The limit whenN — o is acontinuous time (E#5%B5[) process known

asstandard Brownian motion or Wiener process

The value of this process at timas denoted byV(r) forO <r < 1.

Definition:
Standard Brownian motiokV(r) denotes a continuous-time variable at
timer and a stochastic function.
W(r) for r € [0, 1] satisfies the following:
i. W0)=0
ii. Foranytime periods @ r; <rp < --- <rg <1, W(ry) —W(ry),
W(r3) — W(ryp), ---, W(rx) — W(rx_1) are independently multivariate
normal withW(s) — W(t) ~ N(O, s—t) for s> t.

iii. W(r) is continuous irr with probability 1.

193



An example:
aW(r) ~ N(0, o%r),

which denotes the Brownian motion with variance

Another example;
W(r)? ~ r x x*(1).
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(c) Assumes ~ iid (0,02). DefineX:(r) for r € [0, 1] as follows:

1

O, O§r<?

€1 1 2

—=, —<r<—=

T T T

XT(r): g, _I_2_Sr<$
a+e+ - +er

r=1

T D)

Let [T r] be the largest integer which is less than or equdl tor.

&, VT % (r) — N(O,rd?).

Note that
1A 1

e



[Tr] (1

? — I, \/[T_Z& e N(O O'
_ [ L\ T 1
VIXe() = 5 [Tr \/[T—r; [T1] v

Therefore, we obtain:
VT X (r) — N(O,ro?).

Moreover, we have the following results:

‘/_XT(r) — N(O,r) = W(r),

‘/_ (XT (r2) = Xr(ry))

O¢

— W(rz) — W(ry) = N(O,rz —ry).

196



For example, consider:

Then,

;
\/‘T:T(l) _ 1\/T Z & — W(1) = N(0, 1).
€ O¢ t=1
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(d) Considery; = y;_1 + &, Yo = 0 ande ~ N(0, o2).

X1 (r) is defined as follows:

1

0 0< —

s —r<-|-7

Y1 1 2

Z- — < =

T TSI <7

Y2 ESKE,
X1 (r) = T T T

Yr-1 T -

STl <r<i,

T <

YT

— r=1.

-I-’
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DefineS+(r) as follows:

1
0, 0<r< =,
ST
2
i 1.2
T T T
2
ooo2_,..3
S(r)=4T T T
Y7 1 -
—_— <r<1
-I-9 —_ <7
2
)_/I_—T, r=1

1 1
To obtainf Xr(r)dr andf S+t (r)dr, we compute a sum of rectangulars
0 0

as follows:

1
(2 1) v (3 2 yraf, T-1
foxT(r)dr'”T(T T)+T(T i Rl K




T2 T2 T2 T2
t=1
1 2 2 2
y]_ 2 1 y2 3 2 y-|-_1 T - 1
fOST(r)dr”T(T TIPT\T 7 T\
Yi y§ y'zl'—l 1 d Y
AR AR S PN
t=1

We have already known thalT X;(r) — o W(r).

Therefore,

1 1
f VT X (Ndr — o f W(r)dr.
0 0

That is,

1 | !
t=1 0
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FromSt(r) = (\/'TXT(Y))Z,
Sr(n) = (VIXe () — 2 (W)Y,

which is called the continuous mapping theorem.

(*) Continuous Mapping Theorem (E#: B & E1E):
if xr — x(convergence in distribution) arg-) is a continuous function,

theng(xy) — g(x) (convergence in distribution).
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Threfore, we have the follwoing result:

1 1
2 2
j; Sr(r)dr — o j; (W(r))-dr.

That is,
1 o :
= > — ot fo (W(r))?dr.
t=1
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8. Asymptotic Distribution of AR(1) Model:

(@ Ho: Yir=VYii+eandH; o yy = @1y + g for |¢s] < 1
OLSE of¢,, denoted byp,, is given by:

~ Zthl Yi-1t Zthl Yi-1€
pr=—— =91+ ———
Zthl ytz_]_ Zthl ytz_l

Using¢; = 1 and some formulas shown above, we obtain:

1
T—l Z;r:l Vio16 . E ((W(l))2 _ 1)

T(é\sl - 1) S — 1
T 2 Zt:l yt2_1 f (W(I‘))2 dr
0

Remember that

i
T4 e — 502 (W)Y - 1)
t=1
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and ;
1
T2y, — o [ e
t=1 0
where(W(1))? = ¥(1).
We say thath, is super-consistent #8—214) or T-consistent

Remember that whep,| < 1 we haveVT (¢, — ¢1) — N(0,1— ¢7), and

in this case we say tha is VT-consistent
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Conventionat test statistic is given by:

t:@—{
Sy

1 o, -
and &= T-1 ;(yt - $1¥en)’.
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Next, considet statistic.
Thet test statistic, denoted liyis represented as follows:

:&1—1:1_((251—1)
Sy Ts

t

The denominator is:
1 T
Ts = (Sz/ﬁzyg—l)
t=1

— (o2 [ 1 (W(r»zdr))” ([ 1 (W(r»Zdr)_l/z,

wheres> — o2 is utilized.

1/2
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Therefore, we have the following asymptotic distribution:

1
1 (- e
(=t 3 / ( f (W(r))zdr)
a f (W(r))?dr

2 (W - 1)

[ 1 (W(r))zdr)l/z'

Therefore, the distribution of thestatistic shown above isfieérent from

thet distribution.
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(b) Ho: Yt =VYii+eandHy: yi = ao+ @P1yi1 + € for || < 1
@\ (T X AN
(&51) ) (Zyt—l ny_l) (Zyt-lyt)
(el 22
$1 V1 X¥oa/! \XYae
In the true modelyy = 0 andg, = 1.
@o T Iwa\l Zea
(c}ﬁl— 1) ) (Zyt_l ny_l) (Zyt_let)
Op(T)  Op(T¥%)\™ Oy(T?)
(Op(T3/2) Op(T?) ) ( Op(T) )

(*) For random variablex and constank, x = Op(K) implies thatx/k

converges in distribution.

To change each element of the matrice©igl), we use the following
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matrix:

T2 0
-, L)
o T

Multiplying the above matrix from the left, we obtain the following:

Qo TY2q, Op(T)  Op(T¥2)\ Op(T2)
M ) )= ) (o )
-1 T(p1—-1) Op(T32)  Oy(T?) Op(T)

_ ]"—1( Op(T) OP(T3/2))r—l)_lr—l(op(Tl/Z))
Op(T3%)  Oy(T?) Op(T)

B r—l( T Zytl)r_l)_lr_l( Y e )
SVe1r XY, 2 Y&

1 T‘3/22yt_1)‘1( T23% & )
T32%Y %1 T2 ytz_l T 1Y ya& .
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Each matrix converges in distribution as foIIows "

( 1 T‘3/ZZYt—1) [ fW(r)dr ]
T32Y vy T2Yy2, f W(r)dr o f (W(r))?dr

0 o fo lW(r)olr fo l(W(r))Zdr 0 oo/
( T—l/2 Z & ) O'EW(l) ] ~ (1 0 )[ W(l) ]
T Y yrae 1 2((W(l))2 1) - o o %((W(l))z—l) |
Therefore, 1
( T124, ) [(1 0)[ 1 f(;W(I’)dr ](1 O)]l
T(¢—1) 0 o 1W(r)dr f ' (W(r)2dr J\0 o
0

(1 O)[ W(1) ]
X0 :
o w U (w1
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Finally, T(¢: — 1) converges to the following distribution:

1
2

1
2_ —
((w@)®-1) -w() fo W(r)dr'

e[ woa)
fo (W(r))=dr fo W(r)dr

T(Qzl -1)—
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Thet test statistic is:

-1 T($-1)
il

where
T  Sywa1\Y/0
-#0 05, ) )
Z Yi-1 Z yt_1 1
1 <« .
s = T3 Z(Yt ~ &0 — $1y-1)”.
The denomlnatofzs2 converges in distribution as follows:

s ol O A

1
O¢ 2 0 O¢ 1
) fo W(r)dr fo (W(r))2dr

2

ooy woa)
fo (W(r))-dr fo W(r)dr
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Thus, the test statistic converges to the following distribution:

1 2_1)_ '
2((W(1)) 1) - W(1) fo W(r)dr

[fol (W(r))?dr — (f:W(r)dr)le/T

t—
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(©) Ho: Yi=ap+Yii+€eandHy: Yy =ap+ @1y + € for |¢g] < 1

TY%(&o — o) 0 1 2
el 3)
T32(¢, — 1) 0 @y @
(abbr.)
(d) Ho: Vi = ap+ Vi1 + € and

Hi: Yo = ao+ ait + ¢1yi1 + € for @] < 1

(abbr.)
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9. The distributions of the statistic:

¢ -1
Sy

t Distribution

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -249 -206 -171 -132 132 171 206 249
50| -240 -201 -168 -130 130 168 201 240
100| -236 -198 -166 -129 129 166 198 236
250 =234 -197 -165 -128 128 165 197 234
500 -233 -196 -165 -128 128 165 196 233
o | -233 -196 -164 -128 128 164 196 233
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@Ho: Yt =VYi1+ &
Hi: Vi =@1yier+ e for gy <lor-1< ¢,

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -266 -226 -195 -160 092 133 170 216
50| -262 -225 -195 -161 091 131 166 208
100 -260 -224 -195 -161 09 129 164 203
250| -258 -223 -195 -162 089 129 163 201
500 -258 -223 -195 -162 089 128 162 200
o | =258 -223 -195 -162 089 128 162 200

216



(b) Ho: Vi = Y1 + &
Hi: Vi = @o+ P11+ & for ¢ < 1lor-1< ¢,

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -375 -333 -300 -263 -037 000 034 Q72
50| -358 -322 -293 -260 -040 -003 029 066
100 -351 -317 -289 -258 -042 -005 026 063
250| -346 -314 -288 -257 -042 -006 024 062
500| -344 -313 -287 -257 -043 -0.07 024 061
o | =343 -312 -286 -257 -044 -007 023 060
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(d)Ho: Yt =ao+ Y1 + &
Hi: yi=a@o+ait+ 1y +for gy <lor-1< ¢

T | 0.010 Q025 Q050 Q100 Q900 Q950 Q975 Q990

25| -438 -395 -360 -324 -114 -080 -050 -0.15
50| -415 -380 -350 -318 -119 -087 -058 -024
100| -404 -373 -345 -315 -122 -090 -062 -0.28
250| -399 -369 -343 -313 -123 -092 -064 -031
500 -398 -368 -342 -313 -124 -093 -065 -032
o | =396 -366 -341 -312 -125 -094 -0.66 -0.33

6.2 Serially Correlated Errors

Consider the case where the error term is serially correlated.
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6.2.1 Augmented Dickey-Fuller (ADF) Test
Consider the following ARg) model:
Ve = oY1 + PaYr2+ -+ PpYip + &, & ~ iid(0, o?),

which is rewritten as:
¢(L)Yr = &.
When the above model has a unit root, we ha{@ = 0, i.e.,¢1 + ¢ +

The above ARp) model is written as:
Vi = pYi-1 + 01AYi 1 + 02AY; 2 + - -+ + +0p 1AV pi1 + &,

wherep = ¢1 + ¢ + -+ + ¢pp anddj = —(Pjs1 + Pj2 + -+ + ¢p).

The null and alternative hypotheses are:
Ho : p =1 (Unit root),
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H;: p < 1 (Stationary)

Use thet test, where we have the same asymptotic distributions.
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We can utilize the same tables as before.

Choosep by AIC or SBIC.

UseN(0,1) totestHy : 6; = 0againsH; : 6;#0forj=1,2,---,p-1.

Reference

Kurozumi (2008) “Economic Time Series Analysis and Unit Root Tests: Develoy

ment and PerspectiveJapan Statistical Society/ol.38, Series J, No.1, pp.39 — 57.

Download the above paper from:

http://ci.nii.ac.jp/vol_issue/nels/AA11989749/ISS0000426576_ja.html
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6.3

1.

Cointegration G£#14)

For a scalay;, when (1- L)%, is stationary, we writg;, ~ 1(d).

WhenAy; = y; — ;1 is stationary, we writé\y; ~ [(0) ory, ~ ().

. Definition of Cointegration:

Suppose that each series ig& 1 vectory; is 1(1), i.e., each series has unit
root, and that a linear combination of each series & for a nonzero vector

a) is 1(0), i.e., stationary.

Then, we say that has a cointegration.

. Example:

Suppose thay; = (Y1, Y21)' is the following vector autoregressive process:

Y1t = yYar + €1y,
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Yor = Yor1 + €.
Then,
Ay1y = yer + €11 — €11-1,  (MA(1) process)
Ayt = €4,

where bothy;; andy,; arel (1) processes.

The linear combinatiog; — vy, is 1(0).

In this case, we say thgt = (Y11, Y21)’ iS cointegrated witla = (1, —y).

a= (1, —y) is called thecointegrating vector t#19~X 2 kL), which is not

unique. Therefore, the first elementanis set to be one.

4. Suppose thag ~ 1(1) andx; ~ 1(1).
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For the regression modg! = x8 + u;, OLS does not work well if we do not

have thes which satisfiesy ~ 1(0).

—> Spurious regression & & A\ F DEF)

Y1,
. Suppose thay; ~ 1(1), y; is ag x 1 vector andy; = ( 1t)_
Yot
Y21 is ak x 1 vector, wher&k = g — 1.

Consider the following regression model:
yl,t:a’+')//y2’t+ut, t:1,2,"',T.
OLSE is given by:
(e o) (oo
y 2Y2r 2 Y2tYa, S yiyar/
Next, consider testing the null hypothesis : Ry = d, whereRis aG x k
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matrix (G < k) andr is aG x 1 vector. G denotes the number of the linear
restrictions.

TheF statistic, denoted bf, is given by:

-1

Sy, 10
2 ) ( )) Ry - ).

1
F:—RA—d)’(sz(O R)(
G( ’ 2 Y2t 2 Y2tYa, R

where
1 T
= T-g ;(Yl,t — &= 7'Ya0)”.
When we have the such thayy — yy-; is stationary, OLSE of, i.e.,y, is not
statistically equal to zero.
When the sample siZE is large enought is rejected by thé test.

. Phillips, P.C.B. (1986) “Understanding Spurious Regressions in Econome
rics,” Journal of Econometrigs/ol.33, pp.95 — 131.
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Consider g x 1 vectory; whose first diference is described by:
Ay =¥(L)& = Z Vseis,
s=0

for ¢ an i.i.d. g x 1 vector with mean zero , variancedg{) = PP, and finite
fourth moments and whefe¥s}2 , is absolutely summable.
Letk=g-1andA = ¥Y(1)P.

T Xy

2o1 2o

Vit

Partitiony; asy; = ( )andAA’ asAA’ = (
Yot

scalarsy,; andZ,; arek x 1 vectors, and@,, is ak x k matrix.

) wherey;; andZ,; are

Suppose thah A’ is nonsingular,and definel = £;; — £, 3,7%,;.

Let L,, denote the Cholesky factor Eigzl, i.e.,L,,is the lower triangular matrix

satisfyingZ,; = LosL),.

Then, (a) — (c) hold.
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(a) OLSEs ofa andy in the regression modgl; = a + y’y,; + U;, denoted

by &t andyt, are characterized by:
T‘l/Z&T O']_h]_
P el
¥ — 2553 o1loohy

(hl):( 1 folwz(r)’dr )‘1( folwl(r)dr )

)\ [TWarar [T We(mWa(rydr )\ [T Wa(r)Wa(r)dr

whereW,(r) andWa,(r) denote scalar ang-dimensional standard Brow-

where

nian motions, andV,(r) is independent o#V(r).
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(b) The sum of squared residuals, denoted by RSS’/" , (7, satisfies

T2RSS — o3H,

where

1 1
o - [( fo Wi (r)dr )’(hl ))‘
"= fo (atryyer Frwanwa(rydr ) \hy /)

0
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(c) TheF test satisfies:

1 .
TF — a(alR"hg—d*)’
-1

fol Wa(r)dr )‘1

c?H(0 R
X[ i )( FrWo(r)dr [ Wa(r)W(r) dr

X(o1Rhy — dY),

(0 R*)’]

whereR" = RLy, andd* = d — RZ,)%,;.
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(a) indicates that OLSE; is not consistent.
1 T
(b) indicates thas> = —— » 07 diverges.
T-g ; t

(c) indicates thaF diverges.

— Spurious regression &t H\ i D E]IF)

230



7. Resolution for Spurious Regression:
Suppose thaf; = @ + y'Y2¢ + U IS @ Spurious regression.

(1) Estimatey1; = @ + y'Yar + @Y1t-1 + 0Yor-1 + U

Then,yt is VT-consistent, and thietest statistic goes to the standard norma

distribution undeH, : y = 0.

(2) EstimateAys; = « + y’Ays; + U. Then,ar andBr are VT-consistent, and

thet test andF test make sense.

(3) Estimatey,; = a + y'y,: + U by the Cochrane-Orcutt method, assuming

thatu, is the first-order serially correlated error.

Usually, choose (2).
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However, there are two exceptions.
(i) The true value of in (1) above is not one, i.e., less than one.

(ii) y.r andy,; are the cointegrated processes.

In these two cases, taking the firstfdrence leads to the misspecified regres:

sion.
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8. Cointegrating Vector:
Suppose that each elementypfs | (1) and tha&'y, is 1(0).
ais called acointegrating vector (#1432 kJL), which is not unique.

Setz = @'y, wherez is scalar, ané andy; areg x 1 vectors.
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Forz ~ 1(0) (i.e., stationary)

T T
T Z=T1 ) @W — E@).
t=1 t=1

Forz ~ 1(1) (i.e., nonstationary, i.ea is not a cointegrating vector),
T 1
T2 Y — 4 [ (W)
t=1 0

whereW(r) denotes a standard Brownian motion aidndicates variance of
(1-Dz.

If ais not a cointegrating vectof,* 3|, Z diverges.

= We can obtain a consistent estimate of a cointegrating vector by minimi
ing Y, Z with respect tea, where a normalization condition anhas to be

imposed.
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The estimator of thaincluding the normalization condition is super-consisten

(T-consistent).
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Stock, J.H. (1987) “Asymptotic Properties of Least Squares Estimators of Co
tegrating Vectors,EconometricaVol.55, pp.1035 — 1056.

Proposition:

Lety; be a scalan,; be ak x 1 vector, andy , y’z’t)’ be ag x 1 vector, where

g=k+1.

Consider the following model:

Y1t = @+ Y Yar + Ury

AYot = Upy

()=

Up ¢

& isagx 1i.i.d. vector with E§&) = 0 and E&¢/) = PP.
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OLSE is given by:

(o o) (o)
y 2Y2r 2 Y2tYa, 2 Yyt
DefineAy, which is ag x 1 vector, and\,, which is ak x g matrix, as follows:

A
‘HDP:( )
A

2

Then, we have the following results:

1 (Az f W(r)dr)/

Asz(r)dr Az(f(W(r)) (W(r)) dr)Az’

-1

(Tﬂ%&—ao)
T(y-v)

where

( hl ) ( /11/W(1) . ]

e~ e [ Wy @y s+ Y Bt )
7=0

W(r) denotes a-dimensional standard Brownian motion.
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1) OLSE of the cointegrating vector is consistent even thougls serially

correlated.
2) The consistency of OLSE implies thEt* 3" 02 — o2

3) Becausd ! 3 (y1: — ¥,)? goes to infinity, a coficient of determinationi?,

goes to one.
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6.4 Testing Cointegration

6.4.1 Engle-Granger Test

e ~ 1(1)
Yit =@+ Y Yor + U
e U; ~ 1(0) = Cointegration

e U ~ (1) = Spurious Regression
Estimatey;; = @ + y'Y»; + U by OLS, and obtaim~

Estimateu; = plk_1 + 61A0-1 + 02A02 + - - - + 0p-1AU_p,1 + & by OLS.
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ADF Test:
e Hy: p =1 (Sprious Regression)
e H; : p <1 (Cointegration)

— Engle-Granger Test

For example, see Engle and Granger (1987), Phillips and Ouliaris (1990) and Han
(1992).
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Asymmptotic Distribution of Residual-Based ADF Test for Cointegration

# of Refressors, | (a) Regressors have no drift | (b) Some regressors have drift

excluding constant 1% 2.5% 5% 10%| 1% 25% 5% 10%

1 -396 -3.64 -337 -307|-396 -3.67 -341 -313
2 -431 -402 -377 -345|-436 -407 -3.80 -3.52
3 -473 -437 -411 -383|-465 -439 -416 -3.84
4 -5.07 -471 -445 -416| -504 -477 -449 -4.20
5 -528 -498 -471 -443|-536 -502 -4.74 -4.46

J.D. Hamilton (1994)Time Series Analysip.766.
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