Mean and Variance of ﬁzz uy, Uy, -+, U, are assumed to be mutually indepen-
dently and identically distributed with mean zero and variance o, but they are not

necessarily normal.

Remember that we do not need normality assumption to obtain mean and variance

but the normality assumption is required to test a hypothesis.

From (16), the expectation of 3, is derived as follows:
E(B) = BB + ) wi) = o+ EQ)_ wit) = o+ ) wBw) =5 (17)
i=1 i=1 i=1

It is shown from (17) that the ordinary least squares estimator 3, is an unbiased

estimator (RNRHEEE) of 5.
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From (16), the variance of 3, is computed as:

V(By) = V(ﬁ2+2wu)—V(Za)u)—ZV(wu)—Za)zV(u)

=0 Z(t) _W (18)

The third equality holds because uy, u,, - - -, u, are mutually independent.
The last equality comes from (15).
Thus, E(,Bz) and V(,Bz) are given by (17) and (18).

Gauss-Markov Theorem (H 7 R - ¥J)L. O 7 EH): A, has minimum variance
within a class of the linear unbiased estimators.
— best linear unbiased estimator (BLUE, R RiREI R EE)

(Proof is omitted.)
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Distribution of ,@z: We discuss the small sample properties of /3.

In order to obtain the distribution of 3, in small sample, the distribution of the error
term has to be assumed.

Therefore, the extra assumption is that u; ~ N(0, o).

Writing (16), again, 3, is represented as:
Br=pr+ Z wild;.
i=1

First, we obtain the distribution of the second term in the above equation.
It is well known that sum of normal random variables results in a normal distribution.

Therefore, )", w;u; is distributed as:

n n
Z wi; ~ N(O, o? Z a)iz).
i=1 i=1

38



Therefore, ,32 1s distributed as:
n n
Br=B+ ) witti ~ Ny, 02 ) ),
i=1 i=1
or equivalently,

B BB o

oS w? T/ VEL =)

for any n.

n

P Z()’i — B1 = Bax;)?, it is known

i=1

Moreover, replacing o2 by its estimator s*> =

that we have: A
B2 =P

e (x; = X)?

~tn-2),
where #(n — 2) denotes ¢ distribution with n — 2 degrees of freedom.
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Thus, under normality assumption on the error term u;, the #(n — 2) distribution is

used for the confidence interval and the testing hypothesis in small sample.

Or, taking the square on both sides,
( B =B
s/ N iz (i = %)?

) ~ Fl,n-2).
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[Review] Confidence Interval (55X B, XEHE)):

Suppose that X;, X, - - -, X, are mutually independently, identically and normally dis-

tributed with mean y and variance o

—u 1
STV t(n = 1), where §* = — Z(X X)2.

Then, we can obtain:

That is,

X -
P(—ta/z(n—l)< ST

B < topn- D)=1-a

i.e.,

P(X— Q/z(l’l—l)% </,t<X+ta/2(l’l—1)—):1—a/

i

Note that 7,/2(n — 1) is obtained from the # distribution table, given @ and n — 1.

Then, replacing X by X, we obtain the 100(1—a)% confidence interval of y as follows:

X+t — 1)—).

i

(X = topp(n — 1)—

Vﬁ,
[End of Review]
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In the case of OLS,

B - B
s/ \/er'lzl(xi - X)?

where #,,2(n — 2) denotes 100 X a/2% point from the #(n — 2) distribution.

P(~topp(n -2) < < top(n — 2)) =1-a,

Rewriting,

P(,éz —ltop(n—12) u <Br <P+ typ(n—2) u

V2 (xi = %) 2i=1(x; — X)?

Replacing 3, and s> by observed data, the 100(1 — @)% confidence interval of S, is

):l—a.

given by:
(Bz —typp(n—2) - - —, ,[32 +1y2(n—2) - - — )
VZ,‘:](xi - x)? Zi:]('xi - x)?
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[Review] Testing the Hypothesis ({R 5% 1 ):

Suppose that X;, X, - - -, X, are mutually independently, identically and normally dis-

tributed with mean y and variance o™.

_ 1 <& _
Then, we obtain: 2. t(n—1), where §? = 1 E (X; — X)?, which is known
n —
i=1

S/ \n

as the unbiased estimator of 0.
e The null hypothesis Hy : u = po, where py is a fixed number.

e The alternative hypothesis H; : u # o

—Ho
S/Nn

0 and t(n - 1).

n

Under the null hypothesis, we have the disribution: ~ tn—1).

Replacing X and S? by X and s2, compare al

=B > a1,
s/ \n

to2(n—1) is obtained from the significance level o and the degrees of freedom n — 1.

H, is rejected when ‘

[End of Review]
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In the case of OLS, the hypotheses are as follows:

e The null hypothesis Hy : 5, = 3,
e The alternative hypothesis H; : 5, # f3;

Under H,, .
Bi_ﬁz — ~Hn-2).
s/ 2 (xi — x)?
4 ) B2 - B
Replacing 3, and s~ by the observed data, compare = — and t(n — 2).
. Zi: (X = x)?

. .. B2 =P
H, is rejected at significance level @ when ' = — ‘ > typ(n—1).
&) ,[32 = Coefficient, = a — = Standard Error,

Zi=1(xi - %)

s = Standard Error of Regression
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3 ZEMOF

n DT =& (Y, Xui Xois - Xi), i = 1,2, ,n ZFANT, kZBROLENIFE
TINEEZD,
Y =B X1+ o Xoi + - + BiXpi + ui,

272U, X; & j BEHOFIHZHR DS | FHOBHMEZ XK T, w (F3EH (X7
&, #EELH) T, FUIREZHWS (T805, u,uy, -, uy EE TN, SF
E¥na, 58 o? OIEBSAHEIZHRED),

Bi. o B BHEE I NBENRENTA—RTH 3,

TRTDIIZDOVWT, X;;=1TE, g IFEHHE LTERIND,

RD & 5 78BS (B1, B2, -+, Br) BEFET Do

n

S BB, B = Y = D (Y= BiXii = foXoi -+ = BiXi)’
i=1

i=1
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ﬁlfﬁleln SB1.B2, -+ Br)

Ak 5f£ﬁ1,ﬁ2,"',ﬂk %Ek&)éo = H/NEEEE
DL EDMRE B B P £ T B

SUN(AOY oY
aS(Bl?ﬁZ?"'?ﬁk) — O aS(ﬁlaﬁZa"'an) — 0 8S(ﬁlaﬁ2""’ﬂk)
9P ’ 9P ’ ’ 9P

W72 Br, B - Bi 753"’3‘1,52, ...’Ek rind,
Tbb, BB B i,

Z(Y BiXyi = BoXoi = -+ = BeXu)Xy; = 0,

Z(Y —BiXi; = BaXai — -+ = BXip)Xa; = 0,
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Z(Yi _Elxli _BZXZi - —,Ekxki)xki =0,
1

R A B
X 5,

Zn] XY, =B i X, +5s i X Xoi + - + B i X1 X,
i=1 i=1 i=1 p

Zn: X,Y; = El Zn: X1 X5, +,§z Zn: Xi» +-- +Ek Zn: X5i Xy,
i=1 i=1 i=1 i=1

i XuY; =B i X1 Xii + B i X0 Xpi + - + By Zn: Xen
i=1 i=1 i=1 =1
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2. XY, X5 YXuXa o X XiuXu B
2. XY, YXiXoi  XX5 o X XoiXu B>
2 XY SXiXu XXXy - XX B
PRSI, BB B lZDOVWTEFEDHB L,

B YXL O XXuXa o ZXuXu\ (2 XuYi
B SXiXoi  NX5 o X XoiXu 2. XoiY;
B) \IXiXu YXoaXi -+ LX2 ¥ XY,

Bz IihD, = AV a—XIZL->TEHE
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3.1 HEEDMHE
ﬁb ﬁZa Y ﬁk O)Ejd\:%*ﬁﬁﬁcj: EI’EZ’ .. ',Ek t j—éo
MRETE (F7-0F, BEELE) u, DO o DHEEE §?2 13,

1 < I— — — —
2 = A — Y — = P — )2
=Tk i§=1 up = ;:1( BiXii — B2Xa BiXii)

cLTERIND,
ZDLE,

E@B) =8, EG) =07

ZAEEAIS 5 Z e KRS, GERINE)

49



BHICDWT 1 BB B DOBIIMTO LS 2RI N3,

E] V(/ﬁ\l) COV(B\l,Ez) s COV(/B\I ’Ek)
v B, ~ Cov(B. 1) V(B2) - Cov(Ba, i)
B! \Cov(Bu.B)) Cov(BB) -+ V(B
XA Y XuXa o XXiXu)
S| ZXiXa o 2 X3 o XXX
=0 . . . .
SXiXu XXX - X XG

B, DA (Fbh, LOWATHIO jEEHON AR %,
VE) =03
LUT, XOMERE 2 LT 5,
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ZDEkZ,

Ly, BHELRT S,

—_

M ~ N(()’ 1),
9B,
“"Eonsd, 51T,
n—k)s*
( 0_2) ~X2(n_k),

Y70 GEHANG), Lab, B & s> OtEs o GEHI),

—

&‘ﬁgqm_@
S,Ej

L5,
£ o T, @HOKXHHEE PIGRE 21T 5 Z L AHR S,
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RERBUCDOWT ¢ F7z, PRERBR IZOWTHFEBRIZERI NS,

XY - Y)? 1 PN

R2 _ =1 - —

L (- Y
210, Yi=BiXy+BXoi+ - +BiXu, Yi=Yi+W TH5,
R2 1%, BHIZEERPTILIZE T, BT KREL LD, RS, ALK
BRZBZLIZE-T, YL BBTHDTE2056TH S,
R RHMETT 5 2, WHIIZRIC & > TRIKO AR WA TS, BHHERHZ L
FE, KDIVETILENWS ZLITRDE, ZOREHET S0, HHERE
ERFHMERIR £ H N5,

2 _1_ ZLE%@—k) ’

ZimYi=Y)?/(n—1)

Y2/ (n—k) i u O o ORREHERTH Y, YL Y-V /(-1 Y; D
DEDNMRHEERTH 5,
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R R L OBGIE,

n-—1

n—-k’

R=1-(1-R)

LB, FbIT, )

I1-R n—1

= >
R n-k-
YWSHEEDS, R <R EWVWSHEREBS, k=10 ZT0OMT, HEINHD

L,

YASK

WEG : S ETEEUKERT, R 231895,
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i Y,‘ Xl’ XiY,' X2 Yi u;

1 6 10 60 100| 6.8 -0.8
2 9 12 108 144| 8.1 09
31 10 14 140 196 94 0.6
41 10 16 160 256 10.7 -0.7

Gt Yy, IX|IXY IXP| XY Su

35 52| 468 696 35 0
vy ¥ X
875 13
ET R,
72 2 2 2 2
. 0.8 +0.92 + 0.6 + (0.7 230
Ro1o 2t COYH0T 06077 230 e
S Y7 35-4x8.75 1075
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=0.679

R - 2w/nok) _ 230/4-2)
SV -n¥)-1)  1075/4=1

el Ah,

IR RVR AHET2HA, WIHHEENAL L HRETHD, Wl
BB R 254 (IR1E, WHEEE FREL T 2020 0%
BHNT & 5T, WHIIEEA R 3), 5 v, OEUERZE THIRT R ETh 5
(EESE DN VE TV EIAT2), = BB DRIN
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4 X5 : DW ICDWT

41 DWIZDWT

B/ANAREOIRED—21Z, TBELIE uy, uy, - -, u, 1EZTNETNHILII AT S |
EWSIEDDBH o7z, K=Y TNV U (DW) &iF, BEATHORSMHEE, 3
BB, w &y EOMDOHBEDOEREZME T 5-0ICELINT,

— FRIT—R DL EDHAER

U, Uy, - Uy DRINZDOWT, TNENDRFD, +4++----4++---+4+D
512, TIAMNEGETHENZET, ¥4 FANEFE TR WS &5 RIGE,
up, Ua, <oyt FIEDRIIMEEDNH LD F D, £/, +-+-+-+-+DLIIIK
HIZT IR, X4 FTAZRDGE, w,u, - u, EORFEE D 2 & 55,
WE: uy, uny oty D5 Uy DFSPRFETES, = Tu,up, - u, 1TZTNT
NHNLIZAET D] L WSIREITKT 2,
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Thbb, X—vy - -7V Ueld, FEREARS

Yl-:a/+,BXl-+ul~,

u; = pui_ + €,

DEEIZ, Hy: p=0,H,: p£0DRETH D, 272U, €, 6, - IEFAWVIZ
WAL LT B,

/

:

4 : IEDRIIFHE 5: BORSIMHE
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