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9.1 Introduction

Two Events: AandB

Conditional Probability:

P(ANB) _ P(BIA)P(A)
P(B) ~ P(B)

P(AIB) =

Posterior Distribution 73 77):  fay(6ly):

fyia(Y16) T(6) _ fy0(Y16) fa(6)
fy(y) I fy(16) fo(6)de

wherefy(6) is called the prior distributiong i 73 7).

fay(Oly) = oc fye(y16) f4(6),

Example 1: Letxbe the number of successes in a serigstdfls with probability

6 of success in each.
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That is,x has the binomial probability function, given
n
fxa(X10) = ( )Hx(l —O™,  x=0,1,---,n,
X

@ is assumed to be the beta distribution:

1
B(p,q)

for < 6 < 1, which corresponds to a prior distribution.

f,(0) = 6P~ (1 - 9)4 1,

Before applying Bayes’ theorenf(x) is given by:

fX(X):ffxg(Xlg)fg(G)de

_ (n) 1 fl 0p+x—1(1 _ 9)q+n—x—ld9
r/ B(p.a) Jo

(n) B(p+X,q+n-X)
r B(p.a)
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The posterior distribution of is:

1

9p+x—1 1-6 q+n—x—1’
B(p+ X,q+n-—X) ( )

fax(61X) =

which is also a beta distribution with pramet@rs x andg + n — x.

The posterior mean and variance are:

_ p+X ___(p+x(@+n-X
BT E A N R R E)

Example 2: x| ~ N(6, V), wherev is known.
6 ~ N(m, w), wheremandw are known.= prior dist.

Then, the posterior distribution éfis:

WX+VvVm vw
o|x ~ N( )

W+V “W+V
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Example 3. X, X, - -+, X, are mutually independently and identically distributed

asN(u, o?), whereu ando? are unknown.
fya(X16) = 1‘[(27«#) 2 exp(~ (>q 1))
= (2ng?) "2 exr(—ﬁ(sz + (X - )?),

wherex = (1/n) 1, x ands? = (1/n) £, (% — X)2

The prior density is:

£,(60) = k(a b, w)o5*2 exp( ( (u Wm)z ))

ab/22—(b+1)/2 W -1/2 _
where k(a, b, w) = F(lb()ﬂ ) is a constant.
The posterior density is: 2

(as+ (= ml)z)),

fax(61X) = k(ay, by, wy)o= 9 exp( 552 m
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~ % 2
W M + NWX n(x —m
= b; =b+n, a1:a+s2+u

where w; = , = , .
1+ nw 1+nw 1+nw

Inference onu:  The posterior density qf is:

2\ —(n+1)/2
f(ulx) = f f(61X)do? = K, (s, bl)(1+ (1 — - :1) )

Wiay and  k(ts, by) = 1

2

where t; =

by VikiB(2, 3by)
Thus,’u il has at distribution withb, degrees of freedom.

ty

Inference ofo>:  The posterior density af? is:
) a
fo1¥) = Im f(@1X)du = k,2(ay, by)o®*? exp(—riz)’

(%al)bl/2

where 2(ag, b)) = ——.
ko‘( 1 l) F(%bl)

Thus |s chi-squared withp, degrees of freedom.
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9.2 Inference
Posterior Distribution§-£5345):  fay(6ly)
9.2.1 Point Estimate

Posterior Mean @& % #4):

6= f 6, (Oly) .

(9]

Posterior Mode @& 1% E€— K):
6 = argmay fax(6ly).
Posterior Median (B& X7 1 7 V).

6
6 such that f fay(6ly)dé = 0.5.
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9.2.2 Interval Estimate

[ttty = 1.
whereRis called confidence interval.
Bayesian confidence interval R 4 X{E%EX ) or credible interval ({5 XH):
PO, < 0 < 6y) = fg v fay(6ly)d6 = 1 - .

6. and6y lead to lower and upper bounds.

(6., 6y) is called Bayesian confidence interval or credible interval.
Highest posterior density interval (R&E% B E X HE):

f9|y(90|y) > f9|y(91|y), for 6o € Rand01 ¢ R
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9.2.3 Marginal Likelihood (E:D )
Marginal Likelihood = Fitness of the Model:
50) = [ bl o).
which corresponds to the denominator in the posterior distribution.

9.3 Example: Linear Regression

Regression Model:
y= X8+, u~ N(O, o?ly),

wherey andu aren x 1 vectors X is ann x k matrix andg is ak x 1 vector.
Likelihood Function: 6 = (8, o)
fo(y16) = (2r02) 2 exp(— ==y — XB) (y — XB)
202
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Prior Distributions:
fé)(ﬁ’ 0-2) = fﬁlaz(ﬁlo—z) f(TZ (0-2)’

where

fw2(Blo®) = N(Bo, o*AT") = (210) 2IA? exp(—%(ﬁ ~ Bo) AB - o).

vo Aoy _ (A0/2)°% o4 Ao
E’ E) = —(O' ) 0 eX[(-T‘_Z).

f2(0?) = 1G( To2)

Bo, A, vo and g are called the hyper-parameters.

1
Note thatY ~ IG(a, b) for X ~ G(a, b) andY = X
The posterior distribution gf ando? is:

fay(8, 2ly) o fyo(WIB, o) T2 (Blo?) f2(c)
1

= (210) "2 exp -5 (v = XB) (v = XB))
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x(2ro?) KPIAM? expf 5 5 (8~ oY AlB ~ o)

(0/2)°% 5 o1 Ao
X (0') 0 eXd—T‘_z)

I'(vo/2)
oc (02) (MHkvo)/2-1 exp(— (y = XB)'(y — XB) +2(f_2— Bo) A(B — Bo) + /10)
A —BYAYB =R A P
o [0 2A Y2 exp(—(’g B) Q.z(ﬁ ﬁ)) x (0?) 721 exF(‘%,z)

A a v oA
&S fﬁ|<r2,y(ﬁ|0-29y) X f02|y(0'2|Y) = N(B, 0'2A) X |G(§,§)

where

:é = (X'X + A)_I(X’XEOLS + ABO), BOLS = (X’X)‘1X’y,
A=XX+A7  P=w+n,
A

= o+ (Y = XB)' (Y = XB) + (Bo — Bos) (X' X) ™ + A1) (Bo - Bovs).
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The marginal posterior distribution gfis:

s (BlY) = f fay(B. o2ly)do = f a2y (B0, Y) frzy (02ly)do?

b

1 A \ -0k
« (1 P IE-BA) e —ﬁ))

L . . . . A A a "
which is ak-dimensionat distribution with parametes, -A andyv.
4

Note that the&k-dimensionat distribution with parameters, X andv is given by:
(%

—(v+k)/2
[(3)(vm)k2 '

() = 21+ S0 )5 )

The marginal likelihood is:
fyo(V16) fo(6)  1AM2AY2(0/2)/°T (7/2)

fay(Bly) — aV20(vo/2)(A/2)/2
which is utilized for model selection.

b

fy(y) =

In general, how do we evaluafg,(6ly), E@ly), f,(y) and so on?
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9.4 On Prior Distribution

9.4.1 Non-informative Prior

fo(6) = const.
In this case, the posterior distribution is:

fay(6ly) oc fy(Y16),

which is proportional to the likelihood function.

However, we have the case where the integration of prior diverges, i.e.,

f ,(6)d6 = co.

In this casefy(0) is called an improper prior.
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9.4.2 Jdfreys’ Prior

fo(6) < 13(O),

where

82 log fy(yI6) 82 log fy(yl6)
JO) = —fwfyle(Y|9)dy = —E(W),

which is Fisher’s information matrix.

9.5 Evaluation of Expectation

Posterior distributiorf,y(6ly)

_ Jo1u(y10) To(6)d
[ fy(y16) fo(0)d6

In the case where it is not easy to evaluatey( how do we do?

E@l) = f 01,y (6ly)d6
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