8. Asymptotic Normality of MLE — Proof:
The density (or probability) function of; is given by f(x;; 6).
The likelihood function isL(; x) = f(x;6) = 1L, f(x; ),
wherex = (Xg, X2, ++, Xn).

MLE of 8 results in the following maximization problem:

max logL(@; X).
0

A solution of the above problem is given by MLE @fdenoted by.

That is,d is given by thed which satisfies the following equation:

n

dlogL(6;%) _ Z dlog f(x;6) _

06 06 0

i=1
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odlog f(Xi; 0)
00
theith random variable, i.eX; in the Central Limit Theorem Il .

Replacingx by the underlying random variabhg, is taken as

Consider applyingentral Limit Theorem Il .

In this case, we need the following expectation and variance:
1 < dlog (X 6) 1 < dlog f(X; 6)

E- ) ———= d -y ——)

& ; ) ad M Z‘ o)

Defining the variance:
dlog f(X;; 0)
V _ < 7
(2
we can rewrite the information matrix as follows:

dlogL(; X) 5 dlog f(X; 6)
)V )

)=2i,

1(6) :v(

6Iogf(X.,0)
=2V ZE
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The third equality holds wheK;, X, - - -, X, are mutually independent.

6IogL(9 X)) 0a d\'(alogL(G X))

Note that f—————" 1(6).

19logL(6; X) _ 12”: dlog f(X;; 0)

n 30 " n« 90
i=1

1 < dlog (X 6) 1 < dlog f(X; 6)
U S

%6 % — N(0,%),

where
1< dlogf(X:60)\ 1., dlogf(X:6), 1. ,0logL(®;X)
nv(ﬁ; 90 ):_V(; 90 ):ﬁv( 50 )

1
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That is,

ialog L(; X) — NO.E),
\/n 00
whereX = (X, Xa, - - -, Xp).
Now, consider replacing by 4, i.e.,
1 dlogL(; X)
Vn 06 ’

which is expanded arourtd= ¢ as follows:

1 dlogL(8;X) 1 dlogL(g;X) 1 #*logL(s; X)

"W @ W @ e O
Therefore,
2 : ;
L FOGLEOX) 5 g L O0GLEX) o).
N vho 90
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The left-hand side is rewritten as:

1 #logL(e;X) _  ~18*logL(6; X)

N Ml Gkl
Then,
. 18%logL(6; X)\-1, 1 dlogL(8; X)
V(e - 0) ~ _(ﬁ 2606' ) (ﬁ 96 )
— N,z ™) = N(0, ™).
Note that
2 . 2 .
19 log L(6; X) s iim }E(a log L(6; X)):Z,
n 0000 n—co N 0000’
102logL(6; X)\-1, 1 AdlogL(8; X) o
nd(ﬁw) (ﬁT) has the same asymptotic distribu-
tion asz—l(i W)

NEL
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9. Optimization (&&E1k):
MLE of 6 results in the following maximization problem:

max logL(#8; x).
0

We often have the case where the solutiof ©f not derived in closed form.

= Optimization procedure

_OlogL(g;x) adlogL(¢*;x) 6%logL(6”;X)

0 50 0 00

@ - 6).

Solving the above equation with respectiave obtain the following:

0=6"— (52 logL(6"; x))‘1 dlogL(6": x)

06000’ 00

Replace the variables as follows:
6 — oY), g — o0
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Then, we have:

D ) _ 821og L(6"; x)\ " alogL(6D; x)
B 9000 90 '

= Newton-Raphson method Ea— k> - 7Y V%)

. 0%logL(6"; X d%log L(#V; X
Replacmg% b E(%

timization algorithm:

), we obtain the following op-

40 _ g0 _ (g 821og L(D; x)\\ " 8log L(ED; x)
0000’ 00
-1 9log L(6%; x)

=60+ (1(6")) =

= Method of Scoring (R 3 77;%)
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2 Qualitative Dependent Variable @EHHEEZ )

1. Discrete Choice Model BtBUGEIR €7 L)
2. Limited Dependent Variable Model (FIFREBZEHE T IV)

3. Count Data Model Gt#7—% €7 L)

Usually, the regression model is given by:
yi=XB+u, Uu~N(@Oc?), i=L12---,n,
wherey; is a continuous type of random variable within the interval frem to .

Wheny; is discrete or truncated, what happens?
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2.1 Discrete Choice Model B#UZEIRE T L)
2.1.1 Binary Choice Model C{EZIRET )
Example 1: Consider the regression model:
yi=XB+u, Uu~(00c%), i=12--,n
wherey: is unobserved, by is observedas O or 1, i.e.,

1, if y* >0,
Yi =
0, if y' <O.

Consider the probability that takes 1, i.e.,

P(y; = 1) = P(y; > 0) = P(u; > —=XB8) = P(uf > —=XiB8") = 1 - P(uf < —X8")
=1-F(-Xg") = F(XB"), (ifthe dist. ofu’ is symmetric.)
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Uj B

whereu; = —, and g = = are defined.
ag ag
(*) B* can be estimated, bgtando? cannot be estimated separately (i&ando?

are not identified).
X
The distribution function oti" is given byF(x) = f f(2dz

If u® is standard normal, i.eu” ~ N(O, 1), we callprobit model.
X
FO= [ @) emtsAd 100 = @) expt- ).

If uf is logistic, we calllogit model.
B 1 _ expEx)
P = 1+ expEx)’ ) = (1 + exp(x))?’

We can consider the other distribution function fpr
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Likelihood Function: v, is the following Bernoulli distribution:

f0) = (P = DY'(PW: = O = (FOGE W (L - FOGE )™, =01,

[Review — Bernoulli Distribution ( X)L X 1 4373)]
Suppose thaX is a Bernoulli random variable. the distributionXfdenoted byf (x),
is:

f(x) = p*(1- p*>, x=0,1

The mean and variance are:

1
p=EX) =) xf(=0x(1-p+1xp=p,

x=0
1
o? = V(X) = E(X - p)) = Z(X—u)zf(X) =0-p*(l-p)+(@Q-p?°p=pl-p).
x=0

[End of Review]

29



The likelihood function is given by:

L) = FYL Yo . Yn) = ﬂf(y.)-]‘[(F(xxs»y(l FOGB)M,

i=1

The log-likelihood function is:

n

logL(8") = > (vilog F(X8") + (1 - yi) log(1 - F(X"))),

i=1

Solving the maximization problem of ldgg*) with respect tgs*, the first order

condition is:
dlogL(s) _ t X f(xp) (A- yi)xi'f(xiﬁ*))
B it F(Xp*) 1-F(Xp")
_ N X8 - F(Xg)) Z X it~ Fi) _
— F(Xp)(1 - F(XB)) Fi(1- F)
s ] dF(x)
wheref; = f(X8*) andF; = F(X|8"). Remember that(x) = I
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The second order condition is:

Nl ofi M k) Xi,fia(fi -F)

02logL(") <~ 'ap B
Bop L FR@-F) = F(-F)
+Zx,f(yl )R-

B
~ X f (i - oOXXfE G, Xifi(L- 2F)
Z Fi(l— F) Z F(L-F) ;X‘f'(y'_':')m
is a negative definite matrix.

For maximization, the method of scoring is given by:

%(] -1 (i
gD = gl _E(az logL(3"?) dlogL(B")

' -1 . ,
:ﬁ*(j) + [an MJ n Xi fiFJ)(yi _ Fi(l)),
ZFO-FY)) & FPa-rY)
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whereF! = F(xg0) and £ = f(x;8°D). Note that
& logL(B*M) o XX 2
1B)=F(—— " _Z)=-) ‘"1
) =H ap op’ ) ; Fi(1-Fi)
because of Bf) = F

It is known that

2
Vn@ -7 — N(O lim ( - (—aal;ga;(f))) )

whereg* = lim *!) denotes MLE of".

j—o0

Practically, we use the following normal distribution:

B~ N(B, 1YY,

52|09L(ﬂ*))_ Z X f?
aﬁ*aﬁ*l - i=1 ﬁi(l_ Ifi)’

Thus, the significance test {8t and the confidence interval {8t can be constructed.

wherel (58*) = —E( f, = £(X8") andF; = F(X3°).
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