Econometrics 1
(Thur., 8:50-10:20)
Room # 4 (EIXEEH)

e The prerequisite of this class is Basic Statistics (85t &%) (by Prof. Fukushige,
Tue., 16:20-17:50, this semester) and Econometrics (T3 ./ X b 1) v 2 R) (under-
graduate level, next semester, [FF&E&EFT D (LA $h 2, HFritkth).

e The class of Special Lectures in Economics (Statistical Analysis), i¥/5245H

(¥RETEEMT) (by Prof. Oya, Wed., 10:30-12:00, this semester) should be registered.



TA Session (by Mr. Yonekura and Mr.

Sakamoto):

Tue., 14:40 - 16:10
Room # 505 CERKZ RIS S ZR)

Content: Basic Statistics, Matrix Algebra, and etc.



1 Regression Analysis ([2])F %5 47)

1.1 Setup of the Model

When (x1,y1), (x2,¥2), - -+, (x,,¥,) are available, suppose that there is a linear rela-

tionship between y and x, i.e.,

Yi =1+ Baxi + u;, (1)
fori=1,2,---,n. x; and y; denote the ith observations.
— Single (or simple) regression model (E2[E]/FE 5 /L)

y; is called the dependent variable (/& Z%X) or the explained variable (%5t BiZ
#0), while x; is known as the independent variable (JR3ZZ %) or the explanatory

(or explaining) variable (FZEAZ%X).



B = Intercept (Y1), B> = Slope (%)
B and B, are unknown parameters (/X2 X —4, #) to be estimated.
B and 3, are called the regression coefficients ([B/Z{%%%).

u; is the unobserved error term (FRZ18) assumed to be a random variable with mean

zero and variance 0.

o is also a parameter to be estimated.

x; is assumed to be nonstochastic (FEFEZERY), but y; is stochastic (FEZH]) because

y; depends on the error u;.

The error terms uy, u, - - -, u, are assumed to be mutually independently and identi-

cally distributed, which is called iid. ~—  discussed later.
It is assumed that u; has a distribution with mean zero, i.e., E(x;) = 0 is assumed.
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Taking the expectation on both sides of (1), the expectation of y; is represented as:

E(y) = E(B1 + Bax; + u;) = B + Box; + E(u;)

=1 + Baxi, (2)
fori=1,2,---,n. Using E(y;) we can rewrite (1) as y; = E(y;) + u;.
(2) represents the true regression line.
Let 3, and 3, be estimates of 8; and /3.
Replacing 8; and 8, by 8; and j3,, (1) turns out to be:
yi = Bi + Boxi + e, (3)

fori=1,2,---,n, where ¢, is called the residual (F%=).

The residual e; is taken as the experimental value (or realization) of u;.



We define y; as follows:
yi = ,81 +,82xi’ 4)

fori =1,2,---,n, which is interpreted as the predicted value (F8l{E) of y;.

(4) indicates the estimated regression line, which is different from (2).

Moreover, using y; we can rewrite (3) as y; = J; + e;.

(2) and (4) are displayed in Figure 1.

Consider the case of n = 6 for simplicity. X indicates the observed data series.

The true regression line (2) is represented by the solid line, while the estimated re-

gression line (4) is drawn with the dotted line.

Based on the observed data, 8; and 3, are estimated as: 3; and j3,.



Figure 1. True and Estimated Regression Lines ([B]F E %)

(xi, yi)

Distributions Resédual
of the Errors !

$i =1+ Bax;
(Estimated
Regression Line)

X

In the next section, we consider how to obtain the estimates of 8; and 3, i.e., 81 and



1.2 Ordinary Least Squares Estimation

Suppose that (xi, y1), (x2,¥2), - - -, (X,,, y,,) are available.
For the regression model (1), we consider estimating 8, and ;.
Replacing 8; and 3, by their estimates 3, and f3,, remember that the residual e; is
given by:
e =yi—Yi =i —/31 —,ézxi-
The sum of squared residuals is defined as follows:

SBr.p2) = Zeiz = Z(yl‘ — B = Baxi)’.
i=1 i=1
It might be plausible to choose the 3, and 3, which minimize the sum of squared
residuals, i.e., S(ﬁl,ﬁz).

This method is called the ordinary least squares estimation (&/)\ Z &%, OLS).



To minimize S (3, 3,) with respect to 3, and 3,, we set the partial derivatives equal

to zero:
S (B1,3>) - PO
———==2) vi—p1—pxi) =0,
aS (ﬁl’BZ) - A A
————=-2 ) xi(yi—p1—p2x) =0.

The second order condition for minimization is:
PSBLB)  PSBib)

n
( B ek | _[ " 2=
PSBip)  PSBiB) | T n no.2
OB 3[;% 200X 220X
should be a positive definite matrix.

The diagonal elements 2n and 2 }." | x? are positive.
The determinant:

2n 230X

| 23 2% %

l =4n an X2 — 4(2’11 x;)? = 4n an(xi -X)
i=1 i=1

i=1



is positive. == The second-order condition is satisfied.

The first two equations yield the following two equations:
¥ =B +Box,
Z xiy; = nxpy + Ba Z X,
i=1 i=1

n

where y = %iyi and x = %in.

i=1 i=1

Multiplying (5) by nx and subtracting (6), we can derive 3, as follows:

n i Xyi—nxy X (x = X)(yi =)

By =212

DI e (%)
From (5), ,[31 is directly obtained as follows:

N

Bi =73 - pox.
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)
(6)

(7)
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When the observed values are taken for y; and x; fori = 1,2,---,n, we say that [3’1
and 3, are called the ordinary least squares estimates (or simply the least squares

estimates, /N _FHEE) of B and ;.

When y; fori = 1,2, ---,n are regarded as the random sample, we say that ,[31 and [3’2
are called the ordinary least squares estimators (or the least squares estimators,

R/NZEHETEE) of 5, and Bs.

1.3 Properties of Least Squares Estimator

Equation (7) is rewritten as:

2imi(x = X =) _ D (= X)y; B y 2 (xi = X)
Zf 1(xi - })2 Z? (= X)? (i —x)?

11

B =




n 1 n
In the third equality, ) (x; —x) = 0 is utilized because of x = — X;.
Xi — X
Y (=%

w; 1s nonstochastic because x; is assumed to be nonstochastic.

In the fourth equality, w; is defined as: w; =

w; has the following properties:
" Xi — x
Zw’ Z 2 = an_l( —)2 =0,
i 1(xz - X) D=1 (X = X)

- - X —Xx)?
wiX; = wi(x; —Xx) = <n . =5 — I,
2,0 =2, RO

i=1 i=1

n n _ 2 . —y
2= i X 2 (=X 1
wf_zXZimw—QJ - 32) -

X (x - %))

The first equality of (11) comes from (10).
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From now on, we focus only on 3, because usually 3, is more important than 8, in
the regression model (1).

In order to obtain the properties of the least squares estimator 3,, we rewrite (9) as:

ﬁz—sz)’z Zw(ﬁ1+ﬁ2xl+u)

—ﬁ12w1+,822wx,+2wu, B2+Zwul (13)

In the fourth equality of (13), (10) and (11) are utilized.
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[Review] Random Variables:

Let X;, X5, ---, X, be n random variavles, which are mutually independently and

identically distributed.

mutually independent — f(x;, x;) = fi(x;)fj(x;) fori # j.
f(xi, x;) denotes a joint distribution of X; and X.
fi(x) indicates a marginal distribution of X;.

identical = fi(x) = fj(x) fori # j.

[End of Review]
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[Review] Mean and Variance:

Let X and Y be random variables (continuous type), which are independently dis-

tributed.

Definition and Formulas:

e E(g(X)) = f g(x)f(x)dx for a function g(-) and a density function f(-).

o V(X) = E(X - ) = f (x — > f(0)dx for u = E(X).

e E(aX +b) =aE(X)+ b and V(aX + b) = V(aX) = a*V(X) for constant a and b.
e EX+Y)=EX)+E(Y) and V(X +Y) = V(X) + V(Y).

[End of Review]
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Mean and Variance of ﬁzz uy, Uy, -+, U, are assumed to be mutually indepen-
dently and identically distributed with mean zero and variance o, but they are not
necessarily normal.

Remember that we do not need normality assumption to obtain mean and variance
but the normality assumption is required to test a hypothesis.

From (13), the expectation of ﬁz is derived as follows:
BB = E@: + ) wi) = o+ EQ)_ wi) = o+ ) wBw) = 5. (14)
i=1 i=1 i=1

It is shown from (14) that the ordinary least squares estimator /3, is an unbiased
estimator of (3.

From (13), the variance of 3, is computed as:
VB =VBr+ ) wm) =V wu) = > Viwu) = ) wfV(w)
i=1 i=1 i=1 i=1

16



St
=0 w, = —.
" l Z?:l(xi_x)z

The third equality holds because u;, u,, - - -, u, are mutually independent.

The last equality comes from (12).
Thus, E(Bz) and V(,@z) are given by (14) and (15).

17
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[Review] Three Good Properties on Estimator:
6 : Parameter
6 : Estimator of 0, i.e., & = @(Xl,Xz, - X)),
where X, X5, - - -, X,, are mutually independent random variables.

(*) Estimate of 8: 8 = §(x;, xa, - - -, x,), where x; denotes the observed data of X;.

o Unbiasedness (R RM): E@) = 6.
o Efficiency (B%h1%):

The minimum variance estimator within all the unbiased estimators.

(*) It is not easy to check efficiency in general. Instead, consider the best linear
unbiased estimator (BLUE, & RIFE NMR#HEE).

o Consistency (—21%): 0 — 0asn — . Note that 0 depends on # of obs.
[End of Review]
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Gauss-Markov Theorem (77~ X - ¥ JL O 7 EH): It has been discussed above
that 3, is represented as (9), which implies that 3, is a linear estimator, i.e., linear in
Yi-

In addition, (14) indicates that 3, is an unbiased estimator.

Therefore, summarizing these two facts, it is shown that ,32 is a linear unbiased

estimator (RN REEE).

Furthermore, here we show that 8, has minimum variance within a class of the linear

unbiased estimators.

Consider the alternative linear unbiased estimator 3, as follows:

n

B = Z Ciyi = Zn:(wi +d,)yi,
=1

i=1 i

where ¢; = w; + d; is defined and d; is nonstochastic.
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Then, (3, is transformed into:

n

B = Z Ciyi = Z(wi +d)(By + Bax; + u;)

i=1 i=1
n n n n n n
=B Z w; + Z w;ix; + Z wiu; + B Z di + B> Z dix; + Z diu;
i=1 i=1 i=1 i=1 i=1 i=1
n n n n
=62+ B Z di + B> Z dix; + Z wil; + Z diu;.
i=1 i=1 i=1 i=1

Equations (10) and (11) are used in the forth equality.

Taking the expectation on both sides of the above equation, we obtain:

E(By) = ﬁ2+,812d +ﬁ22dxl+ZwE(u)+ZdE(u)

—ﬁz‘*'ﬁlzd"‘ﬁzzdxz

Note that d; is not a random variable and that E(u;) = 0

20



Since ,Bz is assumed to be unbiased, we need the following conditions:

Zdi =0, Zdl-xi = 0.
i=1 i=1
When these conditions hold, we can rewrite Bg as:
ﬁz =6+ Z(wi + d;)u;.
i=1
The variance of 3, is derived as:

V() = V(B + Z(w, +du) Z(w, +du) Z V((wi + du;)

—Z(w,+d) V) = o (Zw +2de +Zd2
= 0'2(2 w? + de).
i=1 i=1

21



From unbiasedness of 53, using Y, d; = 0 and Y, d;x; = 0, we obtain:

de ,1(xz )a'i_lexzz XX d;

= =0,
l l(xl - x)Z Zz_l(xl - X)

which is utilized to obtain the variance of 3, in the third line of the above equation.

From (15), the variance of j, is given by: V(5,) = 0> Y1, w?.

Therefore, we have:
V(B2) = V(Bo),

because of Y, d? > 0.

When Y7, d? = 0,ie,whend, =d, =---=d, =0,
we have the equality: V(53,) = V(5,).

Thus, inthe case of d; =d, =---=d,, =0, ,32 is equivalent to /3.
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As shown above, the least squares estimator /3, gives us the minimum variance lin-
ear unbiased estimator (/N3 BUHR N RHEE £), or equivalently the best linear
unbiased estimator (& R#xFFm#EE, BLUE), which is called the Gauss-
Markov theorem (A X - <)L 37 EE).
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HTAZA A
Asymptotic Properties (EIITEIM &) of B,:  We assume that as n goes to infinity

we have the following:
1 ¢ 0
" i; (x; —X) m < oo

where m is a constant value. From (12), we obtain:

o, 1 1
DI Am Yy i-n  m

i=1
Note that  f(x,) — f(m) when x, — m, called Slutsky’s theorem (X JL*) F—

EIF), where m is a constant value and f(-) is a function.

We show both consistency (—21%) of 3, and asymptotic normality (&3 IE#R )
of \/ﬁ(ﬁz - B2).
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@ First, we prove that ﬁz is a consistent estimator of 3.

[Review] Chebyshev’s inequality (F = £ = 7 DARZF) is given by:
o2
P(X —ul>e) <= where u = E(X), 02 = V(X) and any € > 0.

e’
[End of Review]
Replace X, E(X) and V(X) by:
2

N " N a o
B, E@B,) =B, and V(B,) = o’ w,~2 ST~
Then, when n — oo, we obtain the following result:
" o2 W o’n a)
P(|B2 — B2l > €) < L1 = Zici — 0,
€2 ne’

1 .
where })" | w? — 0 because n Y, w? — — from the assumption.
m
Thus, we obtain the result that 8, — 8, as n —> 0.

Therefore, we can conclude that ﬁz is a consistent estimator (—EHEE) of 5,.

25



@ Next, we want to show that vn(3, — 8,) is asymptotically normal.

[Review] The Central Limit Theorem (/0GR EIE, CLT) is: for random vari-
ables Xi, X», - -+, X,,,

X —EX) _ X Xi - B(EL X))

— 1<
h X=- X,'.
where n;

— N(0,1), as n— oo,

X1, X5, - -+, X,, are not necesarily iid, if V(Y) is finite as n goes to infinity.

[End of Review]
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Note that /3’2 = + X, wiu; asin (13), and X; is replaced by w;u;.

From the central limit theorem, asymptotic normality is shown as follows:

Yimi wii — B, wiuz) D) Will; _ ,32 -
VV(Z:l:l (/.),‘l/ti) o , i 10_) , ](xl - .X)2

— N(,1),

where
o E(XL, wit) = 0
o V(L wu) = o2 3, w2, and
o SLiwitti =P~

are substituted in the first and second equalities.
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Moreover, we can rewrite as follows:

Pr=Br  _ V(B - B2)

S —x o/ (I (i = %2
Replacing (1/n) YL, (x; — X)* by its converged value m, we have:

Bz = B)

— N(, 1),
o/ m O

which implies

2
VB - B) — N, %)

Thus, the asymptotic normality of vn(B, — 8,) is shown.

28



Finally, replacing o by its consistent estimator s2, it is known as follows:

PP — — N, 1), (16)
s/ Z?:l(xi - X)?
where s? is defined as:
s2 = ! Y 6-2 = ! Zn:(yi—,é1 —,ézxi)z, (17)
n—2 Y on=2

i=1 i=1

which is a consistent and unbiased estimator of 2. — Proved later.

Thus, using (16), in large sample we can construct the confidence interval and test

the hypothesis.
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[Review] Confidence Interval ((SfEX [, XBEHE)):
Suppose Xi, X5, - - -, X, are iid with mean u and variance o

X-EX) X-pu

\/@‘a/w )

1 < - X
Replacing o by §2 = — ;(Xi — X)?, we have: S

. — No N assumption

From CLT, — N, 1).

— U
NG — N(O, 1).
That is, for large n,
X-u
S/~n

Note that 1.96 is obtained from the normal distribution table.

P(—1.96 <

. — S — S
< 1.96) =095, i.e., P(X - 1.96% <u<X+ 1.96W) =0.95.

Then, replacing the estimators X and S by the estimates X and s>, we obtain the 95%
confidence interval of u as follows:
s s
x—196—, x+1.96—).
( Nz n)

\/_

[End of Review]
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Going back to OLS, we have:

Pr= P — — N(0, 1).
s/ Z?:l(xi - x)z
Therefore, A
B2 —ba B
P(—2.576 < < 2.576) - 0.99,
(i —X)?
1.e.,
A ) A S
P(B, - 2.576 < B < +2.576 ) =0.99.

V2ini (i = %)? V2ini (i = %)?
Note that 2.576 is 0.005 value of N(0, 1), which comes from the statistical table.

Thus, the 99% confidence interval of 3, is:

By +2.576 > )

S
VI - %) - %2

where £3, and s? should be replaced by the observed data.

(B - 2576
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[Review] Testing the Hypothesis ({R 5% 1 ):

Suppose that X;, X5, - - -, X, are iid with mean u and variance 2.
Y _ 1 n _

From CLT, —& _ N(0,1), where §? = —— >(X; — X)2, which is known as
S/ Nn n-1 i=1

the unbiased estimator of o-°.
e The null hypothesis Hy : u = po, where y is a fixed number.
e The alternative hypothesis H; : u # uo

Under the null hypothesis, in large sample we have the following disribution:

X — po
S/~n

~ N(,1).

X H0 and N(O, 1),
n

X — Ho

s/ \n

Replacing X and S? by X and s?, compare

H, is rejected at significance level 0.05 when ‘ ' > 1.96.

[End of Review]
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In the case of OLS, the hypotheses are as follows:

e The null hypothesis Hy : 5, = 3,
e The alternative hypothesis H; : 5, # f3;

Under H), in large sample,

B> - B;
s/ Z?=1(xi -X)?

~ N(0, 1).

2_:82

Replacing 3, and s? by the observed data, compare and N(@,1).
s/ Vo (= %)?
. . . . ﬁZ - ﬁz
H, is rejected at significance level 0.05 when ‘ = — ‘ > 1.96.
S (i = X)?
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Exact Distribution of ﬁzz We have shown asymptotic normality of vn(3, — 8,),
which is one of the large sample properties.

Now, we discuss the small sample properties of /3.

In order to obtain the distribution of /3’2 in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is that u; ~ N(0, o2).

Writing (13), again, 3, is represented as:
B =P+ Z will;.
i=1

First, we obtain the distribution of the second term in the above equation.
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[Review] Content of Special Lectures in Economics (Statistical Analysis)
Note that the moment-generating function (FRZ %L, MGF) is given by M(6) =
E(exp(6X)) = exp(uf + 1026%) when X ~ N(u, o).

X1, X5, --+, X, are mutually independently distributed as X; ~ N(y,-,of) for i =
1,2,---,n.

MGF of X; is M;(6) = E(exp(6X;)) = exp(u;0 + 3076%).

Consider the distribution of Y = " | (a; + b;X;), where a; and b; are constant.

M, () = E(exp(8Y)) = E(exp(0 21, (a; + b;X))))
= [1}=; exp(6a;)E(exp(6b; X)) = [1;-, exp(6a;)M;(6b;)
= [1%, exp(6a;) exp(u;0b;+302(6b;)*) = exp(0 L (a;+byu) +36* XL, bio?),
which implies that Y ~ N(OL (a; + biwy), Yy bo?).
[End of Review]
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Substitute a; = 0, i; = 0, b; = w; and o7 = 0.

Then, using the moment-generating function, )\, w;u; is distributed as:

an wiu; ~ N(O, o i a),-z).
i=1 i=1

Therefore, ,32 is distributed as:
n n
Br=pB2+ Zwiui ~ N(B, o Z w?),
i=1 i=1

or equivalently,

Bo=Br B2 =B ~ N, 1),

O 4 [27:1 a)l_z o/ VZ?:l(xi - X)?

for any n.

36



[Review 1] ¢ Distribution:
Z~N(@O,1),V~ )(z(k), and Z is independent of V.  Then,
[End of Review 1]

Z
~ 1(k).
N 1(k)

[Review 2] ¢ Distribution:
Suppose that X;, X;. - - -, X, are mutually independently, identically and normally dis-

tributed with mean y and variance o,

— X —
X ~ N(u, o2/n), ie., —HE < N, 1).

o/ n
Define §? = —— Z(X X)?, which is an unbiased estimator of o2

_1)S>2
It is known that ; ~ X 2(n—1) and X is independesnt of S2. (The proof is
o2

skipped.)
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X-u

Then, we obtain a/n S ~t(n—1).
(n—1)s? S/vn
VoD
As a result, replacing o by S?, “H -1
placing y S/ vn ( )

[End of Review 2]
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Back to OLS:

Replacing o2 by its estimator s> defined in (17), it is known that we have:
B2 - B
s/ N iz (xi = %)?

where #(n — 2) denotes ¢ distribution with n — 2 degrees of freedom.

~ t(n - 2),

Thus, under normality assumption on the error term u;, the #(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,
( B =B
s/ N iz (xi = %)?

which will be proved later.

) ~ Fl,n-2),

Before going to multiple regression model (Z[0])7E 7 /L),
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2 Some Formulas of Matrix Algebra

ay dap - Al
az; dyp - Ay

1. LetA = . . X = [Cl,'j],
ap dp - A

which is a [ X k matrix, where a;; denotes ith row and jth column of A.

The transposed matrix (25 E1T75!) of A, denoted by A’, is defined as:

ayp dz - ap
, ap dxyp - ap
A=, . . ) :[aji],
aix Az -0 Ak

where the ith row of A’ is the ith column of A.
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. (Ax) = XA,

where A and x are a [ X k matrix and a k X 1 vector, respectively.

. d =a,

where a denotes a scalar.

oa’' x
=aqa
Ox ’

where a and x are k X 1 vectors.

0x'Ax
" Ox

where A and x are a k X k matrix and a k X 1 vector, respectively.

=(A+A)x,

Especially, when A is symmetric,
0x'Ax

= 2Ax.
ox o
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6. Let A and B be k x k matrices, and I; be a k x k identity matrix (B/717%1)

(one in the diagonal elements and zero in the other elements).

When AB = I, B is called the inverse matrix (3#1T%!) of A, denoted by
B=A"

That is, AA™' = A™'A = I,.

7. Let A be a k X k matrix and x be a k X 1 vector.

If A is a positive definite matrix (IE{EZEfF=1T51), for any x except for x = 0
we have:

X' Ax > 0.

If A is a positive semidefinite matrix (FE&{EEfFS1751), for any x except
for x = 0 we have:

X'Ax > 0.
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= /=

If A is a negative definite matrix (B{&ERfFS175!), for any x except for x = 0
we have:

xX'Ax < 0.

If A is a negative semidefinite matrix (FEIE{EERFS1751), for any x except
for x = 0 we have:

XAx <0.

Trace, Rank and etc.: A kxk, B:nxk, C:kxn.

k
I. The trace (b L'—2) of Ais: tr(4) = ) a;;, where A = [a;;]

i=1
2. Therank (> 7, F&E#) of A is the maximum number of linearly independent

column (or row) vectors of A, which is denoted by rank(A).
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3. If A is an idempotent matrix (X ZF1T51), A = A% .

N

. If A is an idempotent and symmetric matrix, A = A> = A’A .

9,1

. A is idempotent if and only if the eigen values of A consist of 1 and 0.

6. If A is idempotent, rank(A) =tr(A) .

~

. tr(BC) =tr(CB)

Distributions in Matrix Form:
1. Let X, uand X be k x 1, k X 1 and k X k matrices.

When X ~ N(u, X), the density function of X is given by:

1
f@ = exp(—5 (= /=7 (x - ).

(27T)k/2|2|1/2
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E(X) = pand V(X) = B((X - )(X - p)) =X
The moment-generating function: ¢(0) = E(exp(G’X)) =exp(@'u + %0’29)

(*) In the univariate case, when X ~ N(u, 0%), the density function of X is:

10 = G 0l )

. If X ~ N(u,X), then (X — u)Z (X — p) ~ x*(k).

Note that  X’X ~ y?(k) when X ~ N(0, I).

CXonx1,  Yimxl, X ~N@nZ), Y ~N,5,)

X is independent of Y, i.e., E((X - u )Y — ,uy)’) = 0 in the case of normal

random variables.

(X — 1 )Z (X — )/
¥ — V%Y — ) /m

~ F(n,m)
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4. If X ~ N(0,0*1,) and A is a symmetric idempotent n X n matrix of rank G, then

X'AX/? ~ ¥2(G).

Note that X’AX = (AX)'(AX) and rank(A) = tr(A) because A is idempotent.

5. If X ~ N(0,01,), A and B are symmetric idempotent n X n matrices of rank G

and K, and AB = 0, then

X’AX/X’BX _ X'AX/G

- ~ F(G, K).
Go?! Ko? X'BX/K ( )
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3 Multiple Regression Model (E[E])Z €7 /V)

Up to now, only one independent variable, i.e., x;, is taken into the regression model.
We extend it to more independent variables, which is called the multiple regression
model (EEJFETIV).

We consider the following regression model:

B
B2
Vi =Bixi1 +Boxip o+ BrXig +up = (X, Xigs L, X)) | L | ui = xiB+w,
B
fori =1,2,---,n, where x; and 8 denote a 1 X k vector of the independent variables
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and a k x 1 vector of the unknown parameters to be estimated, which are given by:
Bi
B>

Xi = (-xi,l » -xi,z’ Y xi,k)a ﬁ =

Br

x; j denotes the ith observation of the jth independent variable.
The case of k = 2 and x;; = 1 for all i is exactly equivalent to (1).
Therefore, the matrix form above is a generalization of (1).
Writing all the equations fori = 1,2, ---, n, we have:

Vi =B1x01 +Baxip o+ X +ur = 1B+ uy,

Y2 =Bixoi +Paxop + -+ BrXog + ur = Xoff + U,

Yn :ﬁlxn,l +ﬁ2xn,2 + e +ﬁkxn,k +u, = xnﬁ + Uy,
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which is rewritten as:
Y1
»

Yn

Again, the above equation is compactly rewritten as:

X1,1

X2,1

xn,l
X1

X2

Xn

X12 0 X1k
X22 o Xok
xn,2 xn,k
Ui
17%)
B+
Ml’l

y=XB+u,
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B
B2

Br

up

up

Uy

(18)



where y, X and u are denoted by:

Y1 X1 X2 o Xk X1 Uy

Y2 X210 X22 ot Xogk X2 17%)
y = , X = = , u =

Yn xn,l xn,2 Tt xn,k Xn Uy

Utilizing the matrix form (18), we derive the ordinary least squares estimator of £,
denoted by j3.
In (18), replacing 8 by 3, we have the following equation:

y:X,@+e,

where e denotes a n X 1 vector of the residuals.

The ith element of e is given by e;.
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The sum of squared residuals is written as follows:
M@=i}%w%=@<WNww@:@bﬁxw—n%
i=1
=Yy -YXB-FXy+FXXB=Yy-2/XB+BXXp.
In the last equality, note that 3'X’y = y’ X3 because both are scalars.
To minimize S (3) with respect to 3, we set the first derivative of S (3) equal to zero,
i.e.,

A

95 (:8) = 2X'y+2X'XB = 0.
ap

Solving the equation above with respect to 3, the ordinary least squares estimator

(OLS, &x/NB FEHEE E) of B is given by:
B=XX)"Xy. (19)
Thus, the ordinary least squares estimator is derived in the matrix form.
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(*) Remark

The second order condition for minimization:

S (B)

= 2X'X
Bop’

is a positive definite matrix.
Set ¢ = Xd.

For any d # 0, we have ¢’'c = d’X'Xd > 0.
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Now, in order to obtain the properties of 3 such as mean, variance, distribution and

so on, (19) is rewritten as follows:

B=XX)"'Xy=XX)"XXB+u) = XX)"'XXB+X'X)'Xu

=8+ X'X)"' X u. (20)
Taking the expectation on both sides of (20), we have the following:
E@B) =EQ@B+ X'X)"'X'u) =8+ X'X)"'X'E(u) =,

because of E(u) = 0 by the assumption of the error term u;.

Thus, unbiasedness of 5 is shown.

53



The variance of 3 is obtained as:

VB) = E(@B~B)B~p)) = B((X'X) X u(X'X)"'X'u)')
=E(X'X)"' X u/'XX'X)™) = X’X) "' X' E(uu)X(X'X)™!

=X’ X)X XX' X)) = X' X)L

The first equality is the definition of variance in the case of vector.

In the fifth equality, E(uu’) = 01, is used, which implies that E(u?) = o~ for all i and
E(uu;) = 0 fori # j.

Remember that u;, u,, - - -, u, are assumed to be mutually independently and identi-

cally distributed with mean zero and variance .
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Under normality assumption on the error term u, it is known that the distribution of

B is given by:
B~ NG, X'X)™.

Proof:

First, when X ~ N(u, X), the moment-generating function, i.e., ¢(6), is given by:
/ / 1 /
$(6) = E(exp(¢/ X)) = exp(60'u + 56 )
6, nxl, u:nxl1, Op: kX 1, B:kxl

The moment-generating function of u, i.e., ¢,(6,), is:

0_2
$u(0,) = E(exp(¥,u)) = exp(EQ’ﬂu),

which is N(0, o*1,,).
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The moment-generating function of 3, i.e., $p(Gp), 1s:
$5(05) = E(exp(84B)) = E(exp(68 + G4(X'X)™' X'u))
= exp(0B)E(exp(dy(X'X)™' X'u)) = exp(%ﬁ)(pu( X' X)"'X')

2
= exp(68) exp( Oy(X'X)™05) = exp(68 + —Hﬁ(X’X) 65).

which is equivalent to the normal distribution with mean 8 and variance o*(X’X)~!.

Note that 6, = X(X'X)™'6;. QED
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Taking the jth element of §3, its distribution is given by:

A

A . Bj—B;
Bi~ N(@B;,0%a;)), ie, —L—=~N(O,1),
J J JJ O'\/CE

where a;; denotes the jth diagonal element of X' x) L.

Replacing o by its estimator s2, we have the following ¢ distribution:

A

w ~ t(n _k),

S ajj

where t(n — k) denotes the ¢ distribution with n — k degrees of freedom.
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[Review] Trace (~ L —X):

1. Atnxn, tr(A) =Y}, a;, where g;; denotes an element in the ith row and the

jth column of a matrix A.
2. a:scalar (1 x1), tr(a)=a
3. AinXk, B:kxn, tr(AB)=tr(BA)
4. (XX’ X)X = (X’ X)'X'X) = te(l) = k
5. When X is a square matrix of random variables, E(tr(AX)) = tr(AE(X))

End of Review
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52 is taken as follows:

1 . N
2 — de=——>0-XB) (- XPB),
n—k

i=1

which leads to an unbiased estimator of o-2.

Proof:

Substitute y = XB+uand 8 = B+ (X’X)"'X'u into e = y — X3.

e=y-XB=XB+u-XPB+XX)"'Xu)
=u—-XX'X)"'Xu=U,-XXX)"'X)u
I, — X(X’X)"'X’ is idempotent and symmetric, because we have:
I, - XX'X)'X)I,-XX'X)'X)=1, - X(X'X)"'X/
I, -XX'X)'XY =1, - X(X'X)"'Xx".
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5% is rewritten as follows:

1 1
§* = ee= —k((ln - XX’ X)X (I, - X(X'X)' X u
n n—

1
ku'(ln - XX'X)'X'Y I, - XX'X)"' X )u

1
ku'(In - XX'X)"' X )u
Take the expectation of u’(I, — X(X’X)™'X")u and note that tr(a) = a for a scalar a.

E(sz):%E(tr(u’(ln—X(X'X)—IX’)u)) LE(tr(( — XX’ X)X und ))
n—k n—k

1 v 1 o
— (= XX XOB ) = ——o?u((l, - X(X'X)' X))
= ﬁvztr(ln - X(X'X)"'X') = n%ﬁ(tr(l,,) — tr(X(X'X)"'X"))

= ﬁa (tr(I,) — tr(X’X)"' X' X)) = L0' 2(tr(I,) — tr(ly))

:Lko' n-k) =0
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—> s? is an unbiased estimator of o>.

Note that we do not need normality assumption for unbiasedness of s°.

[Review]

o X'X ~ y*(n) for X ~ N(0, 1,).

o (X —p)yS ' (X —pu) ~ x*n) for X ~ N(u, 2).

X'X

5 ~ X’ () for X ~ N(O,0”1,).

X'AX
. — ~ XZ(G), where X ~ N(0,0°1,) and A is a symmetric idempotent n X n
o

matrix of rank G < n.

Remember that G = Rank(A) = tr(A) when A is symmetric and idempotent.
[End of Review]
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Under normality assumption for u, the distribution of s is:

— 2 ’ _ v \—1 vy’
: (,f)s = xng) X0 Pt - XXX

Note that  tr(l, — X(X'X)"'X’) = n — k, because

tr(l,) =n

tr(X(X'X)' X)) = (X’ X)X’ X) = te([p) = k
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Asymptotic Normality (without normality assumption on u): Using the central
limit theorem, without normality assumption we can show that as n — oo, under the

1
condition of —X’X — M we have the following result:
n

A

M — N(O, 1),
S Cljj

where M denotes a k X k constant matrix.

Thus, we can construct the confidence interval and the testing procedure, using the
t distribution under the normality assumption or the normal distribution without the

normality assumption.
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4 Properties of OLSE

1. Properties of 5 : BLUE (best linear unbiased estimator, & B Ri
FE &), i.e., minimum variance within the class of linear unbiased estimators

(Gauss-Markov theorem, 7 X - <)L 37 DEE)
Proof:

Consider another linear unbiased estimator, which is denoted by 5 = Cy.
B =Cy=CXB+u)=CXB+Cu,
where C is a k X n matrix.

Taking the expectation of 3, we obtain:
E(B) = CXB + CE(u) = CXB
Because we have assumed that 3 = Cy is unbiased, E(8) = 3 holds.
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That is, we need the condition: CX = I;.

Next, we obtain the variance of 8 = Cy.
B=CXB+u)=6+Cu.
Therefore, we have:
V(B) =E(B-B)B-p)) = ECuu'C") = 0*CC’
Defining C = D + (X’X)"'X’, V() is rewritten as:
V(B) = o’CC' =D+ X'X)' XD+ (X'X)"'X').
Moreover, because /3 is unbiased, we have the following:

CX=1I=D+XX)"'X)X =DX+1,.
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Therefore, we have the following condition:

DX = 0.

Accordingly, V(B) is rewritten as:
V(@) = o*CC’' = > (D + (X' X)"'X)D + (X'X)"'X")
= 2(X’X)"' + o*DD’ = V(B) + o>DD’
Thus, V(B) — V(B) is a positive definite matrix.
= V(B) - V(B) >0

— [ is a minimum variance (i.e., best) linear unbiased estimator of 3.
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Note as follows:
= A is positive definite when d’Ad > 0 except d = 0.

— The ith diagonal element of A, i.e., a;;, is positive (choose d such that the

ith element of d is one and the other elements are zeros).

[Review] F Distribution:

Suppose that U ~ y(n), V ~ y(m), and U is independent of V.
U

Then, ﬂ ~ F(n,m).

Vim
[End of Review]
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F Distribution (H, : = 0): Final Result in this Section:

B-PXXPB-p)/k
eel(n—k)

~ F(k,n—k).

Consider the numerator and the denominator, separately.

1. If u ~ N(0,01,), then B ~ N(B, (X' X)™") .
G-BpXXB-Pp) _
0-2

Therefore,

X (k).

2. Proof:

Using B — B = (X’X)~'X’u, we obtain:

B-B'XXPB-PB) =(XX)"'XuyXXX'X)"'Xu

=W XX'X) ' X'XX'X) ' X'u=uXX'X)"'Xu
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Note that X(X’X)~'X’ is symmetric and idempotent, i.e., A’A = A.
wXX'X)'X'u
o2

~ Xz(tr(X(X’X)‘lX’))
The degree of freedom is given by:
tr(X(X'X)™' X)) = (X’ X) ' X' X) = tr(ly) = k

Therefore, we obtain:
wWXX'X) ' X'u
> ~ x* (k)
o

. (*) Formula:

Suppose that X ~ N(0, I).
If A is symmetric and idempotent, i.e., A’A = A, then X’AX ~ y*(tr(A)).

1
Here, X = —u ~ N(0, I,,) from u ~ N(0,0*1,), and A = X(X'X)"'X".
o
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4. Sum of Residuals: e is rewritten as:
e=,-XX'X) ' X )u.
Therefore, the sum of residuals is given by:
ee=u(l, - XX'X)"'X)u.

Note that I, — X(X’X)"'X’ is symmetric and idempotent.

We obtain the following result:

e W, - XX'X)"'Xu
o2 o2

~ (- XX X)'X)),
where the trace is:

tr(l, - X(X’X)'X") =n —k.
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Therefore, we have the following result:

e (n—k)s’

; - 0_2 N/\/z(n _k)’

where

. We show that 3 is independent of e.
Proof:
Because u ~ N(0, o21,), we show that Cov(e, 3) = 0.
Cov(e,B) = E(e(B ~B)) = E((L, = X(X'X)™ X u((X'X)™' X'u)’)
= E((I,, - X(X’X)—IX')W'X(X’X)—I) =, - X(X'X)"'X)E(uu)X(X'X)™!
=, - XX'X)"' X)) L)XX'X)" = (I, - X(X'X) ' XHX(X'X)™!
= (XX’ X)) - XX X)X XX X)) = XX X)) - XX’ X)) = 0.
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B is independent of e, because of normality assumption on u

[Review]

e Suppose that X is independent of Y. Then, Cov(X,Y) = 0. However,

Cov(X, Y) = 0 does not mean in general that X is independent of Y.

e In the case where X and Y are normal, Cov(X,Y) = O indicates that X is

independent of Y.

[End of Review]
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[Review] Formulas — F Distribution:

U
° ﬂ ~ F(n,m) when U
Vim

simy*(n), V ~ x*(m), and U is independent of V.

e When X ~ N(0,1,), A and B are n X n symmetric idempotent matrices,
X'AX/G

Rank(A) = tr(A) = Rank(B) = tr(B) = K and AB = 0, then —— ~
ank(A) r(A) = G, Rank(B) r(B) an 0, then X'BX/K

F(G,K).

Note that the covariance of AX and BX is zero, which implies that AX is inde-

pendent of BX under normality of X.

[End of Review]
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6. Therefore, we obtain the following distribution:

B—BYX'X(B - WXX'X) ' X u
(ﬁ ﬁ) 0-2 (ﬁ ﬁ) — - ~/\/2(k),
e w(l,-XX'X)'X)u
o2 o2 ~xX(n=h

B is independent of e, because X(X’X)™'X’(I, - X(X’X)'X’) = 0.

Accordingly, we can derive:

B-BXXE-p) o .
o _B-pXXE-Pk _

e'e 52
— -

F(k,n—-k)

Under the null hypothesis Hy : 8 =0,

B X' XpB/k

52

Given data,

B'X' Xk
If ﬁ—zﬁ/ is in tha tail of the F distribution, the null hypothesis is rejected.
s

is compared with F(k,n — k).
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Coefficient of Determination GRE &%), R*:

P eiz
2 (i = y)?

1. Definition of the Coefficient of Determination, R>: R>=1—

n

2. Numerator: Z el =ce

i=1

- 1 1 1
3. Denominator: Z(yl- 2 =y, - ~il') (1, =~y = y' (I, = ~il")y
i=1

(*) Remark

~<I

yi—y Y1

<

2=V |y 1, 1,
A= Ey iy = U - =iy,
: : n n

Yn—Y Yn y
wherei = (1,1,---,1)".
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’

ee

4. In a matrix form, we can rewrite as: R*>=1 - —
y’(ln - ;”,)y

F Distribution and Coefficient of Determination:

— This will be discussed later.
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Testing Linear Restrictions (F Distribution):

1. If u ~ N(0,01,), then B ~ N(B, 2(X'X)™") .
Consider testing the hypothesis Hy : RG = r.
R: G xk, rank(R) = G < k.

RB ~ N(RB, *R(X'X)"'R").

(RB—rY(RX'X)"'R") " (RB - 1)
0-2

Therefore, ~ XZ(G).

Note that RG = r .

(a) When 8 ~ N(B,*(X’X)™"), the mean of Rj is:
E(RB) = RE(B) = RB.

(b) When 3 ~ N(B, 72(X’X)™"), the variance of R is:
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V(RB) = E(RB — RB)(RB - RB)) = E(R(B - B)(B - B'R)
= RE(B-B)B-PB))R = RVB)R = c*RX'X)"'R.
(n-ks* _ee -XBG-XB) ,

2. We know that —— = i = x (n—k).
o

3. Under normality assumption on u, 3 is independent of e.

4. Therefore, we have the following distribution:

(RB-rY(RX'X)"'R)Y ' (RB-1)/G
(= XB)(y - XB)/(n— k)

~ F(G,n - k)
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5. Some Examples:

(a) r Test:
Thecaseof G =1, r =0and R = (0,---,1,---,0) (the ith element of R
is one and the other elements are zero):
The test of Hy : 5; = 0 is given by:

RB—rY(RX'X)'"RY'RB-1r) /G B
(B = Y RXX) RYNRE=1)G _ B2 oy -,

where s = ¢’e/(n — k), RB = f3; and

a; = R(X’X)™'R’ = the i row and ith column of (X' X)~!.

*) Recall that Y ~ F(1,m) when X ~ t(m) and Y = X>.

Therefore, the test of Hy : 5; = 0 1is given by:

B

S A

~ t(n — k).
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(b) Test of structural change (Part 1):

3 xBi+u, i=1,2,---,m
" Xy +u;, i=m+1l,m+2,---,n
Assume that u; ~ N(0, 0%).
In a matrix form,
Y1 X 0 u;

Y2 X2 0 U

Ym Xm 0 ﬁl Uy,
(s.)*

Ym+1 0 Xyt [\ Uyt
Ym+2 0 Xm+2 U2
Yn 0 Xn u,
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Moreover, rewriting,
)=(o )C)
= +u
Y, 0 X,/\p

Y=XB+u

Again, rewriting,

The null hypothesis is Hy : 81 = S3>.

Apply the F test, using R = (I —1I;)and r = 0.

In this case, G = rank(R) = k and 8 is a 2k X 1 vector.

The distribution is F(k,n — 2k).

The hypothesis in which sum of the 1st and 2nd coefficients is equal to
one:

R=(1,1,0,---,0),r=1

81



In this case, G = rank(R) = 1
The distribution of the test statistic is F(1,n — k).
(d) Testing seasonality:

In the case of quarterly data (T4 5— %), the regression model is:
y:a+a1D1 +a2D2+a3D3+X,80+u

D; = 1inthe jth quarter and O otherwise, i.e., D;, j = 1,2,3, are sea-

sonal dummy variables.

Testing seasonality = Hy: a; =a; = a3 =0

a
) 01000 --- 0 0

B=|a |, R=]10 0 1 0 0 --- Of, r=10
as 00 o010 --- 0 0
Bo
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In this case, G = rank(R) = 3, and S is a k X 1 vector.
The distribution of the test statistic is F'(3,n — k).

(e) Cobb-Douglas Production Function:
Let Q;, K; and L; be production, capital stock and labor.

We estimate the following production function:

log(Q)) = B1 + B2 log(K;) + B3 log(L;) + u;.

We test a linear homogeneous (— X [Fl¥X) production function.

The null and alternative hypotheses are:

HO: ﬁ2+ﬁ3:1’
H1 : ﬁ2+,83¢1.

Then, set as follows:
R=(0 1 1), r=1.
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(f) Test of structural change (Part 2):
Test the structural change between time periods m and m + 1.

In the case where both the constant term and the slope are changed, the

regression model is as follows:

yVi=« +,8)C,' + ’)/d, + 561,‘)(,‘ + Uu;,

where
0, fori=1,2,---,m,

i
1, fori=m+1,m+2,---,n.

We consider testing the structural change at time m + 1.
The null and alternative hypotheses are as follows:

Hy: y=06=0,

H : y#0,o0r,0#0.
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Then, set as follows:

0 01 0 0
oo o) L)
0 0 0 1 0
(g) Multiple regression model:
Consider the case of two explanatory variables:
Vi =a+Bx; + vz + u;.
We want to test the hypothesis that neither x; nor z; depends on y;.

In this case, the null and alternative hypotheses are as follows:

Hy: B=v=0,
H : B+0, or, y#0.

Then, set as follows:
01 0 0
e~y o)l
0 0 1 0
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Coefficient of Determination R? and F distribution:

@ The regression model:
Vi =X +u; =i+ X032 + u;

where

Bi
x=(1 ), ,8=( )
p2

x;i o 1 xk, Xy 1 xX(k=1), B kxl1, B (k—=1)x1

Define:
X21

X22
X2 =

X2n

Then,

B

y:Xﬁ+I/l:(i Xz)( )+M:iﬁ1+X2ﬁ2+u,

B2
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where the first column of X corresponds to a constant term, i.e.,
1

1
X=0 X3), i =

1

@ Consider testing Hy : 3, = 0.

The F distribution is set as follows:
R=(0 L), r=0

where Ris a (k — 1) X k matrix and ris a (k — 1) X 1 vector.
(RB—rY(RX'X)"'R) ' (RB - r)/(k - 1)

T ~ F(k—1,n—k)

We are going to show:
(RB ~r)(RX'X)'R)(RB ~ 1) = ByXs MXofs,
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1
where M = I, — —ii’.
n

Note that M is symmetric and idempotent, i.e., M'M = M.

yi—y
2=y

.| =My
yn_y

R(X’X)"'R’ is given by:

/ 0
RX'X)™'R' = (0 Ik_l)((l,)i Xz)) )

Iy
-

. €) 0
=(0 i )( _ ) ( )
Xél XéXz Ik—l
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[Review] The inverse of a partitioned matrix:

(All Alz)
A= ,
Ay Ap

where Ay, and Ay, are square nonsingular matrices.

Al ( By —BnAlegzl )
_A£21A2IBU Agzl +A£21A21B11A12A£21

where Byj = (A1 — A1pA5,Ay) 7", or alternatively,

Al (Al_ll + Al_llAlngzAQ]A]_ll —Al_llAlngg )

—BynAy A} B>

where By, = (Ay — Ay AjlAp) ™
[End of Review]
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Go back to the F distribution.

( i X )
Xi XX

-1

(3 (X5 X, = X5i( )i Xp) ™! )

(5 (Xé(ln—%ii’)Xz)‘l) ( (X;MXQ)-I)

Therefore, we obtain:

‘i X\ 0
o olg ) L))
Xél XéXz Ik—l

- 0
=(0 Ik—l)(:

)( ) = (X;MX,)™".
(Xész)_1 I
Thus, under Hy : 8, = 0, we obtain the following result:

(RB-rYRX'X)'RY ' RB-n)/(k=1) _ByXyMXofa/(k — 1)
e'e/(n — k) B e’e/(n—k)

~ F(k—1,n—-k).
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@ Cocflicient of Determination R?:
Defineease =y — X,@. The coefficient of determinant, R?, is

e

R=1-—-1o,
y'My

1
where M = I, — —ii’, I, is a n X n identity matrix and i is a n X 1 vector consisting of
n
lLie,i=(1,1,---,1).
Me = My — MX}.

A

, (B
When X = (i Xz)andﬁ=(A ),
B>

because i’e = 0, and
MX=M(i Xo)=(Mi MX,)=(0 MX,),
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because Mi = 0.

A

MXB = (0 MXZ)(? ) = MXp,.
2
Thus,

My = MXj + Me = My = MX,f3, + e.
y' My is given by: y My = [Ai’zXéMXz,Bz + ¢’e, because Xe = 0 and Me = e.

The coefficient of determinant, R?, is rewritten as:

R*=1- ,ee = e'e = (1-R>y' My,
y' My
"My — ¢ B X, MX-[3 . .
pr= Yl LR BXGMXofz = R2Y My
y' My y' My

Therefore,
BXMXPo/ k=1 RYMyI(k=D) _ RIK=D

ee/(n—k) C(1-R)yMy/(n—k) (1-R?)/(n—k) ’ '

Thus, using R?, the null hypothesis Hy : 8, = 0 is easily tested.
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5 Restricted OLS (fl#17 & &x/N ZF&E)

1. Let j be the restricted estimator.
Consider the linear restriction: RS = r.
2. Minimize (y — XB)'(y — X3) subject to RB = r.

Let L be the Lagrangian for the minimization problem.
L=(y-XB'(y-XB) -2V (RB~r)

Because 8 and A minimize the Lagrangian L,

a_; =-2X'(y-XB)-2R'A1=0

9
oL ~
— =-2(R6-r)=0.
Py (RB—1)
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oa’ Ox'A
(*) Remember that g e a and r A

=(A+A)x.
X

From Z—I: = 0, we obtain:
B=X'X)"'Xy+X'X)'RA=p+XX)"'RA.
Multiplying R from the left, we have:
RB=RB+RX'X)"'R'A.
Because Rf3 = r has to be satisfied, we have the following expression:
r=RB+RX'X)'RA.
Therefore, solving the above equation with respect to A, we obtain:
1= (RX'X)'R) " (r-RB)
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Substituting A into 8 = 3 + (X’X)~'R’A, the restricted OLSE is given by:
B=p+@xX'R (RXX)'R) " (- RD.
(a) The expectation of j is:

E(B) = E(B) + (X’X)"'R'(R(X'X)"'R")"'(r - RE(B))
=B+ X' X)'"R(RX'X)"'R) "' (r - RB)

:ﬂ’

because of R3 = r.

Thus, it is shown that 3 is unbiased.
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(b) The variance of f is as follows.

First, rewrite as follows:

1

(RB - Rp)

B-p+XX)'R (RXX)'R)
B-B) - XX 'R (RXX)'R) " (RB - RB)
;

B-pB

1

B-B)-XX)'R (RX'X)'R) RB-p)
= (- xR (RX'X)'R) " R)B-B)

=W(@B-p),

where W = I, — (X'X)"'R' (RX'X)'R)" R.

Then, we obtain the following variance:
V() =E(B-B)B~B)) =EWB-BB~B'W)
= WE((B - BB~V = WHW = WX X)W’
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= 02(1 ~(X'X)"'R (R(X’X)“R’)_l R)(X’X)“
x(1 - xX)'R (RX'X)'R) ' R)
= XX - XX R (REX)R) T RXX)

=VB) - XK (R(X’X)‘IR’)_l RX'X)™

Thus, V(8) — V(B) is positive definite.
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3. Another solution:

Again, write the first-order condition for minimization:

oL . .
— = 2X'(y—XB)-2R'1=0,
o (y—XB)

oL .

— = 2(RB-7r) =0,

5 (RG—1)

which can be written as:

Using the matrix form:



The solutions of 3 and —1 are given by:
)= )
-1 R 0 rl

(*) Formula to the inverse matrix:

( A B )‘1 ( E F)

g bl \Fr /)

where E, F and G are given by:
E=A-BD'B)y'=A"+A'B(D-BA'B'BA™!
F=—-(A-BD'B)'BD'=-A"'"B(D-BA'B)"!

G=(D-BA'By'=D"'+D'BA-BD'B)'BD!
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In this case, E and F correspond to:
7y—1 rw\—1 pr ry—1 pr -1 ry\—1
E=XX"-XX)"R(RXX)'R) RXX)
-1
F=XX"R(RXX'R) .
Therefore, ﬁ is derived as follows:

B=EX'y+Fr

=B+ XX 'R(RX'X)'R) (r - RB).
The variance is:

Therefore, V(B) is:
V() = o’E = o ((X'X)" - (X’X)‘lR’(R(X’X)‘lR’)_lR(X’X)‘l)
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Under the restriction: RS = r,
V(@B - V(@) = o-z(X’X)‘lR’(R(X’X)‘lR')_lR(X’X)‘l

is positive definite.

6 F Distribution (Restricted and Unrestricted OLSSs)

1. As mentioned above, under the null hypothesis Hy : RS = r,
(RB—r)(RX'X)"'R)'(RB-1/G
v = XB)'(y = XB)/(n = k)
where G = Rank(R).

F(G,n-k),

. - .
Using 8 = B+ (X'X)"'R (R(X’X)‘IR’) (r — Rp), the numerator is rewritten as

follows:
(RB—rY(RX'X)'R)Y'(RB—1r) = B-PXXB-P.
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Moreover, the numerator is represented as follows:

0= XB)'(y— XB=(y = XB~ X(B~B)) (y - XB~ X(B~ )
=y = XB'(y = XB) + B-BYX'XB-p)
-y = XB'X(@B-P) - B-B'X'(y-XP)
=(y = XB)'(y = XB) + (B - B X'X(B - ).

X'(y — XB) = X’e = 0 is utilized.
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Summarizing, we have following representation:

(RB—r)(RX'X)'RY ' (RB- =B -PYX'XB - p)
=(y - XB)'(y - XB) - v - XB)'(y — XP)

=i'n-~¢e,

where e and &t are the restricted residual and the unrestricted residual, i.e.,
e=y—XBandii=y-XB.
Therefore, we obtain the following result:

(RB—rY(RX'X)'R) ' (RB - N/G_(i-ee)G

~ F(G,n—-k).
O - XBYG - XB)/(n— &) veln—ry ~ FGn=k
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7 Example: F Distribution (Restricted OLS and Un-
restricted OLS)

Date file = cons99.txt (Next slide)

Each column denotes year, nominal household expenditures (ZX&1{H &, 10 billion
yen), household disposable income (Z&t 773 FfrfF, 10 billion yen) and household
expenditure deflator (RKFHHE T 7 L — &, 1990=100) from the left.
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1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969

5430.
5974.
6686.
7169.
8019.
9234.
10836.
12430.
14506.
16674.
18820.
21680.
24914.
28452.
32705.

N N @ O U1 v o ® NV W N W N

6135.
6828.
7619.

8153
9274
10776
12869
14701

17042.

19709

22337.

25514

29012.

34233

39486.

W o U R ON R A W WU 2

18.
18.
19.
19.
19.
20.
21.
23.
24.
26.
27.
29.
30.
31.
32.

© O Rk @ ® @ © N K U N R 2 W e

1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984

37784.
42571.
49124.
59366.
71782.
83591
94443
105397
115960.
127600
138585.
147103
157994.
166631
175383.

45913.
51944.
60245.
74924.
93833.
108712.
123540.
135318.
147244.
157071.
169931.
181349.
190611.
199587.
209451.
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35.
37.
39.
44.
53.
59.
65.
70.
73.
76.
81.
85.
87.
89.
91.
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1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

185335.
193069.
202072.
212939.
227122.
243035.
255531.

265701

272075.

279538

283245.
291458.
298475.

N R N WO NN O O =

220655.
229938.
235924.
247159.
263940.
280133.
297512.
309256.
317021.
325655.
331967.
340619.
345522.

93.
94.
95.
95.
97.

102
104

105.

106

106.

106

107.
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AR RHAATNTRAARTTRARARTTRARATRTRARNTRTRARTTRTRRARTTRRARTRNRTRRARARTRR

freq a;

smpl 1955 1997;

read(file="cons99.txt’) year cons yd price;
rcons=cons/(price/100);
ryd=yd/(price/100) ;

d1=0.0;

smpl 1974 1997;

di=1.0;

smpl 1956 1997;

dlryd=d1l*ryd;

olsq rcons c ryd;

olsqg rcons c dl ryd dlryd;

end;

L
|
|
I
I
|
I
I
I
I
I
|
I
|

NN N
FWNRQQOWOONOUVIE WN R
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Equation 1

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.
Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .127951E+10
Variance of residuals = .319878E+08
Std. error of regression = 5655.77
R-squared = .994890
Adjusted R-squared = .994762
Durbin-Watson statistic = .116873
F-statistic (zero slopes) = 7787.70
Schwarz Bayes. Info. Crit. = 17.4101
Log of likelihood function = -421.469

Estimated Standard
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Variable Coefficient Error t-statistic
C -3317.80 1934.49 -1.71508
RYD .854577 .968382E-02 88.2480
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Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1956 to 1997
Number of observations: 42

Mean of dependent variable = 149038.
Std. dev. of dependent var. = 78147.9
Sum of squared residuals = .244501E+09
Variance of residuals = .643423E+07
Std. error of regression = 2536.58
R-squared = .999024
Adjusted R-squared = .998946
Durbin-Watson statistic = .420979
F-statistic (zero slopes) = 12959.1
Schwarz Bayes. Info. Crit. = 15.9330
Log of likelihood function = -386.714

Estimated Standard
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Variable Coefficient Error t-statistic

C 4204.11 1440.45 2.91861
D1 -39915.3 3154.24 -12.6545
RYD .786609 .015024 52.3561
D1RYD . 194495 .018731 10.3839
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1. Equation 1
Significance test:

Equation 1 is:

RCONS = ﬁ] +ﬁ2RYD
Hy: B,=0
(No.l) t Test = Compare 88.2480 and #(42 — 2).

R*/G B .994890/1 ~
(1-R>)/(n—k)  (1-.994890)/(42-2)
7787.8 and F(1,40). Note that V7787.8 = 88.2485.

(No.2) F Test = Compare

1% point of F(1,40) =7.31

Hy : B, = 0is rejected.
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2. Equation 2:

RCONS = S3; + 3,D1 + B3RYD + B4RYD x D1

Hy: B2=B3=B4=0

R*/G .999024/3

(—RH/(n—k) _ (1—.999024)/(42—4) _ 12965.5

F Test = Compare

and F(3,38).

1% point of F'(3,38) =4.34

Hy : B> = B3 = B4 = 0is rejected.

3. Equation 1 vs. Equation 2

Test the structural change between 1973 and 1974.
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Equation 2 is:
RCONS = Bl +,82D1 +,83RYD +ﬂ4RYD x D1

Hy: B=p4=0
Restricted OLS = Equation 1

Unrestricted OLS = Equation 2

(@i —e'e)/G _ (.127951E + 10 — .244501E + §9)/2

= 80.43
e'e/(n—k) .244501E +09/(42 - 4)

which should be compared with F(2, 38).
1% point of F(2,38) =5.211 < 80.43
Hy : B> = B4 = 01s rejected.

= The structure was changed in 1974.
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8 Generalized Least Squares Method (GLS, —f#&{t &
INEFEIE)
1. Regression model: y = XB + u, u ~ N, o*Q)

2. Heteroscedasticity (FZF 208, THE—9E)

0—% O --- 0
0 0'%

o Q =
0 0 o2
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First-Order Autocorrelation (—F5® B 488, R5IEE)

In the case of time series data, the subscript is conventionally given by ¢, not i .

ut = put_] + 61‘3 Et ~ lld N(O, O-g)
1 o pZ . pn—l
N R P
g n—
0'2Q=1_p2 p* 1Y 1 e 3
pn—l pn—2 pn—3 1
2 o;
V = = €

3. The Generalized Least Squares (GLS, —M{bf/N_ %) estimator of S,
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denoted by b, solves the following minimization problem:

min (y — Xb) Q™' (y — Xb)
b

The GLSE of S is:
b=XQ'X)y'xQly
. In general, when Q is symmetric, Q is decomposed as follows.
Q=AAA
A 1s a diagonal matrix, where the diagonal elements of A are given by the eigen
values.

A is a matrix consisting of eigen vectors.

When Q is a positive definite matrix, all the diagonal elements of A are positive.
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5. There exists P such that Q = PP’ (i.e., take P = A’A'?). = P 'QP ' =1,

Multiply P! on both sides of y = XS + u.

We have:
V= X*B+u*,
where y* =Py, X*=P'X, and u* =P lu.
The variance of u* is:
Vu*) = V(P 'u) = P'VuP ! = 2P QP! = ¢I,.

because Q = PP',ie., P7'QP 1 =1,.
Accordingly, the regression model is rewritten as:
Y=XBrut,  ut ~(0,0°l)
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Apply OLS to the above model.
Let b be as estimator of 8 from the above model.

That is, the minimization problem is given by:

min (y* - X*b)(y* — X*b),
b

which is equivalent to:

min (y — XbYQ '(y — Xb).
b

Solving the minimization problem above, we have the following estimator:
b= (X*IX*)—lx*/y*
— (X/Q—lx)—lxlg—ly,
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which is called GLS (Generalized Least Squares) estimator.

b is rewritten as follows:
b=B+X"X) ' X*"u* =+ X'Q' X)X Qu
The mean and variance of b are given by:
E(b) = .
V() =X XN = 22X Q X)L
6. Suppose that the regression model is given by:
y=XB+u, u ~ N, Q).
In this case, when we use OLS, what happens?
B=X'X)"'Xy=B+X'X)"'Xu
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VB =X’ X)X’ QX (X' X)™!

Compare GLS and OLS.

(a) Expectation:
E@B) =B, and E®)=p
Thus, both ﬁ and b are unbiased estimator.

(b) Variance:

VB = (X' X) ' X' QXX X)™!

V() = P (X'Q'x)!

Which is more efficient, OLS or GLS?.
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V(@B) - V(b) =X’ X) "' X' QXX X)) - 22X’ Q71X)7!
=((XX)7'X - x'Q'x)'xa ")
x(x'x)"'x - x ') 'xaly
= 0?AQA’
Q) is the variance-covariance matrix of u, which is a positive definite ma-

trix.

Therefore, except for Q = I,, AQA’ is also a positive definite matrix.

This implies that V(3;) — V(b;) > 0 for the ith element of j.
Accordingly, b is more efficient than j3.
7. If u ~ N(0,0*Q), then b ~ N(B, *(X’Q'X)71).
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Consider testing the hypothesis Hy : RB =r.
R: Gxk, rank(R)=G <k.
Rb ~ N(RB, 0’ R(X'Q7'X)"'R").
Therefore, the following quadratic form is distributed as:

(Rb—rY(RX'Q'X)'R) (R - r)
0-2

~X}(G)
8. Because (y* — X*b)' (y* — X*b)/o* ~ ¥*(n — k), we obtain:

- XbyQ'(y - Xb
(y ) . (y ) ~)(2(n —k)

g

9. Furthermore, from the fact that b is independent of y — Xb, the following F

distribution can be derived:
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(Rb—r)Y(RX'Q'X) 'R (Rb - 1)/G

— — ~ F(G,n —k)
(y—XbYQ '(y - Xb)/(n - k)

10. Let b be the unrestricted GLSE and b be the restricted GLSE.

Their residuals are given by e and i, respectively.

e=y—Xb, i=y-Xb

Then, the F test statistic is written as follows:

@Q ' —eQle)/G
eQle/(n—k)

~ F(G,n—-k)
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8.1 Example: Mixed Estimation (Theil and Goldberger Model)

A generalization of the restricted OLS = Stochastic linear restriction:

r=RB+v, E(v) =0 and V(v) = o*¥

y=XB+u, E(w) =0 and V() = o”I,
Using a matrix form,

o R W R R

For estimation, we do not need normality assumption.
I, 0 -l
b=|(X" K )( )

o) () [ (5 o) C)

= (XX + R¥R) (X'y+ R¥).

Applying GLS, we obtain:

-1 -1
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Mean and Variance of b: b is rewritten as follows:

-1

( I, 0\'/Xx\)" I 0\"(y
oz 3 G e oll 9C)
0 ¥ R 0 v r
[ I, 0\ /x\\ " (u
oo o) () ()
0 v R v
Therefore, the mean and variance are given by:

E(b) =p = b is unbiased.

I, 0\'/X
V(b):a'z[(X’ R')( ) ( )]
0 ¥ R

= (XX +R¥'R)

-1
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9 Maximum Likelihood Estimation (MLE, 5 lf.if)

—> Review

1. The distribution function of {X;}! | is f(x;6), where x = (x;,x2,---, x,) and
0=(u2).

Note that X is a vector of random variables and x is a vector of their realizations

(i.e., observed data).

Likelihood function L(-) is defined as L(8; x) = f(x; ).

Note that f(x;0) = [], f(x;;6) when X;, X5, -+, X,, are mutually indepen-

dently and identically distributed.
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The maximum likelihood estimator (MLE) of 6 is 6 such that:

max L(6; X). S max log L(6; X).
6 6

MLE satisfies the following two conditions:
a dlog L(6; X)

0.
() 50
9 log L(6; X
(b) % is a negative definite matrix.

2. Fisher’s information matrix (7 1 v ¥ + —D1E#H1T5) is defined as:

0% log L(6; X))

1) = E( 9006/

where we have the following equality:

P log L(6; X)\ _ _ 0log L(6; X) dlog L(6; X)\  Olog L(6; X)
—E( 9000’ ) =E( 90 o0 )=V 90 )
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Proof of the above equality:

f L(9; x)dx =1

Take a derivative with respect to 6.

OL(0;
f ;%) dr=0
00

(We assume that (i) the domain of x does not depend on 6 and (ii) the derivative
0L(6; x)
06

Rewriting the above equation, we obtain:

f 0log L(6; x)

exists.)

50 L(6;x)dx =0,

1.e.,
E(@log L(6; X)) _o.
00
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Again, differentiating the above with respect to 6, we obtain:

»logL(O;x) dlog L(6; x) OL(6; x)
f 2e08 L(6; x)dx + f e 50 dx

0% log L(6; x) dlog L(6; x) 8 log L(H; x)
= | /== 16: 0d
f ooy L0t f 50 00
0% log L(6; X) dlog L(6; X) dlog L(6; X)
—F(—=2 ") 4 E = 0.
(e )+ B2 o)

L(6; x)dx

Therefore, we can derive the following equality:

9

B 0% log L(6; X) 5 dlog L(6; X) 0log L(6; X) _v dlog L(6; X)
0600’ B 90 00’ B 00

O0log L(6; X
where the second equality utilizes E (&) =0.

00
3. Cramer-Rao Lower Bound (7 7 X —JL - S A DTFIR): (1(6)~!

Suppose that an estimator of 6 is given by s(X).
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The expectation of s(X) is:

E(s(X)) = f s(x)L(6; x)dx.

Differentiating the above with respect to 6,

8E(S(X)) f s(x )6L(9 x)dx: fs(x)%u@; x)dx

dlog L(6; X))

= Cov (s(X), 50

For simplicity, let s(X) and 6 be scalars.

Then,
IE(s(X)\* dlog LG; X)\\* dlog L(6; X)
[P0 0, 2|} _ gy L84.0)
< V(s(X)V (—‘9 log aLQ(H; X)),
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where p denotes the correlation coefficient between s(X) and

30
dlog L(6; X)
o 220
p:
\/\W\/ alogL(e X))

Note that |o| < 1.

Therefore, we have the following inequality:

(aE(soo) ?

) < V(s(X) V ((’ﬂog L(6; X)) ’

00 00
1.e.,
IE(s(X)\’
5
V(s0) 2 v 0log L(6; X)
5
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Especially, when E(s(X)) = 6,

1 _ -1
Vi) = _E(a2 log L(6; X)) -
o6”

Even in the case where s(X) is a vector, the following inequality holds.

V(s(X)) = (1O) 7,

where /() is defined as:
0% log L(6; X)
10)=-E|——=
© ( 0000’ )
0log L(6; X) dlog L(6; X) 0log L(6; X)
=E =V|———].
00 0o’ 00

The variance of any unbiased estimator of € is larger than or equal to (1(6))~'.
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4. Asymptotic Normality of MLE:

Let 6 be MLE of 6.
As n goes to infinity, we have the following result:

-1
V@ -6) — N(O, lim (@) )

n

16
where it is assumed that lim (Q) converges.

n—oo n

That is, when 7 is large, 6 is approximately distributed as follows:
d~N(0.ae)™").

Suppose that s(X) = 6.

When n is large, V(s(X)) is approximately equal to (/ (9))_1.
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5. Optimization (F#1b):
MLE of 6 results in the following maximization problem:

max log L(6; x).
6

We often have the case where the solution of 8 is not derived in closed form.

= Optimization procedure

_ Olog L(6;x)  dlog L(6"; x) 0% log L(6*; x)
B 30 B 06 0606’

0 @—-6).

Solving the above equation with respect to 6, we obtain the following:

0o — 8 log L(6*; x)\ ' 8log L(6"; x)
B 0606’ 96 '

Replace the variables as follows:
6 — oD
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g — ¥

Then, we have:

0. -1 0.
i) _ g _ (62 log Lw”,x)) dlog L(#"; x)

06000’ a6

= Newton-Raphson method (Za2— k> - 57V V%)

. 0*log L(67; x) d*log L(6; x)
Replacing o000 by E o0

timization algorithm:

gD — g (E(a2 log L(60Y; x) ))—1 dlog L(6Y; x)

), we obtain the following op-

06000’ 00
-1 dlog L(87; x)

=07+ (16")) =

= Method of Scoring (R 1 77}%)
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9.1 MLE: The Case of Single Regression Model

The regression model:

yi =1+ Baxi + u;,
1. u; ~ N(0,0?) is assumed.

2. The density function of u; is:

1 1,
u;) = exp|l—=——=u;|.
Because uy, us, - - - , u, are mutually independently distributed, the joint density
function of uy, u,, - - -, u, is written as:

Sy, ug, - u,) = flu) f(uz) -+ - f(uy)
1 1 <
- et g D)

i=1
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3. Using the transformation of variable (u; = y; — 81 — B2x;), the joint density

function of y, y,,- -+, y, 1s given by:

1 1 <
JOy2, ) = Grotyi P\ "552 Z()’i - B —,32)61')2)
P

= L(ﬁlaﬁ29 0'2|YI,y2’ e ’)’n)-

L(B1, B2, 2y1,v2, - -+ y,) is called the likelihood function.

log L(B1, B2, 02[y1, 2, - - +» V) is called the log-likelihood function.

log L(B1, B2, T21Y1, Y2, - = » V)

n n 1 «
= — log(2m) - 5 log() ~ 5— Z@ —B1 = Baxi)?
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4. Transformation of Variable (Z#{Z#2) — Review:
Suppose that the density function of a random variable X is f,(x).

Defining X = g(Y), the density function of Y, f,(y), is given by:

ﬁ(y)—fx<g(y>)| 80|

dsv) should be replaced by
dy

, which is an absolute value of a determinant of the matrix

In the case where X and g(Y) are n X 1 vectors,

0g(y)
y

ay’
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Example: When X ~ U(0, 1), derive the density function of ¥ = —log(X).

fi(x) =1

X = exp(—Y) is obtained.

Therefore, the density function of Y, f,(y), is given by:

f:(g(y) = | — exp(=y)| = exp(-y)

d
£ = ‘d—;
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5. Given the observed data yi, y,, - - -, vy, the likelihood function L(B,, B>, o|yi,
Y2, =+, Yu), or the log-likelihood function log L(B;, S», O'2|y1, Yo, **, Yp) 18

maximized with respect to (51, B», o?).

Solve the following three simultaneous equations:

dlog L(B1, B2, 021, Y25+ Yn) 1<
g L(B1, B2, 07 |y1, y2 In) _ ;Z(Yi_ﬁl —Baxi) =0,
i=1

P
810gL(ﬂ19ﬁ2’0-2|y1’y25"'ayn) 1 .
== i - )x; = 0,
%, 72 20 =i = Baxox

Alog L(B1, B2, T2|y15 Y2+ » V) _nl 1

D Gi=Bi =B =0,
i=1

902 22 207 .

The solutions of (B, 8, o) are called the maximum likelihood estimates,

denoted by (31, B>, 7).
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The maximum likelihood estimates are:

Bz _ Z?zl(xi -0 —y)

. . 1 v .
Bi=3-B% & == 0i-Bi-Bx)
i=1

Y —x)?2 n 4

The MLE of ¢ is divided by n, not n — 2.
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9.2 MLE: The Case of Multiple Regression Model I

1. Multivariate Normal Distribution: X:nxland X ~ N(u,X)

The density function of X is:
_ 1 e
@) = QoI exp(—5 (- ' E7 (- ).

2. Regressionmodel: y=XB+u, u~ N(,0c?l,)

Transformation of Variables from « to y:

£ = )" exp(~ =5 'n)

20
ou
£0)= 4y =XB) |35
1
= 2n0) " exp(~5— 0 - XBY (v - XB))

= L(6;y,X),
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0
where 6 = (8, %), because of a—u, =1,
y

Therefore, the log-likelihood function is:
log L(6;y, X) = =5 10g(2m ) — (y XB)' (v — XB),

Note that [E|71/? = |o2L,|71/? = 72,

3. max logL(6;y,X)

6
Olog L(6;y,X
(FoC) 222 ht) 3(9 »X
9% log L(6;y, X
(SO0O) Ogag;g » X, is a negative definite matrix.
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We obtain MLE of 8 and o
52— (y - XB)(y - XP)

n

B=XX)"X"y,
where 2 is divided by n, not n — k.

. Fisher’s information matrix is:

0% log L(6;y, X))

1) = -E( 9006

The inverse of the information matrix, 7(6)~!, provides a lower bound of the

variance - covariance matrix for unbiased estimators of 9 .

(X0
o = 20

n

B B aAX'X)?' 0
For large n, we approximately obtain: ( ) ~N (( ), ( 204 ))

52 o’ 0 i
n
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9.3 MLE: The Case of Multiple Regression Model II

1. Regressionmodel: y=XB+u, u~ N(0,0°Q)

Transformation of Variables from u to y:

1
_ 2N\-n/2 -1/2 ry-1
) = Qra?) Q) exp(——zo_qu u)

ou
oy’

50 = fuly = XB)

= (2n0?) "I exp(—5 5y — XBYQ (v - XB))
200
= L(6;y, X),

0
where 6 = (8, 0?), because of a_u, =1,
y

The log-likelihood function is:
1 1
log L(6; , X) = —= log(2n0®) — 5 log |0 - =— (v - X/ Q™ (v - XB),
2 2 202
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where 6 = (8, 0?).

2. max logL(6;y,X)
6

dlog L(O;v, X
Foc) oL@y X) _

0 log L(6;y,X) . . . .
(SO0O) O%Qég,y ) is a negative definite matrix.

Then, we obtain MLE of 3 and o*:

o -XPQ'(y - XB)
o° =

n

B=XxQ'x)y'xQly,

3. Fisher’s information matrix is defined as:

0% log L(6;y, X))

1) = K 9006

The inverse of the information matrix, 1(6)~!, provides a lower bound of the
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variance - covariance matrix for unbiased estimators of 6, which is given by:

19" = 20

(aZ(X’Q‘lX)‘1 0 )

n

147



94 MLE: AR(1) Model

The pth-order Autoregressive Model, i.e., AR(p) Model (p ¥X®D H S [\l E 7 )V ):

V=011t Vot Gpyp Uty

AR(1) Model: t=2,3,---,n,
Vi =1yt +uy,  up~ N, 0'2)
where |¢;| < 1 is assumed for now.

To obtain the joint density function of yi, 2, -+, Vs f(Vn» Yu_t1, - - ¥1) is decomposed

as follows:

FOmys0) = FoD | | F@dyes ).
t=2
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From y, = ¢1y,-1 + u,, we can obtain:

EGyit, ) =éy1, and  Vly i, 1) = o2

Therefore, the conditional distribution f(y;[y,_1,- -+, y1) is:

FOdy—t,.y) =

1
> eXp (_Ta'z(yt —dyi1)?].

o
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To obtain the unconditional distribution f(y;), y, is rewritten as follows:

Vi =1yt + Uy

2
=1y U+ Prug
= ¢{)’t—j + U+ prupg + -+ ¢{Mt—j

= U+ Gty + U+, when j goes to infinity.
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The unconditional expectation and variance of y; is:

0_2

E(yt):(), and V(YI):UZ(1+¢%+¢A11+"'): 1 _¢%

Therefore, the unconditional distribution of y, is given by:

SO =

1 2)
exp| -1 |-
2702 /(1 - ¢?) ( 202/(1 = 9))
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Finally, the joint distribution of yy, y,,-- -, y, is given by:

SOus Y1551 f(yl)nf(ytlyt—la"'ayl)
=2

~ 1 ~ 1 2)
2702/(1 - ¢?) exp( 20711 =)
o1 1 2
X Pav— exp _272@’ — 11
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The log-likelihood function is:
10g L(@1, 073 Yus Y1575 V1) = —llog(2ﬂ02/(1 -6 - ;yz
s sJns yn—1» ’ 2 1 20_2/(1 _¢%) 1

n—1

1 n
2 2
log(2no) - 7572 ;:2 O = d1y-1)”™.
Maximize log L with respect to ¢, and o.

Maximization Procedure:
e Newton-Raphson Method, or Method of Scoring
e Simple Grid Search (search maximization within the range —1 < ¢; < 1, chang-

ing the value of ¢; by 0.01)
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9.5 MLE: Regression Model with AR(1) Error

When the error term is autocorrelated, the regression model is written as:

.o 2
Vi = X+ uy, u, = pu;_y + €, € ~ 1d N(O, 07).

The joint distribution of u,, u,_y,- - -, u; is:
fu(una Up—1,°"", ul;pa O-i) = ﬁl(ul;p’ O-g) l_lfu(utlut—l9 Y ul;p7 O-g)
t=2
1
_ 2 2\\—1/2 2
= (ZHO'E/(l —p )) exXp (—mul)

1 n
X(Z”O-g)_(n_l)/z 2 [_F Z(ut - Put—l)z] .

€ =2
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By transformation of variables from u,, u,_y,- -, u; t0 y,, y,—1, -+, y1, the joint dis-

tribution of y,,, y,_1, -,y 1s:

f;707n’yn—1’ o, V1P, O'g,ﬁ)

d
= fuOn = XaBy Yuot = XuciBs 1 — X183, 072) au,
y
= Q2roz/(1 = p*) ™ P exp (—m(yl - xlﬁ)z)

n

1
XQ2mee)™""V exp [—272 D= pyie) = (i - px,_oﬁ)z)
€ 1=2

1
= 2rod) (1 = p*)' 2 exp (—27_2(\/1 -y — 1 —szlﬁ)z)

1
><(27r0f)_(”_1)/2 exp [_ﬁ Z((Yt —pPyi-1) — (X — th—l)ﬁ)zJ
€ =2

1 1 <
= 2ra?) ™21 - p»)' exp (—272@1‘ - x“[ﬁ)z) X exp (_F D 0i- X?‘ﬁ)z)

€ 1=2
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=m0 -p ‘”exp[ Z(y, —x,ﬁ)]

= L(p» 0'2,,8§)’n,)7n—1, Tt 5y1)’

where y; and x; are given by:

1 —p%y,, fort=1,

fortr=2,3,---

V1 —p%x;, fort=1,

fortr=2,3,---
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© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

B should be zero.
= (Z XX (Z x5
— (X*IX ) ]X*/ k

— This is equivalent to OLS from the regression model: y* = X*8 + € and € ~

N(0,0?1,), where o = o2 /(1 — p?).
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© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

o2 should be zero.
~2 1 C * * 2 1 * * O\ [ % *
L= = 01— xBY = (0" X B - XB)
=1
where
Y] 1 —p?y Xy V1 —px

)’; Y2 — pPY1 X5 X2 — pX1

y;: Yn = PYn-1 X: Xn — PXn-1
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© For maximization, the first derivative of L(p, of, B Vns Yn-t1,* +» y1) With respect to

o should be zero.

max L(p, o?,B;y) isequivalent to max L(p, 52, 3; ).
ﬁvo—e L P

L(p, 52,3, y) is called the concentrated log-likelihood function (595 5 FE RBE4K

), which is a function of p, i.e., both &ﬁ and B depend only on p.
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The log-likelihood function is written as:

i 1
log L(p, 7%, B; y) = —g log(27) — glog(&g) + > log(1 - %) — g

_n n n ) 1 )
=3 log(2n) - 575 log(f"e(ﬂ)) +3 log(1 - p%)

For maximization of log L, use Newton-Raphson method, method of scoring or sim-

ple grid search

1 ~ ~ ~
Note that 52 = 62(p) = Z(y* - X'B)(y* = X*B) for f = (X' X*)"' X*'y*.
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Remark: The regression model with AR(1) error is:

Vi = xB+ uy,
1 p
Jol 1
P p
V(u) = o 5 )
Y Y
pn—l pn—2

»—tbb

U = pUy—1 + &,

pn—l
p2 .. pn—2
o pn—3
ol
pop 1

& ~ iid N(0, ).

= o2Q, where 0% =

where Cov(u;, u;) = E(uu;) = o*p™/, i.e., the ith row and jth column of Q is pl.
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The regression model with AR(1) error is: y=XB+u, u ~ N, *Q).
There exists P which satisfies that QQ = PP’, because € is a positive definite matrix.
Multiply P~! on both sides from the left.

P ly=P'Xg+ P lu = y* = X*B+u* and u* ~ N(0,0?1,)
= Apply OLS.
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Vi 1 - p2y, Vi
—p 1 0 --- 0
.| % Y2~ Py R | .
y=| .= . = 0 -» L o [=Py
: .. .. . 0
Y Yn = PYn-1 \
x; V1 —p%x;
X2 X2 — PXq 1
X =| "|= _ =pP'x —  Check P7'QPV =al,,
: : where a is constant.
XZ Xn — PXp—1
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9.6 MLE: Regression Model with Heteroscedastic Errors

In the case where the error term depends on the other exogenous variables, the re-

gression model is written as follows:
yi=xf+u,  u~ idN@O,07), o= (za)
The joint distribution of u,, u,_1, - - -, u;, denoted by f,(-;-), is given by:

logfu(un’ Up—1,° " ,MI;O-%, e ,O-i) = Z lngu(u,; 0'12)
i=1
S (2n)—1zn:10 (02)_12 i\
—2g 2i:1 s 21’:1 Ti

n 1 < 1 & 2
=~ log(2m) - = ¥ log(zal — 5 » |
5 108(2m) = 3 L 0gzia)” = 3 - (zia)

By the transformation of variables from u,, u,1,---,u; t0 ¥, Vo1, -+, y1, the log-
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likelihood function is:

L(a, B Y, Yn-1, Y1) =108 fyVns Ynt15 -+ Y15 @, B)

= 10g fu(yn - xnﬁa Yn-1— xn—lﬁ’ S |

__ log(27r) _ - Z log(z)* — : Z (yz x,ﬁ)

— Maximize the above log-likelihood function with respect to g and a.
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10 Asymptotic Theory

1. Definition: Convergence in Distribution (9 %5 IX3R)

A series of random variables X, X5, - -+, X,, - - - have distribution functions F;,
F,, - - -, respectively.
If

lim F,, = F,

n—co
then we say that a series of random variables X;, X5, - -- converges to F in
distribution.

2. Consistency (—21%):

(a) Definition: Convergence in Probability (FE=RIXR)

Let{Z,: n=1,2,---} be a series of random variables.
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If the following holds,
lim P(|Z, - 0] <€) =1,

for any positive €, then we say that Z, converges to 6 in probability.

6 is called a probability limit (FEZRIR[R) of Z,.
plimZ, = 6.

(b) Let 8, be an estimator of parameter 6.

If §, converges to 6 in probability, we say that 6, is a consistent estimator

of 6.

3. A General Case of Chebyshev’s Inequality:

For g(X) > 0,

P(g(X) > k) < E(gIEX)),
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where k is a positive constant.

4. Example: For a random variable X, set g(X) = (X — )’ (X — u), E(X) = g and
Var(X) =

Then, we have the following inequality:

P(X - X —p) 2k) < %

Note as follows:

E(X — ' (X = ) = B(tr((X = ) (X = ) = E(tr((X ~ i)(X =~ pr))

= tr{E(X ~ (X - p))) = (D).
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5. Example 1 (Univariate Case):
Suppose that X; ~ (u,0%),i=1,2,---,n.
Then, the sample average X is a consistent estimator of .
Proof:
Note that g(X) = (X — )%, € = k, E(g(X)) = V(X) = %2
Use Chebyshev’s inequality.

If n — oo,
2

P(X —pul > e) < 0-—2 — 0, for any e.
ne

That is. for any e,

lim P(X —p < €) = 1.

— Chebyshev’s inequality
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6. Example 2 (Multivariate Case):
Suppose that X; ~ (u,%),i=1,2,---,n
Then, the sample average X is a consistent estimator of .
Proof:
Note that g(X) = (X - u)' (X — ), € = k, B(g(X)) = tr( V(X)) = tr(%Z).
Use Chebyshev’s inequality.

If n — o,

P((X - w’ X - u) > k)= P(X - Ul >e€) < Q — 0, for any positive €.

That is. for any positive €, lim,_. P(X — p)'(X — ) < k) = 1.

Note that |X — y| = \/ (X — )’ (X — ), which is the distance between X and .

— Chebyshev’s inequality
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7. Some Formulas:
Let X, and Y, be the random variables which satisfy plim X,, = cand plim ¥,, =
d. Then,
(@) pim (X, +Y,) =c+d
(b) plim X,,Y,, = cd
(¢c) plimX,/Y, =c/dford # 0

(d) plim g(X,) = g(c) for a function g(-)
— Slutsky’s Theorem (A JL*Y ¥ — )
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8. Central Limit Theorem (-P/0\& R EIE)
Univariate Case: X, X5, -- -, X,, are mutually independently and identically

distributed as X; ~ (u, o2).

Then, . . .
X-EX) X-u

%ﬁg_owﬁ

— N, D),

which implies

___L".__) 5
W@m—ﬁgm#) N(O, o).

172



Multivariate Case: X, X, - - -, X,, are mutually independently and identically

distributed as X; ~ (u, X).
Then, .
% ;(Xi -p) — N(O.5)
. Central Limit Theorem (Generalization)
X1, X5, -+, X,, are mutually independently and identically distributed as X; ~
(u, Zp).
Then,

1 n
%Z(Xi—m — N(0,3),
i=1

where

(1<
2=,11:20(;sz]-

i=1
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10. Definition: Let 8, be a consistent estimator of 6.
Suppose that (6, - 0) converges to N(0, X) in distribution.

Then, we say that §, has an asymptotic distribution (#1382 %5): N(6, Z/n).

11. X;,X,,---,X, are random variables with density function f(x; 6).
Let 8, be a maximum likelihood estimator of 6.
Then, under some regularity conditions. 6, is a consistent estimator of # and

0
the asymptotic distribution of vn(# — ) is given by: N (O hm( I )) ]
n

12. Regularity Conditions:

(a) The domain of X; does not depend on 6.

(b) There exists at least third-order derivative of f(x;#) with respect to 6, and

their derivatives are finite.
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13. Thus, MLE is

(i) consistent,
(i1) asymptotically normal, and

(iii) asymptotically efficient.
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11 Consistency and Asymptotic Normality of OLSE

Regression model: y=XB+u, u ~ (0,0°1,).

Consistency:
1. Let 8, = (X’X)"' X’y be the OLS with sample size n.

Consistency: As n is large, 3, converges to j3.

2. Assume the stationarity assumption for X, i.e.,
l 7
ZX X — M,,.

Then, we have the following result:

1
-X'u — 0.
n
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Proof:

According to Chebyshev’s inequality, for g(Z) > 0,

E(g(2))
e

Pg(Z) 2 k) <
where k is a positive constant.
Setg(Z)=2'Z,and Z = %X’u.

Apply Chebyshev’s inequality.
E((lX'u)'lX’u) = %E(u’XX’u) = %E(tr(u’XX’u)) = %E(tr(XX’uu’))
n n n n n

2 2 0_2

1 1
= —tu(XX'E(u)) = Su(XX) = Zu(X'X) = —u(=X'X).
n? n? n? n o n
Therefore,

1 1 21
P(-X'0) =X'u > k) < T te(=X'X) —> 0 x tr(M,,,) = .
n n nk “n
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Note that from the assumption,

1
-X'X — M,,.
n

Therefore, we have:
1 1
(=X'u) —X'u — 0,
n n
which implies:

1
—X'u—0,
n

1 1
because (—X'u)’'—X’u indicates a quadratic form.
n n

1 1

. Note that —-X'X — M,, resultsin (=X'X)"' — M.
n n

— Slutsky’s Theorem

(*) Slutsky’s Theorem g(@) — g(6), when 0— 0.
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4. OLS is given by:
P / -1 v 1 ’ -1 1 /
B,=B+X'X) " Xu=8+-XX)"(-X"u).
n n
Therefore,
By — B+M_!x0=p

Thus, OLSE is a consitent estimator.

Asymptotic Normality:

1. Asymptotic Normality of OLSE

Vn(B, —B) — N(0.0°M7!), whenn — oo.
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2. Central Limit Theorem: Greenberg and Webster (1983)

Z\, 2, - -+, Z, are mutually indelendently distributed with mean y and variance

.

Then, we have the following result:

1 n
%Z(Z,-—m — N(,3),
i=1

where

== i1y =]

i=1

The distribution of Z; is not assumed.

3. Define Z; = x/u;. Then, ; = Var(Z;) = o2x)x;.
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4. ¥ is defined as:

where

Xn
5. Applying Central Limit Theorem (Greenberg and Webster (1983), we obtain

the following:

\/_qu, L\/_XIUHN(O g Mxx)

On the other hand, from ,8n =B+ (X’X)"' X'u, we can rewrite as:

i3 - B) = (%X’X)_l %X’u.
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Var ((%X’X)_] %Xu) -E ((%X’X)_l %Xu((%X

1

\/_

- (%X’X)_l(%X’E(uu’)X)(%X’X)_l

Therefore,
VB -p) — NO,*M.))
= Asymptotic normality (i HJIERIM:) of OLSE

The distribution of u; is not assumed.
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12 Instrumental Variable (Z{FZ %)

12.1 Measurement Error GBI EZRZE)

Errors in Variables

1. True regression model:

y=XB+u

2. Observed variable:

X=X+V
V: is called the measurement error GEITESZ or EAIERE).
3. For the elements which do not include measurement errors in X, the corre-

sponding elements in V are zeros.
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4. Regression using observed variable:
y=XB+u—-Vp)
OLS of B is:
B=XX)"Xy=B+XX)"Xu=-Vp)
5. Assumptions:
(a) The measurement error in X is uncorrelated with X in the limit. i.e.,
g,
phm(—X V) =0.
n
Therefore, we obtain the following:
(1, A N2
phm(—X X) = phm(—X X) + phm(—V V) =2+Q
n n n
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(b) u is not correlated with V.
u is not correlated with X.

That is,
plim(lV’u) =0 1im(15('u) =0
n ’ P n :
6. OLSE of B is:
B=B+XX)'Xu-VB)=p+XX)'X+V)Yu-Vp).

Therefore, we obtain the following:

plimB=8-C+Q)'QB
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7. Example: The Case of Two Variables:
The regression model is given by:
y; = a+ BX + uy, X, =X + v,

Under the above model,

ol . 1 ~ Qi 1 H
2=phm(r—lXX):th[lzx ]:('u #2+O_2),
n ' .

where u and o2 represent the mean and variance of ;.

(1 ) 0 0 0 O
Q = plim(-V'V :plim( 1 ):( )
n 0 - Z v? 0 o?
n
Therefore,

A RO e

v

S | =3
[
Y




Now we focus on .

S5 is not consistent. because of:

B _ B

ocl+o?  1+02/0?

plim(3) = 8 - <B
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12.2 Instrumental Variable (IV) Method (3Z{FZ#(% or IV %)

Instrumental Variable (IV)

1. Consider the regression model: y = X8 + u and u ~ N(0, o*1,,).

In the case of E(X"u) # 0, OLSE of 8 is inconsistent.

2. Proof:
P 1 / -1 1 / -1
=B+(-XX)"-Xu — B+ M_ M,
n n
where
1., 1,
-X'X — M,,, -Xu — M, #0
n n
. ) ) 1_,
3. Find the Z which satisfies -Z'u — M, = 0.
n
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Multiplying Z’ on both sides of the regression model: y = XS + u,
Zy=7Z'XB+Zu

Dividing n on both sides of the above equation, we take plim on both sides.

Then, we obtain the following:
. (1, . (1, . (1, . (1,
plim|{-=Z"y| = plim|-Z'X|B + plim|—-Z'u| = plim|-Z'X | 8.
n n n n
Accordingly, we obtain:

-1
B = (plim (EZ'X)) plim (lZ’y) .
n n

Therefore, we consider the following estimator:
B = (Z'X)"'Zy,
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which is taken as an estimator of S.

—> Instrumental Variable Method (2/FZ 0% or IV %)

. Assume the followings:

1 1 1
-Z’X — M, -7’7 — M_, -Z'u — 0
n n n

. Asymptotic Distribution of £;y:
By =ZX)"'Zy=ZX)"'ZXB+u)=B+ZX)"'Zu,
which is rewritten as:

V(B - p) = (%Z’X)‘l(%zu)

1
Applying the Central Limit Theorem to (—Z’u), we have the following result:
n

1
%Z’u —s N(0,0°M.,).
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Therefore,
I_, N1 1 ) 2a4-1 r -1
V(i - B) = (~Z'X) (%z u) — NO,o” M MM,
= Consistency and Asymptotic Normality
6. The variance of S,y is given by:
VBw) =s2ZX)'2Z(X'2)™",
where

2= (v = XBw)' &y — XBv)
B n—k '
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12.3 Two-Stage Least Squares Method (2 F&f& & /N — 5%, 2SLS
or TSLS)
1. Regression Model:
y=XB+u, u~NQO,D),

In the case of E(X"u) # 0, OLSE is not consistent.
1
2. Find the variable Z which satisfies -Z'u — M_, = 0.
n

3. Use Z = X for the instrumental variable.

X is the predicted value which regresses X on the other exogenous variables,

say W.

That is, consider the following regression model:
X=WB+V.
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Estimate B by OLS.

Then, we obtain the prediction:

where B = (WW)"'W'X.
Or, equivalently,
X=wWwWw)'wWXx.
X is used for the instrumental variable of X.
. The IV method is rewritten as:
By =XX) X'y = XWWW) 'WX)'XWW W) 'Wy.
Furthermore, §;y is written as follows:
By =B+ X WWW) 'WX)'XWW W) 'Wu.
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Therefore, we obtain the following expression:

| | /,—1 1 11,1 ,
Vi = = (o)) (or) ) Gaewww) (52w
—> N(0, (M, M, M) ™).

5. Clearly, there is no correlation between W and u at least in the limit, i.e.,
N2 S
phm(—W u) =0.
n

6. Remark:

XX=XWWW)'WX=XWWW)'WWWW)'WX =XX.

Therefore,
Biv=XX)"Xy=XX)"XYy,
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which implies the OLS estimator of 3 in the regression model: y = X + u and

u ~ N(0, 0°1,).

Example:

Vi = ax; + Bz, + u, ~ (0,07).

Suppose that x; is correlated with u, but z, is not correlated with .
e Ist Step:

Estimate the following regression model:
X,:’)/W,+5Zt+"'+vl,

by OLS. = Obtain X, through OLS.
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e 2nd Step:

Estimate the following regression model:
e = ax; + Bz + uy,
by OLS. — «;, and §;,
Note as follows.  Estimate the following regression model:
=YW+ 00z + -+ Vo,

by OLS.

= ¥, =0, 0, = 1, and the other coefficient estimates are zeros. i.e., Z, = z,.

Eviews Command:

tslsyxz@wz ...
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13 Large Sample Tests

13.1 Wald, LM and LR Tests

Parameter 6 : k x 1, h(0) : G x 1 vector function, G < k
The null hypothesis Hy : h(6) = 0 = G restrictions
0 : k x 1, restricted maximum likelihood estimate

0 : k x 1, unrestricted maximum likelihood estimate
1(0) : k X k, information matrix, i.e 1(6) E( 5 log L(Q))
: , X, 1.e., = -E(————).
0000
log L(0) : log-likelihood function
0h(0) 0log L(6)

Ry=——:Gxk Fog=————"—":kx1
0= g POk ¢ 90

I. Wald Test (7L KIRE): W = h@) (Ry(I@)'R;)  h(®)

0h(0)

W(é —0) <« h(d) is linearized around 6 = 6.

(a) h(B) ~ h(d) +
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Under the null hypothesis A(6) = 0,

A Oh(9) . A

h(0) =~ L(9 —6) = Ry(6 - 6)
0o’
(b) 8 is MLE.
From the properties of MLE,
n 1(6) -
Vi@ -6 — N0, im(22)"),
n—oo\ n

That is, approximately, we have the following result:
b-0 ~ N(0,u®)™").
(c) The distribution of A(6) is approximately given by:
h@®) ~ N(0,Ry(10)"'R))
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(d) Therefore, the y*(G) distribution is derived as follows:
N -1 .
h@O)(Ro(10)'Ry) h@Y — x*(G),

Furthermore, from the fact that R; — Ry and [ @) — IO)asn — oo
(i.e., convergence in probability, i #IXH), we can replace 6 by 8 as
follows:

HO)(RIO) 'R hBY — ¥ (G).
2. Lagrange Multiplier Test (7 2 > Y T & HMRE): LM = Fé(](é))_lFé
(a) MLE with the constraint h(6) = 0:
meax log L(8), subjectto h(0) =0

The Lagrangian function is: L = log L(6) + Ah(0).
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(b) For maximization, we have the following two equations:

oL OlogL(6 oh(6 oL
oL _dlogl®) oh®) _  OL

0~ 00 g - g MO=0
The restricted MLE @ satisfies 4(6) = 0
0log L(6
(c) Mean and variance of %() are given by:
dlog L(6) dlog L(6) 9% log L(6)
El————) = V——————=) = -E|—————=) = 1(0).
e L e A

(d) Therefore, using the central limit theorem,

1 8logL(9) Z@logf(Xl,H)
Vi 00 \nZ

(e) Therefore, g L(Q) 2 (10) ! %

Under H, : h(@) = 0, replacing 6 by 6 we have the result:

— N(0, 1im(11(9)))

n—-oo n

— XX(G).

FiI@)"'Fy — x*(G).
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3. Likelihood Ratio Test (LELLRE): LR = -2logd — x%(G)

B L)
T L®)

(a) By Taylor series expansion evaluated at 6 = 8, log L(6) is given by:

dlogL® . 1 ~ 0% log L(H)
o g — —O-0—=~"7
g 0O F 00—

3 log L(H)
0000’

log L(6) = log L(D) + 0-0)+

= log L(6) + %(9 Y 0 —0) +
dlog L()

%9 = 0 because 6 is MLE.

Note that

8% log L(6) .
9006’ )0

B n , 10210gL(6’)

= V(@ = 0) (=~ =) V(@ - 6)

— X*(G)

~2(log L(6) - log L(®)) ~ —(6 - 0)'(
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Note:

1) 6 — 0,
1 8% log L(H) . /1 _,0%log L(H) |
@ - a(;ie' — _JLTO(ZE( a(;%?e' )):,}52(21(9))’

3) Va@-6) — N(0, ’}Lrg(%l(e))).

(b) Under Hy : h(0) =0,
—2(log L(B) — log L(F)) — x*(G).
Remember that 4(6) = 0 is always satisfied.
For proof, see Theil (1971, p.396).

4. All of W, LM and LR are asymptotically distributed as y*(G) random variables
under the null hypothesis Hy : h(6) =0 .
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5. Under some comditions, we have W > LR > LM. See Engle (1981) “Wald,
Likelihood and Lagrange Multiplier Tests in Econometrics,” Chap. 13 in Hand-

book of Econometrics, Vol.2, Grilliches and Intriligator eds, North-Holland.

13.2 Example: W, LM and LR Tests

Date file = cons99.txt (same data as before)

Each column denotes year, nominal household expenditures (K&tiH2¢, 10 billion
yen), household disposable income (K& A[4L7)Fli4#, 10 billion yen) and household
expenditure deflator (KEHHE T 7 L' — &, 1990=100) from the left.
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1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969

5430.
5974.
6686.
7169.
8019.
9234.
10836.
12430.
14506.
16674.
18820.
21680.
24914.
28452.
32705.

N N @ O U1 v o ® NV W N W N

6135.
6828.
7619.

8153
9274
10776
12869
14701

17042.

19709

22337.

25514

29012.

34233

39486.

W o U R ON R A W WU 2

18.
18.
19.
19.
19.
20.
21.
23.
24.
26.
27.
29.
30.
31.
32.

© O Rk @ ® @ © N K U N R 2 W e

1970
1971
1972
1973
1974
1975
1976
1977
1978
1979
1980
1981
1982
1983
1984

37784.
42571.
49124.
59366.
71782.
83591
94443
105397
115960.
127600
138585.
147103
157994.
166631
175383.

45913.
51944.
60245.
74924.
93833.
108712.
123540.
135318.
147244.
157071.
169931.
181349.
190611.
199587.
209451.

© U1 N U = N R O N s W N
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35.
37.
39.
44.
53.
59.
65.
70.
73.
76.
81.
85.
87.
89.
91.

© U1 N R @ LR N W R N U N

1985
1986
1987
1988
1989
1990
1991
1992
1993
1994
1995
1996
1997

185335.
193069.
202072.
212939.
227122.
243035.
255531.

265701

272075.

279538

283245.
291458.
298475.

N R N WO NN O O =

220655.
229938.
235924.
247159.
263940.
280133.
297512.
309256.
317021.
325655.
331967.
340619.
345522.

93.
94.
95.
95.
97.

102
104

105.

106

106.

106

107.

W e N N L U Ve N ® W W ©



OoONOOUVLIE WN =

PROGRAM

B R R A A R R R RSN SR OROROROTOROTORON

freq a;

smpl 1955 1997;
read(file="cons99.txt’) year cons yd price;
rcons=cons/ (price/100);
ryd=yd/(price/100);

lyd=log(ryd);

olsq rcons c ryd;

olsq @res @res(-1);

arl rcons c ryd;

olsq rcons c lyd;

param al 0 a2 0 a3 1;

frml eq rcons=al+a2*((ryd**a3)-1.)/a3;
1sq(tol=0.00001,maxit=100) eq;
a3=1.15;

rryd=((ryd**a3)-1.)/a3;

arl rcons c rryd;
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Equation 1

Method of estimation = Ordinary Least

Dependent variable: RCONS
Current sample: 1955 to
Number of observations:

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals
Std. error of regression

R-squared

Adjusted R-squared

Variable
C
RYD

Estimated
Coefficient
-2919.54
.852879

1997
43

146270.
79317.2

5624.36
.995092
.994972

Standard
Error

1847.55

.935486E-02

LM het. test
Durbin-Watson

.129697E+10 Jarque-Bera test
.316335E+08 Ramsey’s RESET2

F (zero slopes)
Schwarz B.I.C.
Log likelihood

t-statistic P-value

-1.58022 [.122]
91.1696 [.000]
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Squares

.207443 [.649]
.115101 [.000, .000]
9.47539 [.009]
53.6424 [.000]
8311.90 [.000]
435.051

-431.289



Equation 2

Method of estimation = Ordinary Least Squares

Dependent variable: G@RES
Current sample: 1956 to 1997
Number of observations: 42

Mean of dep. var. = -95.5174
Std. dev. of dep. var. = 5588.52
Sum of squared residuals = .146231E+09
Variance of residuals = .356662E+07
Std. error of regression = 1888.55
R-squared = .885884
Adjusted R-squared = .885884
LM het. test = .760256 [.383]
Durbin-Watson = 1.40409 [.023,.023]
Durbin’s h = 1.97732 [.048]
Durbin’s h alt. = 1.91077 [.056]
Jarque-Bera test = 6.49360 [.039]
Ramsey’s RESET2 = .186107 [.668]
Schwarz B.I.C. = 377.788
Log likelihood = -375.919
Estimated Standard
Variable Coefficient Error t-statistic P-value
@RES(-1) .950693 .053301 17.8362 [.000]
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Equation 3

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Objective function: Exact ML (keep first obs.)

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

Mean of dep. var. = 146270. R-squared = .999480
Std. dev. of dep. var. = 79317.2 Adjusted R-squared = .999454
Sum of squared residuals = .145826E+09 Durbin-Watson = 1.38714
Variance of residuals = .364564E+07 Schwarz B.I.C. = 391.061
Std. error of regression = 1909.36 Log likelihood = -385.419
Standard
Parameter Estimate Error t-statistic P-value
C 1672.42 6587.40 .253881 [.800]
RYD .840011 .027182 30.9032 [.000]
RHO .945025 .045843 20.6143 [.000]
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Equation 4

Method of estimation = Ordinary Least Squares

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

146270. LM het. test
79317.2 Durbin-Watson
.256040E+11 Jarque-Bera test
.624487E+09 Ramsey’s RESET2

Mean of dep. var.

Std. dev. of dep. var.
Sum of squared residuals
Variance of residuals

2.21031 [.137]
.029725 [.000, .000]
3.72023 [.156]
344.855 [.000]

Std. error of regression 24989.7 F (zero slopes) 382.117 [.000]
R-squared .903100 Schwarz B.I.C. 499.179
Adjusted R-squared .900737 Log likelihood = -495.418
Estimated Standard
Variable Coefficient Error t-statistic P-value
C -.115228E+07 66538.5 -17.3175 [.000]
LYD 109305. 5591.69 19.5478 [.000]
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NONLINEAR LEAST SQUARES

CONVERGENCE ACHIEVED AFTER 84 ITERATIONS

Number of observations = 43 Log likelihood = -414.362
Schwarz B.I.C. = 420.004
Standard
Parameter Estimate Error t-statistic P-value
Al 16544.5 2615.60 6.32530 [.000]
A2 .063304 .024133 2.62307 [.009]
A3 1.21694 .031705 38.3839 [.000]

Standard Errors computed from quadratic form of analytic first derivatives
(Gauss)

Equation: EQ
Dependent variable: RCONS

LM het. test
Durbin-Watson

.174943 [.676]
.253234 [.000, .000]

Mean of dep. var. = 146270.

Std. dev. of dep. var. = 79317.2
Sum of squared residuals = .590213E+09
Variance of residuals = .147553E+08

Std. error of regression = 3841.27

R-squared = .997766

Adjusted R-squared = .997655
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Equation 5

FIRST-ORDER SERIAL CORRELATION OF THE ERROR
Objective function: Exact ML (keep first obs.)

Dependent variable: RCONS
Current sample: 1955 to 1997
Number of observations: 43

Mean of dep. var. = 146270. R-squared = .999470
Std. dev. of dep. var. = 79317.2 Adjusted R-squared = .999443
Sum of squared residuals = .140391E+09 Durbin-Watson = 1.43657
Variance of residuals = .350977E+07 Schwarz B.I.C. = 389.449
Std. error of regression = 1873.44 Log likelihood = -383.807
Standard
Parameter Estimate Error t-statistic P-value
C 12034.8 3346.47 3.59628 [.000]
RRYD .140723 .282614E-02  49.7933 [.000]
RHO .876924 .068199 12.8583 [.000]
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1. Equation 1 vs. Equation 3 (Test of Serial Correlation)

Equation 1 is:
RCONS, = 8, + B-RYD, + u,, & ~ iid N(0,0?)
Equation 3is:
RCONS, = 8 + B-RYD, + u,, U = puy_, + €, € ~ iid N(0, o)

The null hypothesisis Hy : p=0
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Restricted MLE = Equation 1
Unrestricted MLE = Equation 3

The log-likelihood function of Equation 3 is:

1
log L(B. 0%, p) = =7 log(2m) - 5 log(oD) + 5 log(1 - p*)

< ) * *
-5 > (RCONS; - 3, CONST; — B,RYD] )%,

€ =1

where

v 1 — p?RCONS;, fort =1,

RCONS; =
RCONS, — pRCONS,_;, forf=2,3,---,n,
. V1 —=p% fort=1,
CONST! =

1 -p, fort=2,3,---,n,
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v/ 1 — p?RYD,, fort =1,

RYD, — pRYD,_;, fort=2,3,---,n.

RYD; =

t

e MLE with the restriction p = 0 (Equation 1) solves:

max log L(8, o2, 0)
ﬁva—e

Restricted MLE = 3, 62

Log of likelihood function = -431.289

e MLE without the restriction p = 0 (Equation 3) solves:

max log L(8, of, 0)
B.oep

Unrestricted MLE = §3, 62, p

Log of likelihood function = -385.419
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The likelihood ratio test statistic is:

L(B, 52,0 ~ A
“2log(l) = —2log(%) = 3(log LB, 02,0) - log LB, 6%, ))

= —2(—431.289 - (—385.419)) = 91.74.
The asymptotic distribution is given by:

—21og(2) ~ x*(G),

where G is the number of the restrictions, i.e., G = 1 in this case.

The 1% upper probability point of y*(1) is 6.635.
91.74 > 6.635

Therefore, Hy : p = 0 is rejected.

There is serial correlation in the error term.
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2. Equation 1 (Test of Serial Correlation — Lagrange Multiplier Test)

Equation 2 is:
@RES, = p@RES,_; + €, & ~ N(0,072),

where @RES, = RCONS, —,@1 —/3’2RYDI, and ,31 and,@z are OLSEs.

The null hypothesisis Hy: p =0
@RES(-1) .950693 .053301 17.8362 [.000]

Therefore, the Lagrange multiplier test statistic is 17.8362? = 318.13 > 6.635.

Hy : p = 01isrejected.

3. Equation 3 (Test of Serial Correlation — Wald Test)
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Equation 3is:
RCONS, = 3, + B.RYD; + u,, U = pu_, + €, & ~ iid N(0, o)

The null hypothesisis Hy: p =0
RHO .945025 .045843 20.6143 [.000]

The Wald test statistics is 20.6143% = 424.95, which is compared with y?(1).

. Equation 1 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form —
linear):
NONLINEAR LEAST SQUARES estimates:

RYD® — 1
RCONS; = al + 612—3 + u,.
a
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When a3 = 1, we have:
RCONS; = (al — a2) + a2RYD, + u,,

which is equivalent to Equation 1.

The null hypothesis is Hy : a3 = 1, where G = 1.

e MLE with a3 = 1 MLE (Equation 1)

Log of likelihood function = -431.289

e MLE without a3 = 1 (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362

The likelihood ratio test statistic is given by:

—2log(1) = —2(—431.289 - (—414.362)) = 33.854.
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The 1% upper probability point of y*(1) is 6.635.
33.854 > 6.635

Hy : a3 =1 is rejected.

Therefore, the functional form of the regression model is not linear.

. Equation 4 vs. NONLINEAR LEAST SQUARES (Choice of Functional Form —
log-linear):
In NONLINEAR LEAST SQUARES,i.e.,

RYD® — 1
RCONS; = al + 612—3 + u,,
a

if a3 = 0, we have:

RCONS, = al + a2 10g(RYD,) + u,,
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which is equivalent to Equation 3.

The null hypothesis is Hy : a3 =0, where G = 1.

e MLE with a3 = 0 (Equation 3)

Log of likelihood function = -495.418

e MLE without a3 = 0 (NONLINEAR LEAST SQUARES)

Log of likelihood function = -414.362

The likelihood ratio test statistic is:

—2log(A) = —2(—495.418 - (—414.362)) = 162.112 > 6.635.

Therefore, Hy : a3 = 0 is rejected.

As aresult, the functional form of the regression model is not log-linear, either.
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6. Equation 1 vs. Equation 5 (Simultaneous Test of Serial Correlation and

Linear Function):

Equation 5 is:

a3_1

RY
RCONS, = al + a2——— + u,, u; = pu,_q + &, € ~ iid N(0, 0?)
a

The null hypothesisis Hy: a3 =1, p=0
Restricted MLE — Equation 1

Unrestricted MLE — Equation 4

Remark: In Lines 14—16 of PROGRAM, we have estimated Equation 4, given
a3 =0.00,0.01,0.02, - - -.

As aresult, a3 = 1.15 gives us the maximum log-likelihood.
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The likelihood ratio test statistic is:
—21log(1) = —2(—431.289 - (—383.807)) = 94.964.

—21og(1d) ~ x*(2) in this case.

The 1% upper probability point of y*(2) is 9.210.
94.964 > 9.210

Hy: a3 =1, p = 01isrejected.
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Equation 3 vs. Equation 5 vs. (Taking into account serially correlated

errors, Choice of Functional Form — linear):
The null hypothesisis Hy: a3 =1, p=0

From Equation 3,

Log likelihood = -385.419
From Equation 5,
Log likelihood = -383.807

2(-383.807 — (—385.419)) = 3.224 < 6.635.

Hy : a3 = 1is not rejected, given p # 0.

Thus, if serial correlation is taken into account, the regression model is linear.
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1. Asymptotic Normality of MLE:
Let 6 be MLE of 6.
As n goes to infinity, we have the following result:

-1
Vn@ -6 — N(O, lim (?) )

. . (1
where it is assumed that lim ((—) converges.

n—oo n
That is, when 7 is large, 6 is approximately distributed as follows:
d~N(0.a©) ™).

Suppose that s(X) = 8.

When # is large, V(s(X)) is approximately equal to (/ (6’))_1.
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Practically, we utilize the following approximated distribution:
d~N(0.a@)™").
Then, we can obtain the significance test and the confidence interval for 6

. Central Limit Theorem: Let X;, X5, ---, X,, be mutually independently dis-

tributed random variables with mean E(X;) = x and variance V(X;) = 0% < oo

fori=1,2,---,n.

Define X = (1/n) Y-, X;.

Then, the central limit theorem is given by:
X-EX) X-pu

W@ o/n

Note that E(X) = u and V(X) = o%/n.

— N, 1).
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That is,

VaX ) = —= ) (X =) — NO.0).
i=1

1
i -

Note that E(X) = u and nV(X) = o2

In the case where X; is a vector of random variable with mean u and variance

Y < oo, the central limit theorem is given by:

V(X —p) = P

Note that E(X) = u and nV(X) = 2.

L Z(X,- — ) — N(,3).
i=1

226



3. Central Limit Theorem II: Let X;, X;, ---, X,, be mutually independently
distributed random variables with mean E(X;) = u and variance V(X;) = 0'1.2 for

i=1,2,---,n.

Assume:

Define X = (1/n) Y-, X;.
The central limit theorem is given by:

_ 1 &
VaX —p) = —= > (Xi=p) — NO.0?),
i=1

n -

Note that E(X) = u and nV(X) — o>
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In the case where X; is a vector of random variable with mean u and variance

%, the central limit theorem is given by:

_ 1 <&
V(X —p) = —= > (X;— @) — N(0,),
i=1

i 4

n

1
where £ = lim — 2 < oo,
n—oo n

i=1
Note that E(X) = p and nV(X) — X.

[Review of Asymptotic Theories]

e Convergence in Probability (FEXIY}R) X, — aq, i.e., X converges in

probability to a, where a is a fixed number.
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e Convergence in Distribution (3% IX3R) X, — X, i.e., X converges in
distribution to X. The distribution of X,, converges to the distribution of X as n

goes to infinity.

Some Formulas
X, and Y, : Convergence in Probability

Z, : Convergence in Distribution

o If X, — a,then f(X,) — f(a).
o IfX, — aandY, — b, then f(X,Y,) — f(ab).

e If X, — aandZ, — Z, then X, Z, — aZ,i.e., aZ is distributed with
mean E(aZ) = aE(Z) and variance V(aZ) = a*V(2Z).

[End of Review]
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4. Asymptotic Normality of MLE — Proof:
The density (or probability) function of X; is given by f(x;; 6).
The likelihood function is: L(6; x) = f(x;60) = [, f(x:;0),
where x = (x1, X2, -+, X).

MLE of 6 results in the following maximization problem:

max log L(6; x).
6

A solution of the above problem is given by MLE of 6, denoted by 6.

That is, § is given by the 6 which satisfies the following equation:

Olog L(8; x) _ i dlog f(xi;0) _

0.
00 06

i=1
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dlog f(X;;0) .
00
the ith random variable, i.e., X; in the Central Limit Theorem II.

Replacing x; by the underlying random variable X;, is taken as

Consider applying Central Limit Theorem II.

In this case, we need the following expectation and variance:

1 ~ dlog f(X;;6) 1 ~ dlog f(X:;6)
B g ) wmd V(Y )

i=1 i=1

Defining the variance:
dlog f(Xi; 0)
y(—=L27
(=

we can rewrite the information matrix as follows:

) =%,

dlog L(6; X) = dlog f(X;; 0)
(%T)—V(Z%T)

_ Z 610gf(X,,9) ZZ
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The third equality holds when X, X5, - - -, X,, are mutually independent.

0log L(6; X)
00

0log L(6; X)

Note that E
ote a( 50

) =0 and V( ) = 1(0).

n

Z dlog f(X;;0)
00

1dlog L(6; X) 1

n 00 n

i=1

Vi 12 dlog f(X;; 0) —E(l dlog f(X;; 0)

n 4 00 n & 00

)| — NO.D),

where
1 v~ dlog f(Xi;0)\ 1.~ 0log f(Xi;60)y 1. ,0log L(6; X)
V(= 2 — )= ;V(Z — ) = V()

i= i=1

1
=-16) — Z.
n
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That is,
1 dlog L(6; X)

N
where X = (X, X5, -+, X,).

— N(0, ),

Now, consider replacing 6 by 8, i.e.,
1 dlog L(6; X)
\n 06 ’
which is expanded around 6 = 6 as follows:

1 0logL(B;X) 1 alogL(e;X)+ 1 6*log L(6; X)

0= ———"72=2—"""~ —= 6—0).
N N N
Therefore,
1 6*logL(6;X) ~ 1 dlog L(6; X)
—_— " -y ———="—" N(O, ).
i otee O T ET g T N0
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The left-hand side is rewritten as:

2log L(0; X 10*log L(6; X) ~
1 0logl®:X) 19108 LO:X) 5 o
\Vn 0606’ n 06006
Then,
. 182 log L(B; X)\-1, 1 dlog L(6; X)
Vi@~ (L 5 ) (W o)
— N(O,Z7'zx™") = N(0,Z7").
Note that
16%log L(6; X 1 2log L(6; X
LFIBLOX) _ pp Lp @losLEX)) o
n 0006’ n—co 1 0006’
16%log L(6; X)\-1, 1 dlog L(#; X
(Z %) 1(% %) has the same asymptotic distribu-
1 dlog L(6; X
tion as 2‘1(—&).

NL
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Exam — Aug. 4, 2016 (AMS8:50-10:20)

e 60 - 70% from two homeworks including optional an additional questions (2 2 ®D
TEED 5 60 - 70%)

e 30 - 40% of new questions (30 - 40% DFr L W [HH)

e Questions are written in English, and answers should be in English or Japanese.
(HUBIXEE, MR I3 EE X 72 (X HAGE

e With no carrying in (Ff 53AA7R L)
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