7.3 Count Data Model §t#7—4 EFI)

Poisson distribution:
e X
x

PX=x)=f(X) =

forx=0,1,2,---.

In the case of Poisson random varialflethe expectation oX is:

Remember that, f(X) = 1, i.e.,Y 5 e 2%/X = 1.
Therefore, the probability function of the count dgtas taken as the Poisson distri-

bution with parametex;.

In the case where the explained varialglg¢akes 0, 1, 2;-- (discrete numbers),

assuming that the distribution §f is Poisson, the logarithm of; is specified as a
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linear function, i.e.,
E(i) = 4 = expXiB).

Note thatt; should be positive.
Therefore, it is better to avoid the specificatian= X3.

The joint distribution ofyy, Y5, - - -, yn IS:

n n e‘”i/liy‘
fynyo-y) = [ fon =] ] T mLe)

i=1 i=1 !

whered; = exp(Xi3).

The log-likelihood function is:

logL(B) = —Zn:ﬂi + Zn:yi log i — Zn:Yi!
) im1 i—1
= —Z expeXiB) + ZYiXiﬁ - Zyi!-
i=1 iz1 iz1
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The first-order condition is:

dlogL) &, Y
B _;Xi eXp(Xi,B)"';XiYi =0.

= Nonlinear optimization procedure

[Review] Nonlinear Optimization Procedures

Note that the Newton-Raphson method (one of the nonlinear optimization proc

dures) is:

g _ gy _ (#10gLBD)) ™ alogL(sh)
OBop’ B
which comes from the first-order Taylor series expansion arguag*:
0 dlogL(B) _dlogL(s*) . d%logL(5*)
B B BB

andg andg* are replaced bgt+ andg\, respectively.

B-5),
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An alternative nonlinear optimization procedure is known as the method of scorir

which is shown as:

40D gl _ (E(az log L(ﬁ(”)))_l dlog L(ﬁ“))’

Bop’ B
d?logL(BM)\ . d%logL(BD)
WherE(W) IS replaced by %W)
[End of Review]

In this case, we have the following iterative procedure:

n -1 n n
o _(-$eneonan] [-$oxosnon- $)
i=1 i—1 i—1

The Newton-Raphson method is equivalent to the scoring method in this count mo«

because any random variable is not included in the expectation.
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Zero-Inflated Poisson Count Data Model: In the case of too many zeros, we have
to modify the estimation procedure.
Suppose that the probability gf = j is decomposed of two regimes.

— We have the case ¢f = j and Regime 1, and that gf = j and Regime 2.
ConsiderP(y; = 0) andP(y; = j) separately as follows:

P(y; = 0) = P(y; = O|Regime 1P(Regime 1} P(y; = O|Regime 2P(Regime 2)
P(yi = j) = P(y; = jIRegime 1P(Regime 1} P(y; = j|IRegime 2P(Regime 2)

forj=2,2,---
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Assume:
e P(y; = O[Regime 1)= 1 andP(y; = j|Regime 1=0forj=1,2,- -,

e P(Regime 1)= F; andP(Regime 2= 1 - F;,
e i)
e P(y; = j|IRegime 2)= “forj=0,12,---

yi!

whereF; = F(Za) anda; = expX8). = w; andX; are exogenous variables.
Under the first assumption, we have the following equations:

P(y; = 0) = P(Regime 11+ P(y; = O[Regime 2[P(Regime 2)
P(yi = j) = P(yi = j|Regime 2P(Regime 2)

forj=121,2,---
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Combining the above two equations, we obtain the following:
P(y; = j) = P(Regime 1) + P(y; = j|Regime 2P(Regime 2)

forj=0,1,2,---,

where the indicator functioh is given byl; = 1 fory; = 0 andl; = 0 fory, # 0.
F; denotes a cumulative distribution function£&. =— We have to assunie..

Including the other two assumptions, we obtain the distributioy a$ follows:

—A )i

P(yi:j):l:ili+ y-li(l_Fi)’ j:0’172""
]*

whereF; = F(Za), 4 = exp(X;8), and the indicator functioh is given byl; = 1 for
yi = 0 andl; = 0 fory; # 0.
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Therefore, the log-likelihood function is:
n n e_/li/l-yi
ogle.) =) loaPli = )= )] og i+ 1= ),
1= 1=
whereF; = F(Za) anda; = expXiB).

log L(a, 8) is maximized with respect t@ andg.

— The Newton-Raphson method or the method of scoring is utilized for maximiz

tion.
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Example of Poisson Regression:

B (2012 4F)
X, 2012 4F)
(Ef¥na, 2012 4F)

bike SEiREE
lowland {&HimAE (GEJ
dwellings JE{¥ /e HmEfE

pop A (2010 4F)

pref bike lowland dwellings pop
JbvE 1 11 9794 543 5504
H iR 2 6 1237 193 1374
=F 3 7 1261 216 1326
(=871 4 4 1757 259 2352
FKH 5 2 2453 170 1085
17 6 5 1393 163 1167
= 7 5 1437 255 2021
FIK 8 20 1647 454 2887
iR 9 17 752 289 1990
HE 10 17 585 272 2005
BE 11 42 1414 487 6373
T 12 30 1452 489 5560
W 13 34 274 421 15576
Mz 14 17 575 418 8254
iR 19 5 2775 274 2375
B 20 4 987 145 1091
Al 15 5 656 116 1172
wmH 16 2 932 93 807
17 4 343 115 855
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Efy 21 7 751 307 2149

FE 22 12 1174 226 1998
e 23 22 1155 338 3760
T 24 44 1148 521 7521
= 18 8 1031 207 1820
w25 6 935 132 1363
w26 15 820 149 2668
KB 27 47 610 318 9281
E 28 23 1604 346 5348
ZE 29 4 273 110 1260
AL 30 7 316 93 983
BB 31 4 411 70 589
BiE 32 3 495 94 718
ML 33 14 1141 216 1943
RE 34 12 559 232 2869
e 35 2 461 173 1444
e 36 7 551 88 783
HFNo37 17 474 117 998
EiE 38 9 557 146 1433
=R 39 6 327 70 763
EE 40 18 1224 400 5078
2 41 6 645 103 852
Eli 42 1 339 141 1423
REAR 43 14 958 225 18160
R 44 6 595 140 1197
=R 45 6 764 163 1136
VIR 46 5 771 258 1704
kR 47 1 151 98 1392
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. poisson bike lowland dwellings pop

Iteration O: log likelihood = -156.83031
Iteration 1: log likelihood = -153.97721
Iteration 2: log likelihood = -153.97403
Iteration 3: log likelihood = -153.97403
Poisson regression Number of obs = 47
LR chi2(3) = 286.85
Prob > chi2 = 0.0000
Log likelihood = -153.97403 Pseudo R2 = 0.4823
bike | Coef. Std. Err z P>|z]| [95% Conf. Intervall
_____________ +________________________________________________________________
lowland | -.0001559 .0000368 -4.23  0.000 -.0002281 -.0000837
dwellings | .0042478 .000447 9.50 0.000 .0033716 .0051239
pop | .0000519 .0000146 3.56 0.000 .0000234 .0000804
_cons | 1.309844 .1051302 12.46  0.000 1.103793 1.515896

. gen llland=log(lowland)
. gen ldwellings=log(dwellings)

. gen lpop=log(pop)
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. poisson bike 1llland ldwellings lpop

Iteration O: log likelihood = -156.15686
Iteration 1: log likelihood = -155.6255
Iteration 2: log likelihood = -155.62489
Iteration 3: log likelihood = -155.62489
Poisson regression Number of obs = 47
LR chi2(3) = 283.54
Prob > chi2 = 0.0000
Log likelihood = -155.62489 Pseudo R2 = 0.4767
bike | Coef. Std. Err Z P>|z| [95% Conf. Intervall]
_____________ +________________________________________________________________
1lland | -.1028579 .0800629 -1.28 0.199 -.2597784 .0540625
ldwellings | .4817018 .2171779 2.22  0.027 .056041 .9073626
lpop | .5715923 .1220733 4.68 0.000 .332333 .8108517
_cons | -3.93974 .559487 -7.04 0.000 -5.036315 -2.843166
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8 Panel Data
8.1 GLS — Review

Regression model:

y=XB+U, u~ N(0,Q),

wherey, X,8,u,0andQarenx 1,nxk, kx 1,nx 1, nx1, andnx n, respectively.
We solve the following minimization problem:
n)gin (Y= XB)Q Yy - XB).

Let b be a solution of the above minimization problem.

GLS estimator of is given by:
b= (XQX)IX'Qly.
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8.2 Panel Model Basic

Model:
Vi = XitB + Vi + Ui, i=12---,n, t=212---,T

wherei indicates individual antidenotes time.

There aren observations for eadh

uy indicates the error term, assuming thatigi(= 0, V(Uy) = o2 and Cov(i, Ujs) = O

fori # jandt #s.

v, denotes the individualfect, which is fixed or random.
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8.2.1 Fixed Hfect Model EEMRETIV)

In the case where is fixed, the case of, = z« is included.

Vit = XiB + Vi + Uy, i=12---,n, t=212---,T,
V. = XiB+ Vi + T, i=12---,n,
1w < 1« 1
wherey, = ?Zyn, Xi = ?ZX‘“ andt; = ?ZU“'
t=1 t=1 t=1
i —¥) = % = X)B+ (U —T), i=12---,n t=12---T,

Taking an example of, the left-hand side of the above equation is rewritten as:

_ 1.,
w—m=w—?hw
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where % =

Thus,

1 Vi1
1 L Yi2
_ |, which is aT x 1 vector, and;; = .
1 Vit
Yin = Y
Yiz — Y a 1 1
| E - % = ey - ey = (- Tl
yir =V
Vi1 — Y Xi1 — Xi U1 — Ui
Yio =Y, Xiz = Xi Ui — T
. = ﬁ + . b I = 1’ 2’ b n,
yir - Vi Xir = Xi Ur — Ui
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which is re-written as:

1 1 1 .
(lT - ?1T15F)y| = (lT — ?1T1f|—)x|,8 + (lT - ?1T15r)ui, | = 1, 2, oo
ie.,
Dryi = D1 X8 + Dru;, i=12---,n,

1 . .
whereDt = (I+ — ?1T1’T), which is aT x T matrix.

Note thatD+D; = Dr, i.e., Dy is a symmetric and idempotent matrix.

Using the matrix form for = 1,2, ---, n, we have:

Dry1 D1 Xy Druy

Dry2 Dt X2 Druz
.= . Bt )

DT Yn I:)T Xn DT Un
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