9.3 MLE: The Case of Multiple Regression Model II

1. Regressionmodel: y=XB+u, u~ N(0,0°Q)

Transformation of Variables from u to y:

1
_ 2N\-n/2 -1/2 ry-1
) = Qra?) Q) exp(——zo_qu u)

ou
oy’

50 = fuly = XB)

= (2n0?) "I exp(—5 5y — XBYQ (v - XB))
200
= L(6;y, X),

0
where 6 = (8, 0?), because of a_u, =1,
y

The log-likelihood function is:
1 1
log L(6; , X) = —= log(2n0®) — 5 log |0 - =— (v - X/ Q™ (v - XB),
2 2 202
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where 6 = (8, 0?).

2. max logL(6;y,X)
6

dlog L(O;v, X
Foc) oL@y X) _

0 log L(6;y,X) . . . .
(SO0O) O%Qég,y ) is a negative definite matrix.

Then, we obtain MLE of 3 and o*:

o -XPQ'(y - XB)
o° =

n

B=XxQ'x)y'xQly,

3. Fisher’s information matrix is defined as:

0% log L(6;y, X))

1) = K 9006

The inverse of the information matrix, 1(6)~!, provides a lower bound of the
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variance - covariance matrix for unbiased estimators of 6, which is given by:

19" = 20

(aZ(X’Q‘lX)‘1 0 )

n
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94 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AR(p) Model (p ¥X®D H S [\l E 7 )V ):

V=011t Vot Gpyp Uty

AR(1) Model: t=2,3,---,n,
Vi =1yt +uy,  up~ N, 0'2)
where |¢;| < 1 is assumed for now.

To obtain the joint density function of yi, 2, -+, Vs f(Vn» Yu_t1, - - ¥1) is decomposed

as follows:

FOmys0) = FoD | | F@dyes ).
t=2
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From y, = ¢1y,-1 + u,, we can obtain:

EGyit, ) =éy1, and  Vly i, 1) = o2

Therefore, the conditional distribution f(y;[y,_1,- -+, y1) is:

FOdy—t,.y) =

1
> eXp (_Ta'z(yt —dyi1)?].

o
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To obtain the unconditional distribution f(y;), y, is rewritten as follows:

Vi =1yt + Uy

2
=1y U+ Prug
= ¢{)’t—j + U+ prupg + -+ ¢{Mt—j

= U+ Gty + U+, when j goes to infinity.
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The unconditional expectation and variance of y; is:

0_2

E(yt):(), and V(YI):UZ(1+¢%+¢A11+"'): 1 _¢%

Therefore, the unconditional distribution of y, is given by:

SO =

1 2)
exp| -1 |-
2702 /(1 - ¢?) ( 202/(1 = 9))
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Finally, the joint distribution of yy, y,,-- -, y, is given by:

SOus Y1551 f(yl)nf(ytlyt—la"'ayl)
=2

~ 1 ~ 1 2)
2702/(1 - ¢?) exp( 20711 =)
o1 1 2
X Pav— exp _272@’ — 11
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The log-likelihood function is:
10g L(@1, 073 Yus Y1575 V1) = —llog(2ﬂ02/(1 -6 - ;yz
s sJns yn—1» ’ 2 1 20_2/(1 _¢%) 1

n—1

1 n
2 2
log(2no) - 7572 ;:2 O = d1y-1)”™.
Maximize log L with respect to ¢, and o.

Maximization Procedure:
e Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the range —1 < ¢; < 1, chang-

ing the value of ¢; by 0.01)
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