Coefficient of Determination R? and F distribution:

@ The regression model:
Vi =X +u; =i+ X032 + u;

where

Bi
x=(1 ), ,8=( )
p2

x;i o 1 xk, Xy 1 xX(k=1), B kxl1, B (k—=1)x1

Define:
X21

X22
X2 =

X2n

Then,

B

y:Xﬁ+I/l:(i Xz)( )+M:iﬁ1+X2ﬁ2+u,

B2
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where the first column of X corresponds to a constant term, i.e.,
1

1
X=0 X3), i =

1

@ Consider testing Hy : 3, = 0.

The F distribution is set as follows:
R=(0 L), r=0

where Ris a (k — 1) X k matrix and ris a (k — 1) X 1 vector.
(RB—rY(RX'X)"'R) ' (RB - r)/(k - 1)

T ~ F(k—1,n—k)

We are going to show:
(RB ~r)(RX'X)'R)(RB ~ 1) = ByXs MXofs,
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1
where M = I, — —ii’.
n

Note that M is symmetric and idempotent, i.e., M'M = M.

yi—y
2=y

.| =My
yn_y

R(X’X)"'R’ is given by:

/ 0
RX'X)™'R' = (0 Ik_l)((l,)i Xz)) )

Iy
-

. €) 0
=(0 i )( _ ) ( )
Xél XéXz Ik—l
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[Review] The inverse of a partitioned matrix:

(All Alz)
A= ,
Ay Ap

where Ay, and Ay, are square nonsingular matrices.

Al ( By —BnAlegzl )
_A£21A2IBU Agzl +A£21A21B11A12A£21

where Byj = (A1 — A1pA5,Ay) 7", or alternatively,

Al (Al_ll + Al_llAlngzAQ]A]_ll —Al_llAlngg )

—BynAy A} B>

where By, = (Ay — Ay AjlAp) ™
[End of Review]
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Go back to the F distribution.

( i X )
Xi XX

-1

(3 (X5 X, = X5i( )i Xp) ™! )

(5 (Xé(ln—%ii’)Xz)‘l) ( (X;MXQ)-I)

Therefore, we obtain:

‘i X\ 0
o olg ) L))
Xél XéXz Ik—l

- 0
=(0 Ik—l)(:

)( ) = (X;MX,)™".
(Xész)_1 I
Thus, under Hy : 8, = 0, we obtain the following result:

(RB-rYRX'X)'RY ' RB-n)/(k=1) _ByXyMXofa/(k — 1)
e'e/(n — k) B e’e/(n—k)

~ F(k—1,n—-k).
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@ Cocflicient of Determination R?:
Defineease =y — X,@. The coefficient of determinant, R?, is

e

R=1-—-1o,
y'My

1
where M = I, — —ii’, I, is a n X n identity matrix and i is a n X 1 vector consisting of
n
lLie,i=(1,1,---,1).
Me = My — MX}.

A

, (B
When X = (i Xz)andﬁ=(A ),
B>

because i’e = 0, and
MX=M(i Xo)=(Mi MX,)=(0 MX,),
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because Mi = 0.

A

MXB = (0 MXZ)(? ) = MXp,.
2
Thus,

My = MXj + Me = My = MX,f3, + e.
y' My is given by: y My = [Ai’zXéMXz,Bz + ¢’e, because Xe = 0 and Me = e.

The coefficient of determinant, R?, is rewritten as:

R*=1- ,ee = e'e = (1-R>y' My,
y' My
"My — ¢ B X, MX-[3 . .
pr= Yl LR BXGMXofz = R2Y My
y' My y' My

Therefore,
BXMXPo/ k=1 RYMyI(k=D) _ RIK=D

ee/(n—k) C(1-R)yMy/(n—k) (1-R?)/(n—k) ’ '

Thus, using R?, the null hypothesis Hy : 8, = 0 is easily tested.
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5 Restricted OLS (fl#17 & &x/N ZF&E)

1. Let j be the restricted estimator.
Consider the linear restriction: RS = r.
2. Minimize (y — XB)'(y — X3) subject to RB = r.

Let L be the Lagrangian for the minimization problem.
L=(y-XB'(y-XB) -2V (RB~r)

Because 8 and A minimize the Lagrangian L,

a_; =-2X'(y-XB)-2R'A1=0

9
oL ~
— =-2(R6-r)=0.
Py (RB—1)
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oa’ Ox'A
(*) Remember that g e a and r A

=(A+A)x.
X

From Z—I: = 0, we obtain:
B=X'X)"'Xy+X'X)'RA=p+XX)"'RA.
Multiplying R from the left, we have:
RB=RB+RX'X)"'R'A.
Because Rf3 = r has to be satisfied, we have the following expression:
r=RB+RX'X)'RA.
Therefore, solving the above equation with respect to A, we obtain:
1= (RX'X)'R) " (r-RB)
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Substituting A into 8 = 3 + (X’X)~'R’A, the restricted OLSE is given by:
B=p+@xX'R (RXX)'R) " (- RD.
(a) The expectation of j is:

E(B) = E(B) + (X’X)"'R'(R(X'X)"'R")"'(r - RE(B))
=B+ X' X)'"R(RX'X)"'R) "' (r - RB)

:ﬂ’

because of R3 = r.

Thus, it is shown that 3 is unbiased.
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(b) The variance of f is as follows.

First, rewrite as follows:

1

(RB - Rp)

B-p+XX)'R (RXX)'R)
B-B) - XX 'R (RXX)'R) " (RB - RB)
;

B-pB

1

B-B)-XX)'R (RX'X)'R) RB-p)
= (- xR (RX'X)'R) " R)B-B)

=W(@B-p),

where W = I, — (X'X)"'R' (RX'X)'R)" R.

Then, we obtain the following variance:
V() =E(B-B)B~B)) =EWB-BB~B'W)
= WE((B - BB~V = WHW = WX X)W’
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= 02(1 ~(X'X)"'R (R(X’X)“R’)_l R)(X’X)“
x(1 - xX)'R (RX'X)'R) ' R)
= XX - XX R (REX)R) T RXX)

=VB) - XK (R(X’X)‘IR’)_l RX'X)™

Thus, V(8) — V(B) is positive definite.
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