T T 1 1
=3 log(2r) — = Iog(o2) - Iog (1_—¢2)

1
2021 ¢) = 2Z(yt $1Yi-1)?

Note as follows:

1 1
f = expl -———
1) 2no?)(1 - (ﬁ) p( 20%/(1 - ¢§) yi)
1 1
fWilYe1, -+, Y1) = Voo exp(—ﬁ(yt - ¢1Yt—1)2)
alogf(yT""’yl) __Ii 1
902 =527 204/ (1 - ¢2) t o4 Z(Yt $1yr-1)” = 0

dlog f(yr, -, y1) b1 1, 1 v
=- +SYi+ = > (e —d1Ya)yer =0
01 1-¢2 o2 o2 ;
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The MLE of ¢; ando? satisfies the above two equation.
1(, - S
7= ((1 RIS ¢1yt_1)2)
t=2
T ~27% T
hio T PR S

Z;rzz yt2_1 1- $% t=2

(b) Ordinary Least Squares (OLS) Method

;
S(¢1) = Z(Yt — $1y1)’?
=2

is minimized with respect t@;.

~ YoV TioYia6 (1T) Xio V&
bpr="F 5 Tt V—F 5 =Pt T
thz yt—l thz yt—l (1/T) Zt:Z yt—l
E(yi-16)
— ¢1+ =¢
VUER)

OLSE of¢, is a consistent estimator.
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The following equations are utilized.

E(yi-16) =0
E(y?,) = Var(y_1) = ¥(0)

10. Asymptotic distribution of OLSEp;:
VT($1 - ¢1) — N(O,1-¢})

Proof:

a4
_ . .
Vi1, t=1,2,---, T, are distributed with mean zero and varlaqeef—z.
%1
From the central limit theorem,

(L/T) Sl Y16
oL - ¢/ NT
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Rewriting,

t=1 1
Next,
LYy, — B i
T w1 — EWL) =v(0) = <
T & 1-¢7
yields:
A 1/VD 3L, Ve
VTG — o) = EVD Zedas g g g
(1/T) Zt:l yt—l
11. Some formulas:
(a) Central Limit Theorem
Random variables;, X, - -+, Xy are mutually independently distributed

with meanu and variancer?.

DefineX = (1/T) 31, %.
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Then,
X-EX) X-u

WE  o/VT

(b) Central Limit Theorem I

— N(0,1)

Random variableg,, x,, - - -, Xr are distributed with meamand variance

o2

DefineX = (1/T) 31, X.

Then,
X - E(X)

WX

(c) Let xandy be random variables.

— N(0,1)

y converges in distribution to a distribution, arndonverges in probability

to a fixed value.

Then,xy converges in distribution.

134



For example, consider:
y — N(u,o?), X — C.
Then, we obtain:
xy — N(cu, ¢20?)
12. AR(1) +drift: Vi = U+ P11 + &
Mean:

Using the lag operator,
d(L)Y: =+ &
whereg(L) = 1 - ¢4L.

Multiply ¢(L)~* on both sides. Then, wheg| < 1, we have:

Ye = p(L) ' + ¢(L) e
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Taking the expectation on both sides,

E(r) = (L) 'k + (L) *E(e)
= o(1) 1y = _H
¢() =1 o
Example: AR(2) Model: Consideny; = ¢1Yi1 + ¢2Yi 2 + €.

1. The stationarity condition is: two solutions »from ¢(x) = 1— @1 x—¢,x2 = 0

are outside the unit circle.

2. Rewriting the AR(2) model,

(1- o1l — ¢y = &

Let 1/a; and Y a; be the solutions of(x) = 0.
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Then, the AR(2) model is written as:
(1-al)A - al)y: =&,

which is rewritten as:

1
Y e —amD) ™

_ ai/(ar—a2) —az/(a1—ay) e

1-al l1-al )"

3. Mean of AR(2) Model:

Wheny, is stationary, i.e.q; anda, are within the unit circle,
p=El) =E(@(L)e) =0
4. Autocovariance Function of AR(2) Model:

¥(r) = E((Vt — 1) (Yer — 1)) = EMiYr-r)
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= E((¢1yt—1 + ¢aYi2 + Et)Yt—T)

= P1EV-1Yir) + 92EMi-2Ve-) + E(ayi—r)

| er(r = 1)+ gay(T - 2), fort #0,

d1y(r — 1) + ¢oy(r — 2) + 02, for r = 0.
The initial condition is obtained by solving the following three equations:

¥(0) = ¢1y(1) + ¢2¥(2) + o2,
¥(1) = ¢1y(0) + ¢2¥(1),
¥(2) = ¢17(1) + ¢2y(0).

Therefore, the initial conditions are given by:
1- ¢2) o’
0)= ,
7O (1+¢2 (L1— 027 - &2
$1 ¢$1 \(1- ¢2) o’
1) = 0) = :
) 1—¢2Y() (1—¢2)(1+¢2 (1- 22— ¢7
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Giveny(0) andy(1), we obtainy(r) as follows:
Y@ =gy -+ ¢y(r-2), forr=23, -

5. Another solution for y(0):

Fromy(0) = ¢1¥(1) + ¢2y(2) + o2,

0_2
0 — €
YO = 1500 6@
where
__$ _ i+ (1-g2)2
p(1) = -4, p(2) = ¢1p(1) + ¢2 = 19,

6. Autocorrelation Function of AR(2) Model:
Givenp(1) andp(2),
p(r) = ot = 1)+ ¢op(r - 2),  forr =34,
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7. ¢« = Partial Autocorrelation Coefficient of AR(2) Process:

ok,

1 p1) - pk-2) pk-1) ¢“ p(1)

1) 1 pk=3) pk=2| | _|p@
Drk-1

pk=1) pk—=2) - p(2) 1 p(®)
drk

fork=1,2,---.
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1 p(1) - pk=2)p(1)
o(1) 1 p(k = 3) p(2)

pk=1pk=2)--- p(1) pK

Pk =
1 p(l) ---plk=2)p(k-1)

p(1) 1 pk=3)pk-2)

pk=1)pk—-2)--- p(1) 1
Autocovariance Functions:

¥(1) = ¢17(0) + ¢2¥(1),

¥(2) = ¢1y(1) + ¢2y(0),
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(1) = dry(r — 1) + ¢oy(r — 2), forr=3,4,---.

Autocorrelation Functions:

_ )
p(1) = g1+ ¢2p(1) = 1= 57
¢
p(2) = ¢1p(1) + ¢2 = T— 5 T 97

p(7) = p1o(t = 1) + ¢op(7 - 2), forr=34,---

d11=p(1) = 1 ?1¢2

l 1 p®)

p(1) p@)| _ p2)-pay ’
l 1 p(1)|‘ 1-p(2p ~7°
1

p(1)

oo =
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1 p(1) p(1)
p(1) 1 p(2)

baa = p2) p(1) p(3)
FTIL e e

p(1) 1 p(2)
p(2) p(1) 1

_ 03 = p(1)p(2)) - p(17(p(3) - p(1)) + pp()(2) - 1) _ o
(1-p(1)) = p(1)*(1 - p(2)) + p(2)((1)? - p(2)) '

8. Log-Likelihood Function — Innovation Form:

)
log f(yr. -+, y1) = 10g f(y2,y2) + > log f (Vlye 1, -+ )
t=3

where
y(0) ¥(1)

1
f(y2,y1) = P 'y(l) (0)

- exp(—}(y y2) (7(0) 7 )_l (y1 )]
27\ @) o) \y))
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