6.4 MA Model
MA (Moving Average, #%E13¥13) Model:

1. MA( )

Vi=6&+ 0161+ 662+ - + Qth_q,

which is rewritten as:
Yt = 0(L)e,

where

O(L) = L+ 61L + G,L2 + -+ + G,LC.
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2. Invertibility ( RExRTBEME):
Theq solutions ofx from 6(X) = 1 + 61X + %% + -+ + 6x4 = 0 are outside

the unit circle.

= MA(q) model is rewritten as AR¢) model.
Example: MA(1) Model: y; =& + 0161

1. Mean of MA(1) Process:

EW) = E(& + 61&-1) = E(&) + 61E(6-1) = 0

2. Autocovariance Function of MA(1) Process:

v(0) = E(ytz) = E(g + 91&_1)2 = E(et2 + 201661 + Qfetz_l)

= E(etZ) + 20,E(g€-1) + HiE(etz_l) =1+ 95)03
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¥(1) = EMiYe1) = E((& + 616-1) (61 + b16_2)) = 6102

¥(2) = E(iyi-2) = E((& + O16-1)(6-2 + O16-3)) = 0

3. Autocorrelation Function of MA(1) Process:

2 ~
B '}/(T) B m, forr =1,
D=0,
4 0, forr =23,
Let x bep(1).
Lz:x, ie., X602 — 60+ x = 0.
1+67
6, should be a real number.
1 1
1-4x2 - <p(l)< =
x“ > 0, i.e., 2_p()-2
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4. Invertibility Condition of MA(1) Process:

€& = —016_1+ W
= (—91)2€t—2 + Y + (01 Y1

= (—601)%€-3 + Vi + (—01)Ye-1 + (=61)*Yi2

= (—61)% s+ Yi + (=01)Ye1 + (002 + -+ (=61)"" Y s

When (6,)%¢_s — 0, the MA(1) model is written as the AR{) model, i.e.,
Ve = —(—00)¥1— (002 — -+ = (—0) Ve — - + &

5. Likelihood Function of MA(1) Process:

The autocovariance functions arg(0) = (1+67)02, y(1) = 6102, andy(r) = 0
fort=23,---.
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The joint distribution ofyy, y,, - - -, yr is:

where

f(Yn Y2 -, Y1) =

2

1+62 6, O
6 1+62 0
0 61
1+ 62
0 0 0,
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6. MA(1) +drift: Vi =+ €&+ 0161

Mean of MA(1) Process:
yt =M + Q(L)Et,

whered(L) = 1+ 6,L.

Taking the expectation,

EM) =+ 6(L)E(&) = .
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Example: MA(2) Model: vy, = g + 0161 + O26_>
1. Autocovariance Function of MA(2) Process:

(1+6?+65)02, forr=0,

(01 + 9192)0’3, forr = 1,
¥(7) =
Gp072 forr = 2,

€

0, otherwise.

2. let-1/B, and—-1/8, be two solutions ok from 6(x) = O.

For invertibility condition, bothB; andg, should be less than one in absolute

value.

Then, the MA(2) model is represented as:
Vi = & + 0161 + 0262
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= (1 + 91'. + 92'.2)&

=1 +pL)(1+B2L)e

AR( o) representation of the MA(2) model is given by:

1
T @B+ AL

3 (ﬁl/(ﬂl - B2) N —B2/(B1 —ﬁz))y
"\ 1+B8L 1+8L |

€t
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3. Likelihood Function:

f(yw yo, - -
where
Y1
61 + 616>
Y2 )
Y = . . V = (o 92
y
! 0

1+62+65

(27T)T/2

61 + 616>
1+62+65
61 + 616>
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4. MA(2) +drift: vy =pu+ & + 0161 + b6

Mean:

Yo = u+6(L)e,
whered(L) = 1 + 6,L + 6,L.2.

Therefore,

EW) = p + 0(L)E(&) = p
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Example: MA(Q) Model: vy, = & + 616-1 + bo&_2 + -+ + Oy6i_q
1. Mean of MA(q) Process:

EQ:) = E(& + 0161 + 262+ -+ +0qet—q) = 0

2. Autocovariance Function of MA(q) Process:

q-7
0-3(9007 + 60101+ - + Hq—'rgq) = o-fzeiem, T=12-- -0,
y(7) = —
0, T=q+1,9+2,---

whered, = 1.
3. MA( q) process is stationary.

4. MA(Q) +drift: Yy =pu+ &+ 60161+ 62+ -+ + Oy6q
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Mean:
Yo = u+60(L)e,
whered(L) = 1+ 6L + 6,17 + -+ + 64LO

Therefore, we have:

EM) = 1+ 6(L)E(&) = .
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6.5 ARMA Model
ARMA (Autoregressive Moving Average H C [A|/## B 14 Process

1. ARMA(p,q)

Vi = P11+ PaYro+ o0+ PpYep + €& + 0161 + G262+ -+ + Og€iq,

which is rewritten as:
o(L)y: = 6(L)e,

whereg(L) = 1-¢;L—¢oL?— --- —gpLPandd(L) = 1+6;L+60,L2+ - - - +64L9.

2. Likelihood Function:

The variance-covariance matrix ¥f denoted by, has to be computed.
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Example: ARMA(1,1) Process: V; = ¢1Yi1 + & + 0161
Obtain the autocorrelation cfiient.

The mean ol is to take the expectation on both sides.

EW:) = p1E(i-1) + E(&) + 61E(&-1),

where the second and third terms are zeros.

Therefore, we obtain:
EM) = 0.
The autocovariance of is to take the expectation, multiplying . on both sides.
EQiVt-r) = p1EMt-1Yr-0) + E(&Vr--) + O1E(6-1¥1-0)-
Each term is given by:
EMiyi--) = (1), EM-1yt—o) = y(r - 1),
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(¢1+ 61)02, 7 =0,
E(&-1¥t-+) =1 o2 =1,

€’

2 _
os, =0,

E(Etyt—T) =
O’ T = 1’ 2’ tt b

Therefore, we obtain;

¥(0) = ¢1y(1) + (1 + $261 + 63)02,
¥(1) = ¢17(0) + 6102,
y(1) = pry(r - 1), T=23,--.

From the first two equationg(0) andy(1) are computed by:

(1 —¢1)(y(0))_ 2(1+¢191+6§)
-9 1 ‘ 01

¥(1)
(7(0))_ 2( 1 —¢1)‘1(1+¢191+9§)
@) g 1 0,
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0—3 (1 ¢1)(1+¢191+9%) 0—3 ( 1+2¢191+9§
S l-¢ilg 1 61 C1-42 (1+¢161)(d1 + 61) )

Thus, the initial value of the autocorrelation ¢ibgent is given by:

_ (1 + ¢161)(1 + 61)
1+ 2¢191 + 9% .

p(1)

We have:

p(r) = p1o(r - 1).
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ARMA( p, q) +drift:

Ve =+ P1Yra+ Yo+ o PpYrpt &+ 0161+ 6 2+ - + OyEq.

Mean of ARMA(p, q) Process: ¢(L)y; = u + 0(L)e,
whereg(L) = 1 - gL — ¢pol? — --- —ppLPandd(L) = 1+ 1L + 6,L2 + - + 6L

¥e = ¢(L) ' + ¢(L) O(L)e
Therefore,

EGh) = 9L n-+ 60 HHLE() = (1) Y = g
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