3.2.1 Fixed Hfect Model EEMRETIV)

In the case where is fixed, the case of, = z« is included.

Vit = XiB + Vi + Uy, i=12---,n, t=212---,T,
V. = XiB+ Vi + T, i=12---,n,
1w < 1« 1
wherey, = ?Zyn, Xi = ?ZX‘“ andt; = ?ZU“'
t=1 t=1 t=1
i —¥) = % = X)B+ (U —T), i=12---,n t=12---T,

Taking an example of, the left-hand side of the above equation is rewritten as:

_ 1.,
w—m=w—?hw
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where % =

Thus,

1 Vi1
1 L Yi2
_ |, which is aT x 1 vector, and;; = .
1 Vit
Yin = Y
Yiz — Y a 1 1
| E - % = ey - ey = (- Tl
yir =V
Vi1 — Y Xi1 — Xi U1 — Ui
Yio =Y, Xiz = Xi Ui — T
. = ﬁ + . b I = 1’ 2’ b n,
yir - Vi Xir = Xi Ur — Ui
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which is re-written as:

1 1 1 .
(lT - ?1T15F)y| = (lT — ?1T1f|—)x|,8 + (lT - ?1T15r)ui, | = 1, 2, oo
ie.,
Dryi = D1 X8 + Dru;, i=12---,n,

1 . .
whereDt = (I+ — ?1T1’T), which is aT x T matrix.

Note thatD+D; = Dr, i.e., Dy is a symmetric and idempotent matrix.

Using the matrix form for = 1,2, ---, n, we have:

Dry1 D1 Xy Druy

Dry2 Dt X2 Druz
.= . Bt )

DT Yn I:)T Xn DT Un
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Dr 0 --- 0 Dr 0 - O Dr 0 --- O
0 Dy 0 Dy 0 Dy
0o|’” ' o |77 0"
0 0 Dr 0 0 Dr 0 0 Dr
Y1 X1 Uy
wherey = ¥2 , X >$2 , andu = u.z , Which areT nx 1, Tnxk andT nx 1 matrices,
respectivel))//n % a

Using the Kronecker product, we obtain the following expression:
(In®Dr)y = (In® D)X + (In® Dr)u,
where (,® D7), Y, X, andu arenT x nT, nT x 1,nT x k, andnT x 1, respectively.
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Kronecker Product — Review:

1. Anxm, B: T xk

a;1B apoB - aymB
aB apB - amB L .
AB=| _ , which is anT x mkmatrix.
auB apB -+ amB
2. A.nxn, B: mxm
(A®B)l1=AlgBY, |A® B| = |AMB",
(A®B)y =A B, tr(A® B) = tr(A)tr(B).

3. For A, B, C andD such that the products are defined,

(A®B)(C® D) =AC®BD.
End of Review
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Going back to the previous slide using the Kronecker product, we obtain the fol-

lowing expression:

(In®Dr)y = (In® D7)X8 + (I ® D7),
where (, ® D7), Y, X, anduarenT x nT, nT x 1,nT x k, andnT X 1, respectively.
Apply OLS to the above regression model.

B = (((1n® D)X (1n® D1)X) (I ® Dr)XY (1n ® Dr)y
(X (In® D+Dr)X) " X'(I, ® D5 Dr)y

(X'(In® D1)X) X (1In® Dr)y.

Note that the inverse matrix @+ is not available, because the rank®»f is T — 1,
notT (full rank).

The rank of a symmetric and idempotent matrix is equal to its trace.
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The fixed dfecty; is estimated as:

Possibly, we can estimate the following regression:
Vi =Za+e,

where it is assumed that the individual-specifi@et depends 04;.

The estimator ofr2 is given by:

62 = nT—lkn Z Z(yit X — ).
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[Remark]
More than ten years ago, “fixed” indicates thais nonstochastic.
Recently, however, “fixed” does not mean anything.

“fixed” indicates that OLS is applied and thatmay be correlated witlx;;.

Possibly, E(|X) = «i(X), whereq;(X) is a function ofX; fori = 1,2,---,n and
t=12---,T,anditis normalized t§"_; a;(X) = 0.
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3.2.2 Random Hfect Model (T V4 L3R ET )

Model:
Vi = XitB + Vi + Ui, i=12---,n, t=212---,T

wherei indicates individual antidenotes time.

The assumptions on the error termmaindu;; are:

E(vi|X) = E(ut|X) = 0 for alli,
V(vi|X) = o2 for all i, V(ugX) = o2 for all i andt,
Cov(v;, Vj|X) =0 fori # j, Cov(ui, Ujs|X) =0 fori # jandt # s,

Cov(vi, ui|X) = 0 foralli, j andt.

Note thatX includesX;; fori =1,2,---,nandt =1,2,---,T.
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In a matrix form with respecttb=1,2,---, T, we have the following:

yi:Xiﬂ+VilT+Ui, i:1,2,~--,n,
Yi1 Xi1 Ui1
Yi2 Xi2 Uio .
wherey, =| || Xi=| . [andui=| _ JareT x1,T xkandT x 1, respectively.
yir Xt Uir

u ~ N(0,c2l7) and vily ~ N(0,02) = Vily + U ~ N(O,021715 + o2lq).

Again, in a matrix form with respect o we have the following:

y=XB+V+uU,
Y1 X1 vily u;
Y2 XZ V21T U
wherey=| |, X=| _|,v=| . Jandu=| _JarenTx1,nTxk,nTx1and
Yn Xn anT Un
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nT x 1, respectively.
The distribution ofu + v is given by:

v+u ~ N(O1n® (021 1f + ollr))
The likelihood function is given by:

-1/2
L(B, o2, 02) = (20) "1, ® (0211 1 + aﬁlT)j

x x5y~ XB) (1n® (021115 + o310)) "y - XB)).

Remember thaf (x) = (2r)/2[z|"2 expg(—3(x — u)'Z™1(x - 1)) whenX ~ N(u,Z),

whereX denotes &-variate random variable.
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The estimators g8, o2 ando are given by maximizing the following log-likelihood

function:

logL(B,02,02) = —g log(2r) — % log

—%(y— XBY (In® (051715 + aﬁlT))_l(y— XB).

In® (021r 1 + o2l)|

MLE of B, denoted by, is given by:

B (x'( 2® (02115 +02ln)) X) X’(In®(ale1’ +o2ln)”

<

= ZX’(alel’ +o2lr) X)) ZX’(O'ZlTl’ +o2lr) ),

which is equivalent to GLS.

Note thafg is not operational, becaugedepends o2 ando?.
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