
8. Asymptotic Normality of MLE — Proof:

The density (or probability) function ofXi is given by f (xi; θ).

The likelihood function is:L(θ; x) ≡ f (x; θ) =
∏n

i=1 f (xi; θ),

wherex = (x1, x2, · · · , xn).

MLE of θ results in the following maximization problem:

max
θ

logL(θ; x).

A solution of the above problem is given by MLE ofθ, denoted bỹθ.

That is,θ̃ is given by theθ which satisfies the following equation:

∂ logL(θ; x)
∂θ

=

n∑
i=1

∂ log f (xi; θ)
∂θ

= 0.
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Replacingxi by the underlying random variableXi,
∂ log f (Xi; θ)

∂θ
is taken as

the ith random variable, i.e.,Xi in theCentral Limit Theorem II .

Consider applyingCentral Limit Theorem II .

In this case, we need the following expectation and variance:

E
(1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

)
and V

(1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

)
.

Defining the variance:

V
(∂ log f (Xi; θ)

∂θ

)
= Σi ,

we can rewrite the information matrix as follows:

I (θ) = V
(∂ logL(θ; X)

∂θ

)
= V

( n∑
i=1

∂ log f (Xi; θ)
∂θ

)
=

n∑
i=1

V
(∂ log f (Xi; θ)

∂θ

)
=

n∑
i=1

Σi
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The third equality holds whenX1,X2, · · · ,Xn are mutually independent.

Note that E
(∂ logL(θ; X)

∂θ

)
= 0 and V

(∂ logL(θ; X)
∂θ

)
= I (θ).

1
n
∂ logL(θ; X)
∂θ

=
1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

√
n

1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

− E
(1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

) −→ N(0,Σ),

where

nV
(1
n

n∑
i=1

∂ log f (Xi; θ)
∂θ

)
=

1
n

V
( n∑

i=1

∂ log f (Xi; θ)
∂θ

)
=

1
n

V
(∂ logL(θ; X)

∂θ

)
=

1
n

I (θ) −→ Σ.
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That is,
1
√

n

∂ logL(θ; X)
∂θ

−→ N(0,Σ),

whereX = (X1,X2, · · · ,Xn).

Now, consider replacingθ by θ̃, i.e.,

1
√

n

∂ logL(θ̃; X)
∂θ

,

which is expanded around̃θ = θ as follows:

0 =
1
√

n

∂ logL(θ̃; X)
∂θ

≈ 1
√

n

∂ logL(θ; X)
∂θ

+
1
√

n

∂2 logL(θ; X)
∂θ∂θ′

(θ̃ − θ).

Therefore,

1
√

n

∂2 logL(θ; X)
∂θ∂θ′

(θ̃ − θ) ≈ − 1
√

n

∂ logL(θ; X)
∂θ

−→ N(0,Σ).
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The left-hand side is rewritten as:

1
√

n

∂2 logL(θ; X)
∂θ∂θ′

=
√

n
1
n
∂2 logL(θ; X)
∂θ∂θ′

(θ̃ − θ).

Then,

√
n(θ̃ − θ) ≈ −

(1
n
∂2 logL(θ; X)
∂θ∂θ′

)−1( 1
√

n

∂ logL(θ; X)
∂θ

)
−→ N(0,Σ−1ΣΣ−1) = N(0,Σ−1).

Note that

1
n
∂2 logL(θ; X)
∂θ∂θ′

−→ lim
n→∞

1
n

E
(∂2 logL(θ; X)

∂θ∂θ′

)
= Σ,

and
(1
n
∂2 logL(θ; X)
∂θ∂θ′

)−1( 1
√

n

∂ logL(θ; X)
∂θ

)
has the same asymptotic distribu-

tion asΣ−1
( 1
√

n

∂ logL(θ; X)
∂θ

)
.
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9. Optimization (最適化):

MLE of θ results in the following maximization problem:

max
θ

logL(θ; x).

We often have the case where the solution ofθ is not derived in closed form.

=⇒ Optimization procedure

0 =
∂ logL(θ; x)
∂θ

=
∂ logL(θ∗; x)

∂θ
+
∂2 logL(θ∗; x)
∂θ∂θ′

(θ − θ∗).

Solving the above equation with respect toθ, we obtain the following:

θ = θ∗ −
(
∂2 logL(θ∗; x)
∂θ∂θ′

)−1
∂ logL(θ∗; x)

∂θ
.

Replace the variables as follows:

θ −→ θ(i+1), θ∗ −→ θ(i).
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Then, we have:

θ(i+1) = θ(i) −
(
∂2 logL(θ(i); x)
∂θ∂θ′

)−1
∂ logL(θ(i); x)

∂θ
.

=⇒ Newton-Raphson method (ニュートン・ラプソン法)

Replacing
∂2 logL(θ(i); x)
∂θ∂θ′

by E

(
∂2 logL(θ(i); x)
∂θ∂θ′

)
, we obtain the following op-

timization algorithm:

θ(i+1) = θ(i) −
(
E

(
∂2 logL(θ(i); x)
∂θ∂θ′

))−1
∂ logL(θ(i); x)

∂θ

= θ(i) +
(
I (θ(i))

)−1 ∂ logL(θ(i); x)
∂θ

=⇒Method of Scoring (スコア法)
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2 Qualitative Dependent Variable (質的従属変数)

1. Discrete Choice Model (離散選択モデル)

2. Limited Dependent Variable Model (制限従属変数モデル)

3. Count Data Model (計数データモデル)

Usually, the regression model is given by:

yi = Xiβ + ui , ui ∼ N(0, σ2), i = 1,2, · · · ,n,

whereyi is a continuous type of random variable within the interval from−∞ to∞.

Whenyi is discrete or truncated, what happens?
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2.1 Discrete Choice Model (離散選択モデル)

2.1.1 Binary Choice Model (二値選択モデル)

Example 1: Consider the regression model:

y∗i = Xiβ + ui , ui ∼ (0, σ2), i = 1,2, · · · , n,

wherey∗i is unobserved, butyi is observed as 0 or 1, i.e.,

yi =


1, if y∗i > 0,

0, if y∗i ≤ 0.

Consider the probability thatyi takes 1, i.e.,

P(yi = 1) = P(y∗i > 0) = P(ui > −Xiβ) = P(u∗i > −Xiβ
∗) = 1− P(u∗i ≤ −Xiβ

∗)

= 1− F(−Xiβ
∗) = F(Xiβ

∗), (if the dist. ofu∗i is symmetric.),
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whereu∗i =
ui

σ
, and β∗ =

β

σ
are defined.

(*) β∗ can be estimated, butβ andσ2 cannot be estimated separately (i.e.,β andσ2

are not identified).

The distribution function ofu∗i is given byF(x) =
∫ x

−∞
f (z)dz.

If u∗i is standard normal, i.e.,u∗i ∼ N(0,1), we callprobit model.

F(x) =
∫ x

−∞
(2π)−1/2 exp(−1

2
z2)dz, f (x) = (2π)−1/2 exp(−1

2
x2).

If u∗i is logistic, we calllogit model.

F(x) =
1

1+ exp(−x)
, f (x) =

exp(−x)
(1+ exp(−x))2

.

We can consider the other distribution function foru∗i .
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Likelihood Function: yi is the following Bernoulli distribution:

f (yi) = (P(yi = 1))yi (P(yi = 0))1−yi = (F(Xiβ
∗))yi (1− F(Xiβ

∗))1−yi , yi = 0,1.

[Review — Bernoulli Distribution (ベルヌイ分布)]

Suppose thatX is a Bernoulli random variable. the distribution ofX, denoted byf (x),

is:

f (x) = px(1− p)1−x, x = 0,1.

The mean and variance are:

µ = E(X) =
1∑

x=0

x f(x) = 0× (1− p) + 1× p = p,

σ2 = V(X) = E((X − µ)2) =
1∑

x=0

(x− µ)2 f (x) = (0− p)2(1− p) + (1− p)2p = p(1− p).

[End of Review]
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The likelihood function is given by:

L(β∗) = f (y1, y2, · · · , yn) =
n∏

i=1

f (yi) =
n∏

i=1

(F(Xiβ
∗))yi (1− F(Xiβ

∗))1−yi ,

The log-likelihood function is:

logL(β∗) =
n∑

i=1

(
yi logF(Xiβ

∗) + (1− yi) log(1− F(Xiβ
∗))

)
,

Solving the maximization problem of logL(β∗) with respect toβ∗, the first order

condition is:

∂ logL(β∗)
∂β∗

=

n∑
i=1

(yiX′i f (Xiβ
∗)

F(Xiβ∗)
−

(1− yi)X′i f (Xiβ
∗)

1− F(Xiβ∗)

)
=

n∑
i=1

X′i f (Xiβ
∗)(yi − F(Xiβ

∗))

F(Xiβ∗)(1− F(Xiβ∗))
=

n∑
i=1

X′i fi(yi − Fi)

Fi(1− Fi)
= 0,

where fi ≡ f (Xiβ
∗) andFi ≡ F(Xiβ

∗). Remember thatf (x) ≡ dF(x)
dx

.
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The second order condition is:

∂2 logL(β∗)
∂β∗∂β∗′

=

n∑
i=1

X′i
∂ fi
∂β∗

(yi − Fi)

Fi(1− Fi)
+

n∑
i=1

X′i fi
∂( fi − Fi)
∂β∗

Fi(1− Fi)

+

n∑
i=1

X′i fi(yi − Fi)
∂(Fi(1− Fi))−1

∂β∗

=

n∑
i=1

X′i Xi f ′i (yi − Fi)

Fi(1− Fi)
−

n∑
i=1

X′i Xi f 2
i

Fi(1− Fi)
+

n∑
i=1

X′i fi(yi − Fi)
Xi fi(1− 2Fi)
(Fi(1− Fi))2

is a negative definite matrix.

For maximization, the method of scoring is given by:

β∗( j+1) = β∗( j) +

(
−E

(∂2 logL(β∗( j))
∂β∗∂β∗′

))−1
∂ logL(β∗( j))
∂β∗

= β∗( j) +

 n∑
i=1

X′i Xi( f ( j)
i )2

F( j)
i (1− F( j)

i )

−1 n∑
i=1

X′i f ( j)
i (yi − F( j)

i )

F( j)
i (1− F( j)

i )
,
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whereF( j)
i = F(Xiβ

∗( j)) and f ( j)
i = f (Xiβ

∗( j)). Note that

I (β∗) = E
(∂2 logL(β∗( j))
∂β∗∂β∗′

)
= −

n∑
i=1

X′i Xi f 2
i

Fi(1− Fi)
.

because of E(yi) = Fi.

It is known that

√
n(β̂∗ − β∗) −→ N

0, lim
n→∞

(
−1

n
E
(∂2 logL(β∗)
∂β∗∂β∗′

))−1 ,
whereβ̂∗ ≡ lim

j→∞
β∗( j) denotes MLE ofβ∗.

Practically, we use the following normal distribution:

β̂∗ ∼ N
(
β∗, I (β̂∗)−1

)
,

whereI (β∗) = −E

(
∂2 logL(β∗)
∂β∗∂β∗′

)
=

n∑
i=1

X′i Xi f̂ 2
i

F̂i(1− F̂i)
, f̂i = f (Xi β̂

∗) andF̂i = F(Xi β̂
∗).

Thus, the significance test forβ∗ and the confidence interval forβ∗ can be constructed.
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