1

2
O

1
f(YelYe1, -+, Y1) = exp (_F(yt - P1Ye1 — ¢2yt—2)2) :

Note as follows:
y(0) ¥ 1 p(1) 1 ¢1/(1 - ¢2)
b o) 0Le 3ol )
(1) (0 p(l) 1 ¢1/(1— ¢2) 1
. AR(2) +drift: ¥y = p + ¢1yr1 + d2Yi2 + &

Mean:
Rewriting the AR(2)+drift model,

p(Lyr = p+ &
where ¢(L) = 1 — ¢1L — gL 2.

Under the stationarity assumption, we can rewrite the AR(2)+drift model as

follows:
Yo = (L) '+ o(L) e
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Therefore,

E) = (L) e+ (L) E(E) = 60 M = -

Example: AR(p) model:  Consider y; = ¢1Yi—1 + ¢2Ye2 + -+ + PpYip + &.
1. Variance of AR(p) Process:

Under the stationarity condition (i.e., the p solutions of x from ¢(x) = 0 are
outside the unit circle),
ol

T 1-¢p() - - —ppo(p)’

¥(0)

Note that y(7) = p(7)y(0).

Solve the following simultaneous equationsfor r = 0,1, - - -, p:
Y(@) = E( — )V — 1)) = E(ViYer)
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o=+ gyt =2+ + dpy(r - ), forr # 0,
Pry(t— 1) + doy(r = 2) + - + dpy(r — p) + 02, forr=0.

2. Estimation of AR(p) Model:

1. OLS:
;
min Z Wt — P1Ye1 — PV — -+ — ¢th—p)2
f1- - dp Cprl
2. MLE:
max Ing(YT,,yl)
d1.- dp
where
.
log f(yr,-+-,y1) = 10g f(Vp, -, Yo, ¥1) + > 109 F(yilyi 1, -+, ¥,
t=p+1
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Y1

1 y
Y2 1) = (20) PV 2 x|~y -+ YoV 2|
Yp
1 p(1) - p(p-2) p(p-1)
p(1) 1 p(P-3) p(p-2)
V =v(0) . . . :
p(p-1) p(p-2) -  p(2) 1
f sl e i des - oo — - — doYes)
(VilYees Y1) = T p( 520k~ da¥ies — dahea = - So¥i-p)’)

3. Yule=Walker (—JV - 7 # —#—) Equation:

Multiply Y1, Y2, - - -, Yi—p ON both Sides of y; = ¢1yi_1 + oo+ -+ +PpYrp+

147



& =\, take expectationsfor each case, and divide by the sample variance ¥(0).

1 pA) - Ap-2) pp-1) Z (1)
() 1 pp-3 -2 BES
) . ) . A. . ¢p_1 A:
p(p-1) p(p-2) -~  p(1) 1 ! o(p)
p

where

=23 i . e =20,
T t=7+1 ! , 5/(0)

3. AR(p) +drift: Vi =pu+d1yra+ @Yo+ -+ dpYp+ &
Mean:

d(L)y = u + &
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where ¢(L) = 1 — ¢l — L2 — --- — ppLP.
Yo = (L) + ¢(L) e
Taking the expectation on both sides,

E(y) = (L) ' + (L) 'E(&) = ¢(1)'u
_ M
T l-¢i—¢o— - —p

4. Partial Autocorrelation of AR( p) Process:

ok =0fork=p+1,p+2,---
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53 MA Moddl
MA (Moving Average, #%&j¥13) Model:

1. MA( )

Vi=6&+ 0161+ 662+ - + Qth_q,

which is rewritten as:
Yt = 0(L)e,

where

O(L) = L+ 61L + G,L2 + -+ + G,LC.
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2. Invertibility (REx AT BEME):

The g solutions of x from 6(X) = 1+ 1X + 6,X2 + -+ + X3 = 0 D g are

outside the unit circle.
= MA(q) model isrewritten as AR( o) model.
Example:. MA(1) Model: vy =& + 0161
1. Mean of MA(1) Process:

E(y) = E(& + 61&-1) = E(&) + 61E(e-1) = 0

2. Autocovariance Function of MA(1) Process.

v(0) = E(ytz) = E(g + 91&_1)2 = E(et2 + 201661 + ertz_ 1)

= E(etZ) + 20,E(g€-1) + HiE(etz_ D=0+ 95)03
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¥(1) = E(WiYe1) = E((& + b16-1) (61 + b16_2)) = 6102

¥(2) = E(Viyi-2) = E((& + O16-1)(€-2 + O16-3)) = 0

3. Autocorrelation Function of MA(1) Process:

61 B
B ’)/(T) B —1+92, forr =1,
D=0,
4 0, forr=23,--.
Let xbep(2).
Lz:x, i.e, X602 — 60+ x = 0.
1+67
6, should be area number.
1 1
1-4x2 - <p() <=
x“ > 0, ie, 2_p()-2
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4. Invertibility Condition of MA(1) Process:

& = —016_1 + Y
= (—01)%62 + Yt + (—01)Ye1

= (6163 + Yo + (—01)Ye1 + (=61)*Vi 2

= (=01)%-s + Yt + (—0)Yic1 + (—00)7Ye2 + -+ + (00" s
When (—6,)%¢_s — 0, the MA(1) model iswritten as the AR(c0) model, i.e.,

Vo= =(=0)Vi1 = (002 — -+ = (=01) Vs - - +a

That is, |6,] < 1 represents the invertibility condition.
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