9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

.o 2
Vi = X+ uy, u, = pu;_y + €, € ~ 1d N(O, 07).

The joint distribution of u,, u,_y,- - -, u; is:
fu(una Up—1,°"", ul;pa O-i) = ﬁl(ul;p’ O-g) l_lfu(utlut—l9 Y ul;p7 O-g)
t=2
1
_ 2 2\\—1/2 2
= (ZHO'E/(l —p )) exXp (—mul)

1 n
X(Z”O-g)_(n_l)/z 2 [_F Z(ut - Put—l)z] .

€ =2
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By transformation of variables from u,, u,_y,- -, u; t0 y,, y,—1, -+, y1, the joint dis-

tribution of y,,, y,_1, -,y 1s:

f;707n’yn—1’ o, V1P, O'g,ﬁ)

d
= fuOn = XaBy Yuot = XuciBs 1 — X183, 072) au,
y
= Q2roz/(1 = p*) ™ P exp (—m(yl - xlﬁ)z)

n

1
XQ2mee)™""V exp [—272 D= pyie) = (i - px,_oﬁ)z)
€ 1=2

1
= 2rod) (1 = p*)' 2 exp (—27_2(\/1 -y — 1 —szlﬁ)z)

1
><(27r0f)_(”_1)/2 exp [_ﬁ Z((Yt —pPyi-1) — (X — th—l)ﬁ)zJ
€ =2

1 1 <
= 2ra?) ™21 - p»)' exp (—272@1‘ - x“[ﬁ)z) X exp (_F D 0i- X?‘ﬁ)z)

€ 1=2
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=m0 -p ‘”exp[ Z(y, —x,ﬁ)]

= L(p» 0'2,,8§)’n,)7n—1, Tt 5y1)’

where y; and x; are given by:

1 —p%y,, fort=1,

fortr=2,3,---

V1 —p%x;, fort=1,

fortr=2,3,---
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© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

B should be zero.
= (Z XX (Z x5
— (X*IX ) ]X*/ k

— This is equivalent to OLS from the regression model: y* = X*8 + € and € ~

N(0,0?1,), where o = o2 /(1 — p?).

157



© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

o2 should be zero.
~2 1 C * * 2 1 * * O\ [ % *
L= = 01— xBY = (0" X B - XB)
=1
where
Y] 1 —p?y Xy V1 —px

)’; Y2 — pPY1 X5 X2 — pX1

y;: Yn = PYn-1 X: Xn — PXn-1
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© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

o should be zero.

max L(p, o?,B;y) isequivalent to max L(p, 52, 3; ).
ﬁvo—e L P

L(p, 52,3, y) is called the concentrated log-likelihood function (595 5 FE RBE4K

), which is a function of p, i.e., both &ﬁ and B depend only on p.
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The log-likelihood function is written as:

i 1
log L(p, 7%, B; y) = —g log(27) — glog(&g) + > log(1 - %) — g

_n n n ) 1 )
=3 log(2n) - 575 log(f"e(ﬂ)) +3 log(1 - p%)

For maximization of log L, use Newton-Raphson method, method of scoring or sim-

ple grid search

1 ~ ~ ~
Note that 52 = 62(p) = Z(y* - X'B)(y* = X*B) for f = (X' X*)"' X*'y*.
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Remark: The regression model with AR(1) error is:

Vi = xB+ uy,
1 p
Jol 1
P p
V(u) = o 5 )
Y Y
pn—l pn—2

»—tbb

U = pUy—1 + &,

pn—l
p2 .. pn—2
o pn—3
ol
pop 1

& ~ iid N(0, ).

= o2Q, where 0% =

where Cov(u;, u;) = E(uu;) = o*p™/, i.e., the ith row and jth column of Q is pl.
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The regression model with AR(1) error is: y=XB+u, u ~ N, *Q).
There exists P which satisfies that QQ = PP’, because € is a positive definite matrix.
Multiply P~! on both sides from the left.

P ly=P'Xg+ P lu = y* = X*B+u* and u* ~ N(0,0?1,)
= Apply OLS.
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Vi 1 - p2y, Vi
—p 1 0 --- 0
.| % Y2~ Py R | .
y=| .= . = 0 -» L o [=Py
: .. .. . 0
Y Yn = PYn-1 \
x; V1 —p%x;
X2 X2 — PXq 1
X =| "|= _ =pP'x —  Check P7'QPV =al,,
: : where a is constant.
XZ Xn — PXp—1
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, the re-

gression model is written as follows:
yi=xf+u,  u~ idN@O,07), o= (za)
The joint distribution of u,, u,_1, - - -, u;, denoted by f,(-;-), is given by:

logfu(un’ Up—1,° " ,MI;O-%, e ,O-i) = Z lngu(u,; 0'12)
i=1
S (2n)—1zn:10 (02)_12 i\
—2g 2i:1 s 21’:1 Ti

n 1 < 1 & 2
=~ log(2m) - = ¥ log(zal — 5 » |
5 108(2m) = 3 L 0gzia)” = 3 - (zia)

By the transformation of variables from u,, u,1,---,u; t0 ¥, Vo1, -+, y1, the log-
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likelihood function is:

L(a, B Y, Yn-1, Y1) =108 fyVns Ynt15 -+ Y15 @, B)

= 10g fu(yn - xnﬁa Yn-1— xn—lﬁ’ S |

__ log(27r) _ - Z log(z)* — : Z (yz x,ﬁ)

— Maximize the above log-likelihood function with respect to g and a.
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (9 %5 IX3R)

A series of random variables X, X5, - -+, X,, - - - have distribution functions F;,
F,, - - -, respectively.
If

lim F,, = F,

n—co
then we say that a series of random variables X;, X5, - -- converges to F in
distribution.

2. Consistency (—21%):

(a) Definition: Convergence in Probability (FE=RIXR)

Let{Z,: n=1,2,---} be a series of random variables.

166



If the following holds,
lim P(|Z, - 0] <€) =1,

for any positive €, then we say that Z, converges to 6 in probability.

6 is called a probability limit (FEZRIR[R) of Z,.
plimZ, = 6.

(b) Let 8, be an estimator of parameter 6.

If §, converges to 6 in probability, we say that 6, is a consistent estimator

of 6.

3. A General Case of Chebyshev’s Inequality:

For g(X) > 0,

P(g(X) > k) < E(gIEX)),
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where k is a positive constant.

4. Example: For a random variable X, set g(X) = (X — )’ (X — u), E(X) = g and
Var(X) =

Then, we have the following inequality:

P(X - X —p) 2k) < %

Note as follows:

E(X — ' (X = ) = B(tr((X = ) (X = ) = E(tr((X ~ i)(X =~ pr))

= tr{E(X ~ (X - p))) = (D).
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5. Example 1 (Univariate Case):
Suppose that X; ~ (u,0%),i=1,2,---,n.
Then, the sample average X is a consistent estimator of .
Proof:
Note that g(X) = (X — )%, € = k, E(g(X)) = V(X) = %2
Use Chebyshev’s inequality.

If n — oo,
2

P(X —pul > e) < 0-—2 — 0, for any e.
ne

That is. for any e,

lim P(X —p < €) = 1.

— Chebyshev’s inequality
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6. Example 2 (Multivariate Case):
Suppose that X; ~ (u,%),i=1,2,---,n
Then, the sample average X is a consistent estimator of .
Proof:
Note that g(X) = (X — u)'(X — p), €® = k, E(g(X)) = V(X) = %2.
Use Chebyshev’s inequality.

If n — oo,

P((X - w’ X - u) > k)= P(X - Ul >e€) < Q — 0, for any positive €.

That is. for any positive €, lim,_. P(X — p)'(X — ) < k) = 1.

Note that |X — y| = \/ (X — )’ (X — ), which is the distance between X and .

— Chebyshev’s inequality
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7. Some Formulas:
Let X, and Y, be the random variables which satisfy plim X,, = cand plim ¥,, =
d. Then,
(@) pim (X, +Y,) =c+d
(b) plim X,,Y,, = cd
(¢c) plimX,/Y, =c/dford # 0

(d) plim g(X,) = g(c) for a function g(-)
— Slutsky’s Theorem (A JL*Y ¥ — )
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8. Central Limit Theorem (-P/0\& R EIE)
Univariate Case: X, X5, -- -, X,, are mutually independently and identically

distributed as X; ~ (u, o2).

Then, . . .
X-EX) X-u

%ﬁg_owﬁ

— N, D),

which implies

___L".__) 5
W@m—ﬁgm#) N(O, o).
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Multivariate Case: X, X, - - -, X,, are mutually independently and identically

distributed as X; ~ (u, X).
Then, .
% ;(Xi -p) — N(O.5)
. Central Limit Theorem (Generalization)
X1, X5, -+, X,, are mutually independently and identically distributed as X; ~
(u, Zp).
Then,

1 n
%Z(Xi—m — N(0,3),
i=1

where

(1<
2=,11:20(;sz]-

i=1
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10. Definition: Let 8, be a consistent estimator of 6.
Suppose that (6, - 0) converges to N(0, X) in distribution.

Then, we say that §, has an asymptotic distribution (#1382 %5): N(6, Z/n).

11. X;,X,,---,X, are random variables with density function f(x; 6).
Let 8, be a maximum likelihood estimator of 6.
Then, under some regularity conditions. 6, is a consistent estimator of # and

0
the asymptotic distribution of vn(# — ) is given by: N (O hm( I )) ]
n

12. Regularity Conditions:

(a) The domain of X; does not depend on 6.

(b) There exists at least third-order derivative of f(x;#) with respect to 6, and

their derivatives are finite.
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13. Thus, MLE is

(i) consistent,
(i1) asymptotically normal, and

(iii) asymptotically efficient.
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11 Consistency and Asymptotic Normality of OLSE

Regression model: y=XB+u, u ~ (0,0°1,).

Consistency:
1. Let 8, = (X’X)"' X’y be the OLS with sample size n.

Consistency: As n is large, 3, converges to j3.

2. Assume the stationarity assumption for X, i.e.,
l 7
ZX X — M,,.

Then, we have the following result:

1
-X'u — 0.
n
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Proof:

According to Chebyshev’s inequality, for g(Z) > 0,

E(g(2))
e

Pg(Z) 2 k) <
where k is a positive constant.
Setg(Z)=2'Z,and Z = %X’u.

Apply Chebyshev’s inequality.
E((lX'u)'lX’u) = %E(u’XX’u) = %E(tr(u’XX’u)) = %E(tr(XX’uu’))
n n n n n

2 2 0_2

1 1
= —tu(XX'E(u)) = Su(XX) = Zu(X'X) = —u(=X'X).
n? n? n? n o n
Therefore,

1 1 21
P(-X'0) =X'u > k) < T te(=X'X) —> 0 x tr(M,,,) = .
n n nk “n
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Note that from the assumption,

1
-X'X — M,,.
n

Therefore, we have:
1 1
(=X'u) —X'u — 0,
n n
which implies:

1
—X'u—0,
n

1 1
because (—X'u)’'—X’u indicates a quadratic form.
n n

1 1

. Note that —-X'X — M,, resultsin (=X'X)"' — M.
n n

— Slutsky’s Theorem

(*) Slutsky’s Theorem g(@) — g(6), when 0— 0.
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4. OLS is given by:
P / -1 v 1 ’ -1 1 /
B,=B+X'X) " Xu=8+-XX)"(-X"u).
n n
Therefore,
By — B+M_!x0=p

Thus, OLSE is a consitent estimator.

Asymptotic Normality:

1. Asymptotic Normality of OLSE

Vn(B, —B) — N(0.0°M7!), whenn — oo.
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