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1. Stationarity (FE& M%) :

Letys, Vo, -+, yr be time series data.
(a) Weak Stationarity (38 1) :
E(yt) =M,
E((yt - /J)(yt—‘r - ﬂ)) = Y(T)a T= Oa 19 2’ e

The first and second moments do not depend on time.

The second moment depends on tim@aillence, not time itself.
(b) Strong Stationarity (G&%E F 1) :
Let f(yi,, Vi, - - -» Y, ) be the joint distribution o¥:,, Vi, - - -, W, -
f(Ytl, ytza ) yt,) = f(yt1+‘ra yt2+Ta ) ytr+T)

All the moments are same for all
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. Ergodicity (TJLT— K4):
As time diference between two data is large, the two data become independ:
Y1, Y2, -+, Y7 IS said to be ergodic in mean whgrtonverges in probability to

EW).

. Auto-covariance Function (B &2 8(E%K) :

E(O - )0~ W) = Y@, T=0.12,--

y(7) = y(-7)

. Auto-correlation Function (B S #8R3RA%Y) :

_ B -0 - 1) _ y(@)
WVar(y) WVarty)  ¥(0)

Note that Vary;) = Var(y;_.) = v(0).

p(7)
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5. Sample Mean (EA¥13) :

=

t=1

—||l—‘

6. Sample Auto-covariance 4B o9 #)) :

OE Z(yt e — )

t T+1

7. Correlogram (IL 0% 3 4, or ZABZEREREE)

Ay (@)
p(r) = 50)
8. Lag Operator (5 7 1FER) :

L'Vt = Yi-rs =12,
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9. Likelihood Function (B R8#4) — Innovation Form :

The joint distribution ofyy, y,, - - -, yr IS written as:

f(yn, Y2, -oyr) = fyrlyr—1. -, y) f(Yr-1, - - Y1)
= f(yrlyr-1, - yo) F(yralyr—2, -, yo) F(Yr—2, - - . Yh)

= flyrlyr—. - -, y) F(yralyr—2, .- y) -+ F(yalyn) f(ya)
T
= f(y1) l_l f(WelYe-1,- -+, Y1)
t=2
Therefore, the log-likelihood function is given by:

)
log f(y1, Y2, yr) = og f(ya) + > log f (%Y 1, y1).
t=2

Under the normality assumptiof(y|y;_1, - - -, Y1) IS given by the normal distri-

bution with conditional mean By;_1, - - -, y1) and conditional variance Vagk(y;_1,
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e yl)

5.2 Autoregressive Model B2 E)FE T /L or AR ET L)

1. AR(p) Model :

Vi = P11+ PaYe2+ o0 + PpYip t &,

which is rewritten as:
oLyt = &,
where

$(L) = 1= g1l — ol ® — -+ — ppLP.

2. Stationarity (TEFM4) :

Suppose that all thp solutions ofx from ¢(x) = 0 are real numbers
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When thep solutions are greater than orygjs stationary.

Suppose that thp solutions include imaginary numbers.

When thep solutions are outside unit circlg, is stationary.

. Partial Autocorrelation Coefficient (f& B S8B%%X), dux :

The partial autocorrelation ciient betweery; andy;_, denoted bypyy, IS
a measure of strength of the relationship betwgeandy;_y, after removing

influence ofy;_1, - - -, Yi_ks1.

11 = p(1)
( 1 p(l))(qbz,l):(p(l))
p(1) 1 /\¢22) \p(2)
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1 p(Q) p(2)
[p(l) 1 p(l)][

p(2) p(1) 1

1 p(1)
p(1) 1

pk=1) pk=2) -

$31 (1)
$32 ] = [P(Z)]
$33 P(3)

1
- pk=2) pk-1)
Px2
pk=3) pk-2) :
.1) 1 k-1
o Prk
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Use Cramer’s rulef 7 A — )LD/ ) to obtaingy.

1 p() - p(k=2)p(1)
o(1) 1 p(k—=3) p(2)

pk=1)pk=2)--- p(1) pK

1 p(1) - pk=2)p(k-1)
p(1) 1 pk=3)pk-2)

Ok =

pk=1) p(k=2)--- p(1) 1
Example: AR(1) Model: Vi = ¢1Vr 1 + &

1. The stationarity condition is: the solution®fx) = 1 —¢;x = 0, i.e.,x = 1/¢;,

is greater than one in absolute value, or equivalefatly< 1.
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2. Rewriting the AR(1) model,

Vi = P11 + &
2
=1 Yi2 + & + Pr6-1

3 2
= PiYi3+ &+ P161 + PrE 2

= Vst &+ P+ o+ (ﬁ_let,sﬂ.
As sis large, ¢ approaches zero— Stationarity condition
3. For stationarity, y; = ¢1y_1 + € IS rewritten as:
Vi = & + dr16-1 + ¢%€t—2 + .-
MA representation of AR model.

(MA will be discussed later.)
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4. Mean of AR(1) procesg;

u=EM) =E(g+ 161+ ¢§€t—2 + )
= E(a) + #1E(e1) + ¢7E(62) + --- =0

5. Variance of AR(1) procesg,0)

¥(0) = V(Y) = V(& + pr6-1 + ple o+ )
= V(&) + V($16-1) + V(die2) + -+

= V(&) + ¢§V(€t—1) + ¢?le(€t—2) + -

0_2

1-¢?

6. Autocovariance and autocorrelation functions of the AR(1) process:

=L+ g7 +¢1+ ) =

Rewriting the AR(1) process, we have:
Ve =@ Yer+ &+ P11+ o + B € rin
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Therefore, the autocovariance function of AR(1) process is:

v(@) = E(0t — )V — 1)) = EGrYer)
= E((¢D’t—r +tea+ P61t o0+ ¢f16t—r+1))’t—7)
= PIEVe-rVir) + E(&Yi—r) + d1E(6-1Yir) + -+ + ] "El€-rs1ir)
= ¢17(0) = iqslz
1-¢7
The autocorrelation function of AR(1) process is:

o) =13 o1

7. Another Derivation of y(r):

Multiply y;_, on both sides of the AR(1) process and take the expectation:

EMyi-r) = #1EMVi-1Yi--) + E(&Yi-r)
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ory(t—1), forr # 0,
y(7) =
$ry(r — 1)+ 02, forr =0.

Usingy(r) = v(-71), v(r)for r = 0is given by:
¥(0) = ¢1y(1) + 0* = ¢7y(0) + 7.

Note thaty(1) = ¢,y(0).

Autocovariance function(r) is:

Y1) = 1y(r = 1) = ¢iy(r - 2) = - = ¢7y(0).

Thereforey(0) is given by:

g

Y0 =127
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8. Partial autocorrelation function of AR(1) process:

¢11=p(1) = ¢1
' 1 p(1)

p(1) p(2)| _p(2)—-p(1)? _
1 p(1)| 1-p(1y

p(1) 1
9. Estimation of AR(1) model:

22 =

(a) Likelihood function

]
log f(yr -+, y1) = log f(y1) + " log f (yelyi 1, -, y1)
t=1

1 1 o2 1
:"'09(2”)"'09(1 ¢2)_ 721~ ¢2)y%

S (2zr)——log(02>——2<yt Sy
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