution of OLSÊφ1:

√
T(φ̂1 − φ1) −→ N(0,1− φ2

1)

Proof:

yt−1εt, t = 1,2, · · · ,T, are distributed with mean zero and variance
σ4
ε

1− φ2
1

.

From the central limit theorem,

(1/T)
∑T

t=1 yt−1εt√
σ4
ε/(1− φ2

1)/
√

T
−→ N(0,1)

Rewriting,
1
√

T

T∑
t=1

yt−1εt −→ N(0,
σ4
ε

1− φ2
1

).

Next,
1
T

T∑
t=1

y2
t−1 −→ E(y2

t−1) = γ(0) =
σ2
ε

1− φ2
1
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yields:

√
T(φ̂1 − φ1) =

(1/
√

T)
∑T

t=1 yt−1εt

(1/T)
∑T

t=1 y2
t−1

−→ N(0, 1− φ2
1)

9. Some formulas:

(a) Central Limit Theorem

Random variablesx1, x2, · · ·, xT are mutually independently distributed

with meanµ and varianceσ2.

Definex = (1/T)
∑T

t=1 xt.

Then,
x− E(x)√

V(x)
=

x− µ
σ/
√

T
−→ N(0,1)

(b) Central Limit Theorem II

Random variablesx1, x2, · · ·, xT are distributed with meanµ and variance

σ2.
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Definex = (1/T)
∑T

t=1 xt.

Then,
x− E(x)√

V(x)
−→ N(0,1)

(c) Let x andy be random variables.

y converges in distribution to a distribution, andx converges in probability

to a fixed value.

Then,xyconverges in distribution.

For example, consider:

y −→ N(µ, σ2), x −→ c.

Then, we obtain:

xy −→ N(cµ, c2σ2)
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10. AR(1) +drift: yt = µ + φ1yt−1 + εt

Mean:

Using the lag operator,

φ(L)yt = µ + εt

whereφ(L) = 1− φ1L.

Multiply φ(L)−1 on both sides. Then, when|φ1| < 1, we have:

yt = φ(L)−1µ + φ(L)−1εt.

Taking the expectation on both sides,

E(yt) = φ(L)−1µ + φ(L)−1E(εt)

= φ(1)−1µ =
µ

1− φ1
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